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A complete class of first order conservation laws for two dimensional deforma-
tions in general anisotropic elastic materials is derived. The derivations are based
on Stroh’s formalism for anisotropic elasticity. The general procedure proposed
by P. J. Olver for the construction of conservation integrals is followed. It is
shown that the conservation laws are intimately connected with Cauchy’s theo-
rem for complex analytic functions. Real-form conservation laws that are valid
for degenerate or non-degenerate materials are given.

1. Introduction

It is a well-accepted fact that conservation laws play an important role in math-
ematics, physics and engineering science from both a theoretical and practical
standpoint. Determination of conservation laws of a system of differential equa-
tions provides a basic tool in the analysis of the properties of the solutions and
associated valuable physical implications. In particular, conservation laws pro-
vide a powerful means in elasticity for the study of inhomogeneities including
cracks, dislocations, and inclusions within a body. Eshelby (1956) has first intro-
duced the concept of the force on the inhomogeneity of the body by evaluating
a path-independent integral representing a conservation law over any surface en-
closing the inhomogeneity. This integral, which was also derived independently
and named as the J integral by Rice (1968), has been used extensively in the
study of crack propagation and proved to be of great practical utility due to its
path-independency.

It is never a trivial task, in general, to find out non-trivial conservation laws of
a given system of differential equations. However, for systems derivable by varia-
tional principles, Noether (1918) has provided a remarkable result that for each
infinitesimal transformation which leaves the variational action integral invariant
there exists a non-trivial conservation law. Thus, construction of conservation
laws can be developed from a direct study of the variational action integral.
This is indeed a very powerful tool to derive conservation laws systematically for
most physical systems are admitted by certain variational principles. For exam-
ple, in the case of isotropic hyperelasticity, the strain energy density plays the
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role of the lagrangian density in its variational formulation. Thus, homogeneity
and isotropy of physical space lead to invariance of the associated action inte-
grals under translation and rotation of physical space respectively. Applying the
Noether’s theorem and symmetry group theory, Olver (1984a) gave general meth-
ods and conditions of the existence of variational and generalized symmetries in
elasticity. For linear isotropic elasticity in both two and three dimensions, the
general structure of the conservation laws was completely determined by Olver
(1984b). In a subsequent paper, Olver (1988) further extended the result to pla-
nar anisotropic elasticity involving only two in-plane displacement components.
Because of the restrictions of transformations on the material coordinates and
displacements, it appears difficult to generalize Olver’s derivation to the more
general two dimensional deformations for materials without elastic symmetry.

The aim of this paper is to derive general first-order conservation laws in gen-
eral two-dimensional anisotropic elastostatics. The deformations considered here
depend only on two independent variables but three displacement components
are allowed to coexist. The approach by Olver is adopted here but the deriva-
tion is carried out using Stroh’s formalism (Stroh 1958) for anisotropic elasticity.
Both the non-degenerate and degenerate cases such as isotropic elasticity are dis-
cussed. The present derivation has the advantage that the conservation integrals
obtained can be readily expressed in terms of physical quantities using the or-
thogonality relations in the Stroh’s formalism. In addition, the present derivation
can be extended to include thermoelasticity. The extension and applications of
the conservation laws derived in this work to thermoelastic crack problems are
reported in the following paper.

The plan of this paper is as follows. In §2 Stroh’s formalism is introduced. The
general conservation laws are derived in § 3. Some real-form conservation integrals
in terms of physical quantities are given in §4. Finally some concluding remarks
are made.

2. Stroh’s formalism

A brief derivation of Stroh’s formalism (Stroh 1958, 1962; Barnett & Lothe
1973; Chadwick & Smith 1977; Ting 1986) is introduced in this section for
Navier’s equations which are independent of the coordinate x3 in a fixed carte-
sian coordinate system (z1,z2,x3). Hereafter, summation over repeated indices
from 1 to 3 is implied unless noted otherwise and a comma stands for partial
differentiation; boldfaced symbols represent vectors, tensors or matrices.

Consider the following system of equations

Cijriur,; =0, (2.1)

where Cjj;i; is the elasticity tensor. For such equations, the general solution can
be expressed as follows (Stroh 1958):

up = apf(2), z==z1+ pxo, (2.2)

where p and a are constants and f is an arbitrary function of z. Substitution of
(2.2) into the (2.1) yields

(Q+p(R+R") +p*T)a =0, (2.3)
Proc. R. Soc. Lond. A (1993)
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in which the superscript T stands for the transpose of a matrix and

Qik = Citk1, Rk = Cake, Tix = Ciaka- (2.4)
For non-trivial solutions of a, it follows that
det(Q + p(R+ RT) + p?T) = 0, (2.5)

where det is the determinant of a matrix. Equation (2.5) provides six eigenvalues
p and eigenvectors a. These eigenvalues and eigenvectors appear as three com-
plex conjugate pairs for stable elastic materials for which the elasticity tensor is
positive definitive. For definiteness, p; (k = 1-3) will be assumed to have pos-
itive imaginary parts. The materials for which Stroh’s eigenvalues are distinct
are called non-degenerate in this paper. The materials with Stroh’s eigenvalues
appearing as a double or triple root of (2.3) are called degenerate. Isotropic ma-
terial is an example of the degenerate materials. The discussions to be followed
hereafter will be for non-degenerate materials except at the end of §3 where
degenerate materials will be treated.
Introduce the vector by for k = 1-3 as

b, = (RT + ppT)ay = —p~H(Q + prR)ay, (no sum over k), (2.6)

and define the 3 x 3 matrices A and B by
A= (al,ag,ag), (27)
B = (by, b, b3). (2.8)

Based on the assumption that the eigenvalues p are distinct, the general solution
for the system (2.1) can be expressed as

3 3

ui =Y Awfilze) + > Awfi(zr), =13, (2.9)
k=1 k=1

in which f are arbitrary analytic functions in their complex arguments z; =

x1 + prxe; the overbar denotes complex conjugate and A is given in (2.7). The

matrix B is associated with the stress functions 1; as

3 3
i =Y Bixfr(z) + ) Bnfe(zr), i=1-3, (2.10)
k=1 k=1
The stress functions are related to the stresses o;; by
gir = =iz, (2.11)
Tiz = Y1 (2.12)

The matrices A and B can be shown to have the following relations (Stroh 1962):
ATB+BTA=1=A"B+B'A, (2.13)
ATB+BTA=0=A"B+ B"A, (2.14)
ABT + AB" =1=BAT + BA", (2.15)
AAT + AA" =0=BB" + BB". (2.16)
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By (2.15), one can let

AAT = -1liH, (2.17)

BBT = 1iL, (2.18)

where H and L are real symmetric positive-definite matrices. Equation (2.15)
implies

ABT = 1(I -i8), (2.19)

where S is real. The real matrices H, L and S can be calculated directly from
the elastic constants (Barnett & Lothe 1973).
By applying (2.13) and (2.14) to (2.9) and (2.10), one has

fi = Aitbr, + Briug, (2.20)
In addition, differentiating (2.20) with respect to z; and zy yields
@i(z) = fi(z) (2.21)
= Ayiok2 + Briuk,1 (2.22)
= p; '(—Akiok1 + Briugz2) (no sum over i). (2.23)

In the sequel (2.22) will be utilized to express the conservation laws in terms of
such physical quantities as displacements and stresses.

3. Conservation laws

Olver (1986) has shown that the non-trivial first-order conservation laws can

be expressed as
3

V-T=T1+Tho=>» QiE;=0, (3.1)
i=1
where
T(:I:,u, Vu) = (Tl,Tz), Ei = Cijkluk,lj. (3.2)

Equation (3.1) holds identically for certain non-zero coefficients Q; which are
functions of x,u, and Vu. In (3.1) T is a first-order conserved density with
components 77 and 7. Moreover, according to Olver (1984 b), the components
of a trivial conservation law of the planar system (2.1) can be written as

Tiy=Ra, To=-Rj, (3.3)

where R(z,u) is an arbitrary smooth function of  and wu.

In the following we shall derive the first-order conservation laws satisfying (3.1)
using Stroh’s formalism. The general procedure proposed by Olver (1984 a) will
be followed. The procedure is briefly outlined here. Expand (3.1) by the chain
rule as

or
Oxy,

0Ty,

u,vu Oou;

oTy,
ik
T,vu Ou; j

3
uigk = »_ QiE:. (3.4)
i=1

T,u
Since the first two terms of the left-hand side of (3.4) do not contain second
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derivatives of u, we must have
0Ty,

0k luvu O lzvu ok (8:5)
aT, 3

8——k um'k = ZQzEﬁ = 0. (36)
Yij | i=1

The conserved density T' can thus be found by first solving (3.6) to determine
its dependence on Vu. Equation (3.5) can then be used to further establish the
additional dependence of T' on « and .

To solve (3.6), let us write ¢y, in (2.21) as

Yk = Pr1 T 1Pk2, (3.7)

where ¢y and g2 are real. According to (2.22) and (2.23), we can change vari-
ables from wu; 1 and u; 2 to ¢;1 and ;. Effecting the change of variables in (3.1)
and expanding the resulting equation leads to

1100 k1,1 + T Pk2,1 + 12,04, k1,2 + T2040Pk2,2 = 0, (3.8)
where
0Ty Ty .
on = o Ty, = o2, k=13, i=1,2. 3.9
FE Dk PR O (3:9)

Since, for each fixed k, ¢ is an analytic function in 2, the following relations
hold:

k1,2 = Pk1¥k1,1 — Pk2@ke,1 (nO sum over k), (3.10)
Pk2,2 = Pk2¥k1,1 + Pr1¥ke,1 (N0 sum over k), (3.11)
Pk = Pk1 + ipk2, (3.12)

where pg1 and pgs are the real and imaginary parts of py respectively. Substitution
of (3.10)—(3.12) into (3.8) yields

(T1,001 + Pr1T2,00, + Pr2T2,000) k1,1 + (T1 000 + Pr1 T80 — Pr2T2,01 ) Pk2,1 = 0.

(3.13)
Since (3.13) holds as an identity in g1 1 and g2 1, we must have
T1,000 + Pe1T2,001 + Pr2T2,0, =0 (O sum over k), (3.14)
T1,000 + Pe1T2,01, — Pr2T2,0p; =0 (no sum over k). )

Further analysis shows that all mixed partial derivatives of T7 and T3 with respect
to ki and ¢y, vanish for k # . Indeed, differentiating (3.14) with respect to ¢y
and o, we have

le‘Pkl‘Pll = _pk1T27‘Pk1‘Pll — Pr212, 000011 5
letpmtpzz = _pleZ,LPmLPn _pk2T2ytpk29012> (3’15)
le‘Pk%Pll = _PleQ,kaU + Pre212 00001 5
T o002 = —Pk1 12,0400 + Pr2T2,081 010

The fact that the above equations also hold as we interchange k and [ leads to
Pq =0,
Proc. R. Soc. Lond. A (1993)
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where
i1 — Pkl D2 —DPk2 0 12,011 onn
p—| P2 P11 — Pkl 0 —Dk2 q= 12001 12
Dk2 0 i1 — Pkl 2 ’ T2 000 o1
0 Dk2 —Pi2 D1 — Pkl T2 010 12

Moreover, the determinant of P can be shown to be

det P = (pin — pr1)* + 2(pi1 — pr1 )2 (0 + Do) + (P2 — PB)? > 0

(no sum over k,1) if px # p; and k # [. Hence, we must have T3 g, = 0 for

k # 1 and 4,7 = 1,2. Furthermore, from (3.15), the mixed partial derivatives of
Ty with respect to ¢x; and ¢; also vanish for k # I. Therefore , 71 and 1> can
be expressed as

3 3
Tl = ZTl(k)(QOkl,(PkQ,ﬁ,'U;), T2 = ZTz(k)((pkla(pk%w)u): (316)
k=1 k=1

where Tj(k) are arbitrary functions. With (3.16), (3.14) is simply a pair of Cauchy—
Riemann equations for the complex function

F = (T® + paTH) + i(—praT?) (o sum over k), (3.17)
and (3.16) can be expressed as
3
=Y (Fm + &lFm) ) (3.18)
=1 Pk2
3.1
T=S" "2F, 3.19
1; oy T2 (3.19)
F, = Fyy +iF, k=13, (3.20)
where Fy; and Fyo are the real and imaginary parts of the function Fj =
Fk((plﬁ z, ’U,)
To further determine the dependence of Fj on  and w, let us define
Zp = T1 — P2, (3.21)
so that (3.5) can be expressed as
i
$Re{ ™ PE (20; i + 2B, 05,u5) ¢ =0, (3.23)
g Pk2
where Re denotes the real part. Equation (3.23) can be further rewritten as
ip = _ _
Re { Z _];[282ka + (Ajr(l - pr/pk)SO'r + Ajr(l - pr/pk)(Pr)Fk,uj] = 0.
k.j,r

(3.24)
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Since, for each fixed k, there are no such terms as ¢,U(pk), where U(ypy) is an
arbitrary analytic function of its argument . Based on this fact, the subsequent
analysis will be extremely simplified by using the following lemma (cf. Olver
1988).

Lemma 1. Suppose o1, ¢ and @3 are independent complex variables and
the functions V;, H;; and G;; are complex analytic functions with the associated
single complex variable for ¢, j = 1-3, respectively, then

Re{Vi(p1) + @1H11(p1) + 02G12(1) + GaHi2(1) + p3G13(01)
+@sH13(p1) + Va(p2) + p1Ga1(p2) + @1H21(p2) + 2 Haa(p2)
+p3Ga3(p2) + P3Hzs(p2) + Va(ps) + ¢1G31(p3) + @1Hz1(ps3)
+p2Gaa(p3) + P2H32(p3) + @3H33(p3)} =0,

if and only if

Hi1(p1) = ihi1pr + s11, Hoa(p2) = ihoapa + S22, Hsz(p3) = ihssps + s33,

Gi2(p1) = gr2¢1 + 112,  Gai(p2) = —gr2p2 + 121, G31(p3) = —g1303 + 731,
Hia(p1) = haopr + 812, Hai(p2) = —hiaws + s21, Hzi(ps) = —hisps + sai,
Gi3(p1) = g13p1 + 713,  Ga3(w2) = gozw2 + 123, G32(p3) = —go3p3 + T3z,
Hiz(p1) = hagpr + 513, Has(p2) = hospa + 523,  Haza(ps) = —hasps + sa,

Vi(p1) = v1 — (811 + o1 + S21 + 731 + 331) 01,
Va(p2) = va — (822 + r12 + S12 + 732 + 832) P2,
Vs(p3) = —01 — Ug — (833 + 713 + 813 + T23 + S23) 3,

where v;, hij, gij, 735, and s;; are complex constants in general except that hi1, ho2
and hgs are real. Another lemma which will be useful in the derivation to follow
is also given here.

Lemma 2. Let Fy(x,u,vx) be given by

3
Fy, = 2ippo <Z AikR,ui>gok +61x(R2 —p1R1) (no sum over k), (3.25)
i=1

where R(x,u) is an arbitrary smooth function of x and u, A is given by (2.7)
and 61y is the Kronecker delta. The corresponding densities T} and Ty form the
components of a trivial conservation law.

It is not difficult to verify Lemma 2 by substituting the expression for ¢y in
(2.22) and (2.23) and the orthogonal conditions (2.15) and (2.16) into (3.25).
Now by expanding (3.24) and using Lemma 1 , we have the following equations:

1 2i(p1/p12)F1;, = v1 — (811 + 721 + 821 + 731 + 331)01,

2 (i/p12)(p1 — 1) (A Fr,, + Ani Py, + Asi 1, ) = ihiigr + s,
3 (i/pr2)(pr — p2)(A12Fy ,, + Ao Py, + A2 By, ) = gr2p1 + 112,
4 (i/p12)(p1 — P2)(Ar2Fh,, + Ag2F1,, + As2F1,,.) = k121 + s12,
5 (i/p12)(p1 — p3)(A13F1 ,, + AgsFh,, + AssFl1 ) = g13p1 + 713,
6 (i/p12)(p1 — P3)(ArsFu,, + AssFr,, + AszF1,,) = hizp1 + s13,
Proc. R. Soc. Lond. A (1993)
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7 2i(pa/pa2) Fa ., = v2 — (512 + T12 + 522 + 132 + 832) 2,
8 (i/pa2) (p2 — P2)(A12Fa,,, + AnaFa,, + A2 ;) = thoawa + 822,
9 (i/paz)(p2 — p1) (A1 F,, + AnFo,, + A3l u3) = —g12p2 + 721,

10 (i/p22) (P2 — P1) (A1 P, + APy, + A3 P2 ) = —hi2g2 + sa1,
11 (i/p22)(p2 — p3)(A1sFa,, + A2sFa,, + AssFa ) = ga3p2 + 723,
12 (i/p22)(p2 — P3)(A13Fa,,, + AsFa,, + AssFs ;) = haspa + sa3,
13 2i(ps/ps2) Fs ., = —U1 — U2 — (533 + 713 + 513 + 723 + 523) 03,

14 (i/ps2)(p3 — P3)(A1sFs,,, + AsFs,, + AssFs ) = ihsses + s33,
15 (i/ps2)(ps — 1) (A1 F3,, + A Fs,,, + A31F3 us) = —g13%3 + 731,
16 (i/ps2)(p3 — P1) (A1 3, + A1 Fs,, + A31F3,,) = —hisps + sa1,
17 (i/p32)(ps — p2)(A12F3,, + A2aF3,, + AsaF3 ) = —g23p3 + 732,
18 (i/p32) (D3 — P2)(A12Fs,, + AzaF3,, + As2F3,,,) = —hasps + ssa.

First, consider 1, 7 and 13, we can set

F = Fl*(21,Q01) + ’wl(w’u)ﬂol + wlO(w7u)a
Fy = Fy(22, p2) + wa(@, u)p2 + wa(z, u), (3.26)
F3 = F3(23,93) + w3(x, u)ps + wso(x, u),

where wy, and wyg, k = 1-3, are arbitrary functions. Next, since hi1, hog and hss

are real functions, then from 2, 8 and 14, we can further set wq, wg and w3 as
follows:

wy = 2ip1a(A1i Ry, + AR, + AsiR ),
Wy = 2ip22(A12R2,u1 + A22R2,u2 + A32R2,u3)7 (3'27)
ws = 2ip3a(A13R3,, + A2sRs,, + AssR3 ),
where Ry(x,u), Ro(x,u) and R3(x,u) are arbitrary smooth real functions. Fur-
ther investigations of 3 and 9, 4 and 10, 5 and 15, etc., allow us to set R =
Ry = R3 = R(x,u) except for the terms that depend only on x. But the contri-
butions of w; to F; result in trivial conservation laws if we compare (3.27) with
Lemma 2. Thus the forms of Fy, F» and F3 for non-trivial conservation laws can
be expressed as
Fy = F (21, 1) + wi(®)p1 + wio(e, u),
Fy = F3(22,p2) + w3 ()02 + wao(x, u), (3.28)
F3 = F3(z3,¢3) + wji ()3 + wso (e, u).
It is not difficult to deduce that wig, woo and wsp are at most linear in u by first
comparing the coefficients of ¢1,p2 and @3 in 1, 7, 13, respectively, and, next,
the other remammg equations. According to Olver (1988) the type of conserved
density T' which is linear in u and Vu must be equivalent to, except for trivial
densities, Betti’s reciprocal law whose components are given by
Tl = o'“'u,f; — U:luiv Tz = Uz'zu;-k —_ afzui, (329)
in which
oij = Cijuiury, 05 = Cijritiyy, (3.30)
u*(x) is any solution of (2.1). In summary the general first-order conservation
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laws for non-degenerate anisotropic materials with components T} (x, u, Vu) and
Ts(x, u, Vu) are of the following form:

3
Ty(z,u,Vu) = TP + TF + 3 (Fu + 22 Fy), (3.31)
k=1 DPk2
3.1
To(@,u,Vu) =T5 + Ty + Y . — Fo, (3.32)
i1 Pk2
Fi(2k, o) = Fra +1Fge, (3.33)

where T} and T3 are the components of trivial conservation laws; T} and T3 are
the components of Betti’s law given in (3.29) and (3.30); Fy(2k, @) are arbitrary
analytic functions of their corresponding complex arguments.

Thus, except for Betti’s law, there are three infinite families of conservation
laws, each depending on an arbitrary analytic function Fj(zk, k) of two com-
plex variables if Stroh’s eigenvalues p,, are distinct. For degenerate materials, the
conservation laws can still be constructed by modifying the form of the general
solutions of the system. For simplicity, we only consider the case where p is a
double root here. The higher order multiple roots can be treated in a similar way
without difficulty. If p is a double root, the second independent solution of (2.1)
can be set as follows (cf. Ting 1982):

wi = a:2f3(2) + o} fa(2), (3.34)

z =1z +pxrs, Z=1x1 — pxa, (3.35)
where it can be shown directly that a is the eigenvector in (2.3) associated with

the double root p and f»(2) is an arbitrary analytic function with complex argu-
ment z. The vector a* can be determined by substituting into (2.1)

(Q +p(R+RY) +p*T)a* = -2(Q — p’T)a, (3.36)
where the matrices Q, R and T are given by (2.4). However, the determinant of
the coefficient matrix of the vector a* is zero for this double root p, the existence
of the vector a* can hold if and only if

at(Q — p*T)a =0. (3.37)
Further, it follows from (2.3) that the criterion given by (3.37) can be replaced
by

a™{(R+ RY) +2pT}a =0 (3.38)

for the existence of the vector a*.
To illustrate the procedure for degenerate materials, we consider the case of
linear homogeneous isotropic plane elasticity with the governing equations

(A + 2p)u111 + pure2 + (A + p)ug12 = 0, }

3.39
A+ p)uia2 + pugi1 + (A +2p)ug22 = 0, (3:39)

where ), p are Lamé constants. The first independent solution of (3.39) can be
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obtained easily as
u; = aifl(z), z = x1 + iz9, (3.40)

a=—{}}. (3.41)

However, the root p = i are repeated. It can be shown that the eigenvector
a in (3.41) satisfies the criterion of (3.38) so that the existence of the second
independent solution is ensured. The vector a* in (3.36) can be chosen as

= (3- ) {_1%} , (3.42)

where v is Poisson’s ratio related to A and p by A = 2uv/(1 — 2v). The general
solution of linear homogeneous isotropic plane elasticity can thus be expressed as
follows:

i =re|{ TP A@+{TH @+ e-m {1 RG], G

where f1(z) and fa(z) are arbitrary analytic function with argument 2 = z1 +izo;
moreover, this form of solutions given by (3.43) is identical with the famous one
proposed by Muskhelishvili (1953).

The first order conservation laws of linear isotropic plane elasticity can be
developed in a similar way treated in the first part of this section except that the
general solution given by (2.9) is replaced by (3.43). In fact, all the first-order
conservation laws of the system of (3.39) have been derived by Olver (1984) and
we list the primary results here with minor modifications. Differentiating (3.43)
with respect to the coordinates z1 and z2, respectively, gives

€ =2f5(2) + fi(2) = p{(ua2 — ur1) +i(urs +u21)}, (3.44)
= f5(2) = {41 = )} {(A + 2) (ur,1 + un2) +ip(uz1 — u12)}. (3.45)

Then, according to the similar arguments for the fully anisotropic case, we can
change variables from wuy 1, u1,2,u2,1 and ug2 to the real and imaginary parts of
¢ and 7 respectively. The fact that 7} is an analytic function of z and the relation
O€/0% = 7 from (3.44) and (3.45) results in

My =122, 2= 721,
[2pt)€1,1 — €22 = 211, (3.46)
§1,2 + 2,1 = 2721

Moreover, let the components of the conserved density T' be T and T5 respec-
tively. £ — u independent conservation laws of the system (3.39) can be obtained
by first substituting the general solution (3.43) and the relations (3.46)—(3.46)
into the expansion of (3.1) treating &1, £2,1, 71,1 and 7j2,1 as independent vari-
ables. From this approach and without repeating the similar derivations proposed
by Olver in the subsequent proofs, all the first-order conservation laws depending
on the material coordinates and deformation gradients are given by (Olver 1986)

0G [~ _0G
F——§%+<G— az>+H (3.47)
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where F=T —iTy, G=G(zd), H=Hzn).
In addition, except for Betti’s reciprocal law, the extra conservation law not

present in the anisotropic case forms the well-known L-integral and is given by
(cf. Olver 1984 b)

F =i{[(1 - v)/pl(27 — 22 — 20%) + wé + () + 7)w}, (3.48)
where w = u1 + ius.

4. Explicit real forms

With the forms of T} and T» given by (3.31) and (3.32), respectively, any in-
tegral form of conservation law which depends on the coordinates and the first
derivatives of dependent variables can be written in terms of the associated gen-
erating complex functions

/(T1 dzy — Tydz;) = Im <§ 51;5 / Fy, dzk) =0, (4.1)

where Im denotes the imaginary part. Equation (4.1) is valid for arbitrary closed
integration contour enclosing a region where V - T = 0. Moreover, by letting
Fy, = ppoFy, or Fy, = ipgo Fy, it is readily seen that

/Zﬁkdzk,: 0.
k

This is consistent with the fact that Fj is an analytic function of z; and integra-
tion of an analytic function over a closed contour around a region of analyticity of
F}, vanishes. The analysis here thus shows that the conservation laws are equiv-
alent to the well-known Cauchy’s integral theorem for analytic functions.

The complex form of the conservation laws can be conveniently separated into
two real integrals in terms of the physical quantities such as displacements and
tractions by utilizing the expression for ¢y, given by (2.22) and the orthogonahty
relations given by (2.13)—(2.16). For example, letting Fj = gok or F, = zkgok,
respectively, leads to

—iJ=> / ©? dz, (4.2)
k

—iM = Z/zkcp% dz. (4.3)
k
Equations (4.2) and (4.3) can be expressed in the following forms:
Of 0k 4
Z/ 31’1 33 (4.4)
—iM = Z/ Ofk 8f’° (4.5)

where s is the arc length along the integration contour, » = /(2% + z3) and
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fr are Stroh’s functions. Use of the expression for f given by (2.20) and the
orthogonality relations given by (2.13)—(2.16) then gives

oY O Ou; ou;
2/{(%1 ij 8]) (6 zSz]uJ,]_ + 4,15 i s ) (—8——S~Lijuj,1)} ds,
o; i
J = -2—/ (ui,li +¢i,1—%) ds,

&i azpj> (31/;2 du; O aug) (@ %>}
2/{( Hij~5 85 299y T ar 9 g, s Lii g, ) T4s

Ou; 0 31/% Ou;
M‘z/(ar Os 87"79;)“19’

in which the matrices H, L and S are given by (2.17), (2.18) and (2.19) respec-
tively. The J and M integrals are the well-known conservation integrals derived
by Knowels & Sternberg (1972) in alternative forms. The J and M integrals
are new. However, it is unclear at this point what physical significance can be at-
tached to these new integrals. Note that since real-form integrals shown above are
expressed directly in terms of quantities that do not depend on Stroh’s eigenvalue
p, they are also valid for degenerate materials such as isotropic materials.

Equations (4.2) and (4.3) can be generalized to obtain interactive conservation
laws involving two elastic states as

off o

Jint — lJmt Z/afi éﬁk (46)
ofr o

mt lMlnt Z / af”.{c éﬁk (47)

where f and f* are Stroh’s functions for two arbitrary elastic states. The corre-
sponding real-form expressions are given by

oY N, ou Ou;
1nt 2/{<¢zl ij 8J) (68 SzJujl-l_'wzlSlJ a]> (83'[’1]” )}ds
0 Ou;
Jint:§/<zla +'¢z16 )ds
21, 20 o (2 ou; oy
Wi, = 2/{( Hy'gl ) + g Sug+ r Su'ge

C out
— (%L”—a—uri> } ’f'dS,
ou; s 8@&2‘ Ou;
Miot. = 2/<8r 83 or E)rds’

Similar two-state conservation laws have been discussed in Chen & Shield (1977)
and Gurtin (1977).
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5. Concluding remarks

In this paper we have presented a complete class of first-order conservation laws
in general anisotropic elasticity. The class of conservation laws are valid for defor-
mations in which three displacement components are present but are dependent
only on two coordinates. Based on Stroh’s formalism for anisotropic elasticity, we
have shown that the conservation laws are closely related to Cauchy’s theorem
for complex analytic functions. The orthogonality relations in Stroh’s formal-
ism were utilized to transform the complex conservation laws into those in real
forms. The real-form integrals contain only quantities that do not depend on
Stroh’s eigenvalues and hence are valid for either non-degenerate or degenerate
materials. In an accompanying paper we shall extend the present derivations to
include thermoelasticity with some application of the conservation laws to crack
problems.

References
Barnett, D. M. & Lothe, J. 1973 Synthesis of the sextic and the integral formalism for dislocation,
Green’s function and surface waves in anisotropic elastic solids. Phys. Norv. 7, 13-19.

Chadwick, P. & Smith, G. D. 1977 Foundations of the theory of surface waves in anisotropic
elastic materials. Adv. appl. Mech. 17, 303-376.

Chen, F. H. K. & Shield, R. T. 1977 Conservation laws in elasticity of the J-integral type. ZAMP
J. appl. Math. Phys. 28, 1-22.

Eshelby, J. D. 1956 The continuum theory of lattice defects. In Solid state physics (ed. F. Seitz
& D. Turnbull), vol. III. New York: Academic Press.

Gurtin, M. E. 1977 Some conservation laws in linear elasticity for pairs of fields. Int. J. Fracture
13, 391-393.

Knowles, J. K. & Sternberg, E. 1972 On a class of conservation laws in linearized and finite
elastostatics. Arch. ration. Mech. Analysis 44, 187-211.

Muskhelishvili, N. I. 1953 Some basic problems of the mathematical theory of elasticity. Gronin-
gen, The Netherlands: Noordhoff.

Noether, E. 1918 Invariante Variationsprobleme. Nachr. Ges. Gottingen, Math.-Phys. Kl. 2,
235-257.

Olver, P. J. 1984 a Conservation laws in elasticity. I. General results. Arch. ration. Mech. Analysis
85, 119-129.

Olver, P. J. 1984 b Conservation laws in elasticity. II. Linear homogeneous isotropic elastostatics.
Arch. ration. Mech. Analysis 85, 131-160.

Olver, P. J. 1986 Applications of Lie groups to differential equations. Graduate texts in mathe-
matics, vol. 107. New York: Springer-Verlag.

Olver, P. J. 1988 Conservation laws in elasticity. III. Planar linear anisotropic elastostatics.
Arch. ration. Mech. Analysis 102, 167-181.

Rice, J. R. 1968 A Path-independent integral and the approximate analysis of strain concentra-
tion by notches and cracks. ASME J. appl. Mech. 35, 379-386.

Stroh, A. N. 1958 Dislocations and cracks in anisotropic elasticity. Phil. Mag. 3, 625-646.
Stroh, A. N. 1962 Steady-state problems in anisotropic elasticity. J. Math. Phys. 41, 77-103.

Ting, T. C. T. 1982 Effects of changes of references coordinates on the stress analyses of
anisotropic elastic materials. Int. J. Solids Struct. 18, 139-152.

Ting, T. C. T. 1986 Explicit solution and invariance of the singularities at the interface crack
in anisotropic composites. Int. J. Solids Struct. 9, 965-983.

Received 15 December 1992; accepted 19 February 1993

Proc. R. Soc. Lond. A (1993)



	Article Contents
	p. 139
	p. 140
	p. 141
	p. 142
	p. 143
	p. 144
	p. 145
	p. 146
	p. 147
	p. 148
	p. 149
	p. 150
	p. 151

	Issue Table of Contents
	Proceedings: Mathematical and Physical Sciences, Vol. 443, No. 1917, Oct. 8, 1993
	Front Matter
	A Lumped Model for a Seismic Source [pp.  1 - 16]
	Viscoelastic Taylor-Couette Flow: Bifurcation Analysis in the Presence of Symmetries [pp.  17 - 37]
	Asymmetric Solutions of the Reaction-Diffusion Equation [pp.  39 - 58]
	On the Instability of Inextensible Elastic Bodies: Nonlinear Evolution of Non-Neutral, Neutral and Near-Neutral Modes [pp.  59 - 82]
	Freedom in Small Parameter Expansion for Nonlinear Perturbations [pp.  83 - 94]
	On Critical-Layer and Diffusion-Layer Nonlinearity in the Three-Dimensional Stage of Boundary-Layer Transition [pp.  95 - 106]
	Unfolding the High Orders of Asymptotic Expansions with Coalescing Saddles: Singularity Theory, Crossover and Duality [pp.  107 - 126]
	Two-Dimensional Tensor Function Representation for All Kinds of Material Symmetry [pp.  127 - 138]
	Conservation Laws in Anisotropic Elasticity I. Basic Framework [pp.  139 - 151]
	Conservation Laws in Anisotropic Elasticity II. Extension and Application to Thermoelasticity [pp.  153 - 161]
	Thermally Driven Tall Cavity Flows in Porous Media [pp.  163 - 181]
	Scattering by Two Penny-Shaped Cracks with Spring Boundary Conditions [pp.  183 - 201]
	Harmonic Wavelet Analysis [pp.  203 - 225]
	Cause of Terrestrial Nightglow Continuum [pp.  227 - 237]
	A Pendulum Theorem [pp.  239 - 245]
	Thermodynamics of Porous Media [pp.  247 - 255]
	Prevalence of Rapid Dissociative Recombination in Absence of Crossing of Potentials [pp.  257 - 264]
	Back Matter





