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Yang-Mills theory
gauge potential A = dztAf(x)7q
Lie algebra [rq, 7] = fupc7c

field strength FF =dA + AA

1
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Yang-Mills action
SYM — %/Tl’(F *F>
dym

Variation A — equation of motion.

Hodge duality = electromagnetic duality
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(anti-) Self-dual = (anti-) Instanton

F=4*F
82
— SYM — ?Q
dym

Instanton number = topological charge

Q =

167T2 | Tr(FF) ez

2
Tr(FF)=dTr (AF — 3AAA>
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e Self-duality = equation of motion
e YM IiInstantons have vanishing
energy-momentum tensor.

e Conformal group SO(5,1) acts on
the moduli space.



1-instanton solution
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1-instanton solution

1 1 [ ]
g = —Oq, o — —10a, 0O
4q > a ab 4i as Yh
L
Z(x,xg, L) =

L2 + lx — :1;0|2

Tr FM,/(*)F“V x Z4(x; zg, L).



AdS/CFT duality:

Type IB superstring in AdSs x S°
~ SU(N) super Yang-Mills theory in 4D.

Maldacena [98]; Gubser, Klebanov, Polyakov [98]; Witten [98]

(ga R)IIB — (gYM, N)YM:

Arg = gym, R°/l5 = 4mgV'N.



AdSs — Euclidean AdSs

EAdSs embedded in R>1:

5
R°=X§— Y X7

1=1

Poincaré patch of EAdSy .

R? > X
>0 : p— H p—
Xo + Xe ( ), =g
R?
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Geometry of EAdS,
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Duality

I B superstring in EAdSy ~
SU(N) super Yang-Mills on 9EAdSs ~ R4 .

Isometry of EAdSs ~ SO(5,1)
~ conformal symmetry of R?.

YM instanton and its dual are good probes.
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what is the dual of YM instanton?

Possibilities:

‘e 1D object with an endpoint on the boundary
T his works only for AdSs .

or
e OD object in EAdSs
How to match the coordinates?
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Ry

Supergravity (Einstein frame)
1

— _a,u¢8V¢ + €2¢8,LLX8VX — g aﬁq/)\,uFaﬂfyA

Vi <€2¢8MX> =0 V3¢ + ez(bﬁuxaux =0

¢ = dilaton, y = axion

Background: EAdSy
{¢=0=x

F = self-dual vol. form — FF « g.
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“Self-dual”’” ansatz

(T — Too) = (7 — Too)™
T=X+ e ?
X — Xoo = = <€_¢ — e_(boo)

Supergravity equations become

RNV — EFOéﬁ’yAILLFaﬁ,Y)\U

VZe® =0
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The “self-dual” ansatz is very special:

The background metric is not affected.
It is self-dual like.

It preserves 1/2 SUSY.

T he action becomes

S = —/d5£13 Oy <62¢Xg””3yx)

2TN
= —— (goo = €¥)
goo
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D-instanton solution

Chu, Ho, Wu: hep-th/9806103

(d? + 2)(d* + 4d? — 2)
d3(d2 + 4)3/2

d = SO(1,5)-invariant length

e? = co + C1

AB
> _ N XuXp 1 2 2
d= = 72 _zO,z[(Z_ZO) -HiU_CUO‘]

(z0,z09) = location of the D-instanton
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Approaching to the boundary (z ~ 0)

e? ~ P — 6124 2% (x; 20, 20)

Y ™ Yoo &+ 6c1e 224 7% (2 20, 20)

<0
2(2) + |x — x0]2

Z(x; g, 20) =

Déja vu!
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D instanton = YM instanton

41tn

L = 2z Cq
Charge quantization due to QM

e — e % o Tr F) FHY
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Scaling (z,z) — (A\z, Ax) Is a symmetry of
the EAdSs metric ds2 = 15 (dz2 + da?).
R* : (L,z) — (AL, \z) preserves

- 2 —1
the YM instanton sol. A = <r2+L2> U~ *dU

4__;..a
where U = Z-~@%0a,

= 20 =L
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Generalizations:

e B-field background — NC R?

e EAdSs w. black hole — R3 x St

Rey, Jun. 05

e EAdSs — conformally compact
Einstein manifolds.
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ADHM multi-instantons

For N =4 SU(N) super YM theory:
The N > k limit of k£ instanton moduli
space has the geometry of a single copy
of EAdSs xS°. (Instantons tend to stay on
top of each other.)

The SU(2) embeddings in SU(N) are
Mmutually commuting.

Dorey, Hollowood, Khoze, Mattis, Vandoren: hep-th/9901128

Dorey, Hollowood, Khoze, Mattis: hep-th/0206063
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For finite N:

Corrections at the subleading term in
the 1/N expansion

Something must happen when

k=N/2 — N/2+4 1.

Supergravity approximation of
superstring is good only for large N.
Quantum effect is important for
finite V.
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Quantum deformation of EAdSs
d- EAdSs

Jevicki, Ramgoolam: hep-th/9902059; Ho, Ramgoolam, Tatar:

hep-th/9907145; Ho, Li: hep-th/0004072, hep-th/0005268.

d-AdS»>:  Lie algebra of SL(2,R) ~

algebra of the Cartesian coordinates.
d-AdS> can be defined by the representation
(j,a) with 5 =1/2+ N and « is the VEV of y.
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Noncommutative instanton

Nekrasov, Schwarz: hep-th/9802068

ADHM construction
vV =c¥, W =cF
Bgo,B1 € Hom(V,V), 1, JI e Hom (W, V)
ur = [Bo, B] + [B1, Bl + 11T — J1J
pe = [Bo, B1] + 1J
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Instantons on R? are parametrized by
solutions of (ur = 0, uc = 0) modulo
equivalence relations.

M = (1 1(0) + g 1(0)) JU(V)

M has conical singularities.
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Noncommutative R?* is defined by

20 %0] = [e1,51] =

ADHM on noncommutative r*

pur = G, pe =0
M = (1 () + 1 1(0)) /UV)

Singularities resolved by the deformation.
(Deformation of u. = 0 is equivalent.)
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Conclusion

D-instanton «—~ YM instanton
iIsometry «— conformal symemtry
Moduli space for k =1 and large N
AdS/CFT — notion of (g-AdSs )y
Generalizations
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