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1 Introduction

Why do theories of credit are important in understanding the mechanism of business
cycles? Where does RBC fail in explaining the observed facts in business cycles?

1. RBC is less successful in explaining price movements, either relative or nominal.

2. RBC needs large, persistent and exogenous aggregate productivity shocks to gen-
erate observed business fluctuations: it lacks a powerful propagation mechanism by
which the effects of small shocks amplify, persist and spread.

This paper considers models in which credit limits are endogenously determined, and
acts as a propagation mechanism so as to generate large, persistent fluctuations in
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aggregate productivity, output and asset prices given small and temporary shocks on
technology or wealth distribution.

2 The Basic Model

Consider a discrete-time economy with a single good and a continuum of homoge-
neous agents with preferences A'lne.,. At each date t, there is a competitive
one-period credit market, in which the real (gross) interest rate is r; from date ¢ to date
¢+ 1.

At each date, some agents are productive and the others are unproductive, where the
ratio of population is n : 1. The productivity of each type is

Yt+1 — O, (1)
If productive, and

y7§+1 — /73327 (2)
If unproductive, where 1 < v < a.

Each agent's productivity is public information. Agents shift stochastically between



productive and unproductive states accord to Markov process:

AN Productive  Unproductive
Productive 1—9¢ 0
Unproductive no 1 —nd

The purpose of specifying recurrent shifts in productivity of an individual agent is to

analyze how the credit system affects the dynamic interaction between distribution of
wealth and productivity.

(A1) nd + 0 < 1 (productivity of each agent is positively correlated between t and t+1,
l.e. productivity shift is not too large).

2.1 The Bargaining Problem

We assume that

() The production technology is specific to each producer:. only the producer who
iInvested at t has the necessary skill to obtain the full returns at date ¢ 4+ 1. Without the
skill of the producer who invested, creditors can recover 6 fraction of returns.
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(i) Each producer is free to walk away from the production between ¢t and ¢ + 1 and
from any debt obligations.

As a consequence, if a producer owes a lot of debt, he may be able to renegotiate with
the creditor for a smaller debt before harvesting time. If the debtor-producer has strong
bargaining power, then he can reduce his debt repayment to a fraction 6 of the total
returns (the fraction of returns that can be recovered by creditors, i.e., collateral value
of the investment).

Anticipating the possibility of the default between dates ¢t and ¢ + 1, the creditor limits
the amount of credit at date t, so that the debt repayment of the debtor-producer in the
next period b, will not exceed the value of the collateral 6. :

biv1 < Oypia. (3)

To see this, suppose the farmer repudiates between ¢ and ¢ + 1, and the renegotiation
proceeds. Let n be the bargaining power of the farmer, and 1 — n that of the gatherer.
Both parties bargain over the repayment d; if an agreement is reached.



Farmer Gatherer
Agreement reached ;.1 — d; d;
Default 0 Oy 11

The bargaining problem maximize

max i1 — di]" [dy — Oyera] "

t

FOC implies
N Y —dy

1—77_ di — Oye1

Then, we have

de = (1 =1+ 60n) yrs1.

The incentive constraint for no-renegotiation requires that the farmer’'s value of no
default should be greater than or equal to the value of default and an agreement is
reached, i.e.,

Yir1 — b1 2> ype1 — dy,



b1 < dp = (1 —=n+60n) Yy
If the farmer has all the bargaining power, n = 1, then the collateral constraint will be
(3)

(A2) o < v (We will see later that in equilibrium r; = ~. Thus, this assumption says
that if o (the fraction of output that can be promised to creditors) is too high, i.e.,
6o > 1, then productive agents will borrow unlimited amount).

2.2 The Equilibrium

Each agent maximizes his expected lifetime utility

max Z BT Inciy,

{Ct T, bt+1} T=

S.T. C+ + .Tt Yt -+ bt+1/Tt — bt (4)
bry1 < Oyiqa,

and (1) and (2).



The goods market equilibrium is
Ci+Ci+ Xi + X[ =Y, +Y], (5)

which says that the aggregate consumption and investment of productive and unpro-
ductive agents are equal to the aggregate output of the two types. The credit market
also clear by Walras Law.

2.3 Full Enforceability

Suppose the financial contract is fully enforceable. Thus, there will be no credit con-
straint.
Let a; = y; — b; (net worth at date ¢). The flow of funds constraint becomes

) 1 (yt+1 — bt+1> Yt+1

Ct+$t:(yt—bt . + .
t t
At+1 Yi+1
= Ay — -+ .
Tt Tt

Without credit constraint, the productive will compete for credit and push the real inter-



est rate up to the level the marginal productivity of the productive agent, .. Thus,
Tt = Q).

Thus, the unproductive agents will drops out of the credit market and become lenders.

For productive agents, the flow of funds constraint is

aty1 Q¢
Ct -+ Tt = Ay — +
Q Q
1
= Ay = Gt + a&tﬂ- (6)

Also the FOC (??) becomes

Cip1 = afcy,
which also implies
Citk = (@mk ¢, k> 1. (7)



Then, by (6),

1
Ct = Q — —0a41

Qo
1 1

= O — —Cpy1 — 42+ - -
Qo Qo
1 1 1

= At — —C41 — —5C+2 — 0 Ttk
Q Q Q

where khm Layyy, = 0 since a > 1. Thus, by (7),
Ct:at—ﬁct—520t—“' :

This, every period the agent consumes a fixed fraction of his net worth,

Ct = (1 - B)ah

which is because of the log utility. Thus the saving of productive agents is a fraction
of the net worth.

For the unproductive, they will not invest, x; = 0. Their consumption is still a fixed
fraction of net worth, ¢, = (1 — §)a;, where a; = y; — b;. Thus, the unproductive each



lend the amount

i1 = —aba; < 0.
Thus, the borrowing of each productive agent (on average) is

/ !/
— Y1 afa;
n

b1 =

The investment of each productive agent is

b alB3al a
It:5t+t—+1—5t Bt:ﬁ(at+_t

an

In aggregate,

Bt—|—B£ = nbt+b;:(),
Ci+Cy = (1-P)Ys.

Thus the aggregate investment is
X; = nxy = B (nay + ap) = BY; = W4,
where W; = Y; + Y/ is the aggregate wealth.

10
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Since Y; = aX;_1, we have X; = Y, = afX;_1. The aggregate wealth evolves
according to
Wir Yo Xy
= = = af.
Wi i Xia
Aggregate investment, output, and the growth rate aggregate wealth are independent
of distribution of wealth between productive and unproductive agents.

2.4 Imperfect Enfoceability

Assume that the probability of a productive agent becoming unproductive in the next
period ¢ is large enough and that the ratio of population of productive to unproductive
agents (n) is small:

o— —ba
(A3) 6 >0 771—5@—7197-

In HW, you are asked to solve for the maximization problem of the productive agents
when there is imperfect enfoceability, by deriving consumption and investment (¢, z;)
In terms of a,;, and verify that r, = ~.
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The investment of the productive is
1
11— 9&/76%'

Xt

Unproductive agents are indifferent between lending and investing because the real
Interest rate is the same as the rate of return on their investment, r; = .

Their saving is also a fraction 3 of their net worth. Then the aggregate lending and
iInvestment of unproductive agents are determined by the market-clearing condition

(5).

Since ¢, b1, and z; are linear function of net worth, we can easily aggregate over
agents.
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The law of motion of aggregate worth (1/;), and

Wipn = Vi +Y/, = aXi +9X]

BAt 5At
1 —0a/y V(aggregﬁate stavings 1 — ‘9@/7)
1 A,
o — . 8
Wt (0 = Vg ()W (8)

Note that, for a given present aggregate wealth, the aggregate net worth next period

Wi.1 1S increasing in the share of net worth of productive agent, s; = %.

The aggregate net worth of productive agents (A;) are

Appr = (1= 0)(Yes1 — Bra) +n6(Y/y — Byyy)- (9)
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Since B, = —Byy1, Vi1 — B = A, and by (28), Ai1 = oS A, we have

1 A
Yt/+1 - B£+1 = Wir1 — (Yer1 — Bryr) = v8Wi + (a — 7)1 _ 904/7<W§>5Wt —a'BA
a—y—a(l—2~0) —1+4+af/y
YW + I — 6/ BAy =W + 1_904/775 t
= B8 (W; — Ay).
Thus, we have
Ari1 = (1= 0)a" BA + noyB(Wr — Ay). (10)

The growth rate of aggregate worth is also increasing in the share of net worth of
productive agents

Wi

a—
Wy oy + 1 — Ha/yst)’

which is smaller than the growth rate of aggregate worth without credit constraint, a.3.
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By (8) and (10), the share of net worth of productive agents evolves according to

1 —90)ats; +ndy(l—s

1= O)ats +nOVL = ) gy, (11)
S + ’}/(1 — St)

which implies that the share of net worth of productive agents monotonically converges

to a unique steady-state s* € [1 — J, nd], where s* solves s* = f(s*).

St+1 =

In HW you are asked to verify that in equilibrium r; = ~.

The intuition is that the probability of shift from productive to unproductive is large (o
Is large) and the population of productive agents is small (n is small), as required by
(A3), then the share of the net worth of productive agents is small in the steady state
(A/W is small); then, given that the fraction of the collateralized returns is not too large
(¢ is not large, as required by (A2)), aggregate saving is larger than the investment of
productive agents (8W; > X,;), and unproductive agents will invest too.

2.5 Dynamics

Consider on unexpected once-and-for-all negative productive shocks at beginning of ¢,
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by (9) the aggregate net worth of productive agents becomes

Ay = (1=90)[(1+A)aX,1 — Bl +nd [(1+ Ay X,_, + By
= (14 A)[(1 = 8)aX, 1 +néyX]_ ] — (1 =6 — nd)baX; ;.

7

Existiagj debt

Note that in steady state
A '=(1-080)aX"+noyX" — (1 -0 —nd)faX".

Then, when a shock hits,

(A —A") (1 -0)aX” +noy X"

Since productive agents have a net debt in aggregate, the debt obligation carried from
the last period is fixed, but now the revenue is lower. Thus, the net worth of productive
agents decreases proportionately more than the aggregate productivity as a result of
leverage effect of the debt (X; = mﬁflt and af < 7).

Also, because aggregate wealth decrease in the same proportion as the aggregate
productivity, the share of net worth of productive agents (A;/1V;) decreases at t. Then
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the growth rate of the economy is lower.

One possible impact of monetary policy may be considered as the unanticipated redis-
tribution of wealth between debtors and creditors. For example, if the debt is nominal
and is not indexed, the unanticipated lower inflation redistributes wealth from debtors to

creditors. Then the share of net worth of productive agents decreases and the growth
rate will decrease (debt-deflation).

3 The Model with Fixed Asset: Propagation and
Persistence

We now introduce fixed asset to analyze the interaction between value of fixed asset,
credit, and production over the business cycle.

There are two modifications from the basic model

(I) Technologies: land and goods as inputs
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The technologies of the productive and unproductive are respectively

o kt o/ Tt\1—o

Yri1 = Oé(;) (;) : (12)
kzlf o ZCQ 1—0

Yip1 = Y=)()T 0<y <, (13)

where ¢ € (0, 1) is the share of land in costs of input. There is a spot market for land,
In which one unit of land is exchange for ¢; units of goods.

(Il) Assume that if the agent who has invested at date ¢ with land k; withdraws his labor
between t and ¢ + 1, there would be no output at £ + 1. Thus, the value of collateral is
the value of land. Now both parties bargain over the repayment d; if an agreement is
reached.

Farmer Gatherer
Agreement reached ;1 + g1k — d; dy
Default 0 Gr+1kt

The incentive constraint for no-renegotiation will lead to the collateral constraint

b1 < Gri1kr. (14)
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(Recall that b, Is debt repayment, not borrowing)

This also implicitly implies a variable (in contrast to the constant ¢) fraction of collater-
alized return

0, = Q11K
t — .
i Yir1 + Gry1ke
The flow of funds constraint is
Ct + Ty + Qt(kt — kt—l) =Yt — bt+1/7°t — by. (15)

Each agent maximizes his expected lifetime utility, subject to (14), (15), (12) and (13).
Besides the goods market, the market for land clears

K+ K/ =1,

where we have normalized the total supply of land to be 1.

3.1 Without Borrowing Constraint

Without borrowing constraint (14), only productive agent invest in goods and use land.
Thus, K; = 1, and the competitive equilibrium corresponds to an efficient allocation,
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which maximize the weighted average of utility of production and unproductive, subject
to resource constraint,

@4 ( Xt—l

Note that the aggregate investment in land is zero. The marginal products of land and
Investment are

Ci+C+X, =Y, = ).

0’1 —o

Y,
MP, = = oY}
k UKt_l Or¢,
Y;
MP, = (1—o0 .
( )XH

Using Bellman’s equation, we can solve for the investment of goods, which is propor-
tional to output,and related to its marginal productivity

Xt — (1 - 0)55/}7

and thus,

)T =—(8Yy)' . (16)
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The land price is the present value of the future marginal product of land

6 B fo
1—5“%)_1—5%0

qt — Wt.

where aggregate wealth
Wi =Y+ q.

Land price is proportional to aggregate output and aggregate wealth, owing to the log
utility function.

Without borrowing constraint, aggregate output, investment, and land price do not de-
pend upon distribution of wealth.

3.2 With Borrowing Constraint

Assume that the turnover rate of productive agents is relatively high
(Ad) 0> %

Given (A4), we can show that, in the neighborhood of the steady state with a small
enough ratio of proportion of productive to unproductive agents, the real rate of interest
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IS equal to the return on investment of unproductive agents (M F,,),

_ —0
TE= YU, .

By the maximization problem of the unproductive,

t
CQ . %_ )\t,
At
;+1 : 7“_15 — )\t—Ha
Kio 1, TF 1.

]lee VTS )\t+1<%+1 + ’Y(;t)a 1(1 _t0>1 ) — )\t+1<%+1 + MPk'),

/ kilf o CL’; —0

Xy - )\t = >\t+1’}/(—> ( ) — )\t—l—lMP:U’-

o '1—o0o
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The FOCs imply

/ . /
Ciy1 — Bricy,

M Py
G = di+1 n k (17)
Tt Tt
o T 1
Sl AV = 18
okl qt Tth&H Ut, (18)
where u; is the opportunity cost or user cost of holding land. This also implies

r, l1l—o

— = 19

i.e., the ratio of inputs for goods and land is (1 — o) : o /u;.

Note also that the marginal products of land and goods investment are, using (18),

x/ - —0 o —0

MP;{ZW(#) o 7 (1—0)" =~u;°,
t

T

l—0
,> o7 (1—0)" =quy 7,
ky

MPx:fy(



where ~u, “ is the rate of return on investment of the unproductive agent.
Thus,

MPk/ 5137/5 o
= U+ = — .
MP, ' Kl-o

24
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Productive agents borrow up to the credit limit, because their rate of return on invest-
ment exceeds the real interest rate. Substituting the borrowing constraint and the flow
of constraint into the objective function. The FOCs are

1 1
o —=0—/(1— 0)@7
Ct Ct+1 Lt
1 1
ki _<Qt_%):ﬁ Uytﬂa
Ct T't Ciy1 Ky
which implies that the ratio of inputs for goods and land is (1 — o) : ¢/u;, Same as (19):
Tt B l—o0
]ft B O'/Ut ’

By the flow of funds constraint of the productive agents (15), the investment in goods
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g1tk
vy = (yr + ki1 — by — ) + +;t t_tht
t
= (&t—Ct)—Utkt
( ) o 1
= (ay — ) — U —x
t t tl—autt

where a; = y; + q:k;—1 — b, IS the net worth of the productive at time ¢. Thus, we have
Tt = (1 — 0)(@25 — Ct), (20)

which says that the productive agent spends (1 — o) fraction of his net worth (after
consumption) on investment goods.

The investment in land of the productive is

_Clt—Ct—SCt:O'(CLt—Ct)

ke = (21)

_ Q1 _ &1 7
qt — =, gt — =,

which says that the productive agent spends o fraction of his net worth (after consump-
tion) to finance the difference between land value ¢;k; and the amount he can borrow
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against land q.1:kt /4.

Thus, ¢ — q;—:l equals the down payment required to purchase one unit of land, which
happens to be equal to the user cost of land ;.

Again, by the productive agents’ flow of fund constraint, the net worth evolves according
to (using (20) and (21)),

41 = Yir1 + Qrrke — b1 = Yra

kt o Tt s
— a2 ()
= au; " (ar — ¢), (22)

where awu, ° Is the return on savings (M P,) for the productive agents.

Similarly, the rate of return on investment of the unproductive agent is yu, °. Thus,
when r, = yu, 7, the unproductive is indifferent between investing and lending.

Due to log utility function, both productive and unproductive agents consume (1 — )
fraction of their net worth. To see this, by (22), the FOC implies

—0
Cir1 = auy ° By



Using (22),

1 1 1
Ct = Qp — ——50441 = QG — ——5 |Ct41 T ——5At42
QL QL (I
1 . 1 1
= ap — —— |ou; " Bep + —— | Cry2 + —— 443
Gty Uit AUy 19

= ay — [BCt + 62@ + ]

Then, we have

Ct —= (1 — ﬁ)at.

Given this, the investment in goods and land are

28



In aggregate, the total investment of the productive is

Xt -+ ’U,th = (1 — U)BAt + 0'61475 = BAt

downpayment

By definition we have
A=Y+ K1 — By,
then
A+ A=Y, +Y +q¢=W,.
Thus, by the market clearing condition for goods
Ci+Ci+ X+ X, =Y, +Y],
we have

(1 - B) (A + A4)) + E2uy (K + K]) = Y+ Y],
= (1 =B + Y/ +q| +Zu = Wi — q,
= (1= B)W; + 1?70%5 = Wi — a4,

29

(23)
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where we have used W, =Y, +Y/+¢q, K;+ K} =1, K; = Z8A;,and X; = (1 —0)BA; =
%Uth.

By (22), A1 = au, 7 BALand Ay = yu, 7 BA;.
Then, the law of motion of aggregate worth is (by aggregating the production functions)
Wiyt = Y+ }/t/_|_1 T Qt+1 = <Yt+1 + @ I — Bt) + <Yt/+1 + Qt+1K£ _ Bg)
= AH—I + At—H = Uy aﬁAt + ”}/Ut 5(Wt — At)
= lauy; 78 +yuy 7 (1 — s¢)] @/’Vj . (24)

VO .
rate of returns on savings  aggregate saving

The aggregate net worth of the productive is
A1 = (1= 0)A1 +ndA,,

= (1= 8)au; "BA; + ndyu; "BV — Ay) +
= Bu; 7|(1 — 0)as; +noy(1 — s¢)|Wi.
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Thus, the share of net worth of productive agents is

(1 —90)as; +noy(l — s¢)

St+1 = s+ (1 — 1) = g(st). (25)

Finally, the land price satistics

Gt+1 uy
qr = Ut + LA Ut + —tCIt+1 (26)
T Y

In the definition of perfect foresight equilibrium, we need to rule out bubbles

: dt
lim Ey(
t—00 rory - Tt—1

) =0

Unlike the basic model, the economy does not grow in the steady state, because the
land is the fixed factor of production.

In order to verify that r, = ~yu, °, we need only show that aggregate land holding of
unproductive agents is positive:

K,=1—-K =1—08s;W;/u; >0,
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If assumption (A4) holds for a small enough n in the NBHD of the steady state.

3.3 Dynamics

Solve for u; by using (23), then substitute into (24), (25), and (26) to obtain the system
for {¢;, W3, s:}. We then linearize the system and solve for the eigenvalues.

Consider the impact of a small, unanticipated, temporary productivity shock A < 0, at
date t.

(1a) The land price falls proportionately more than the temporary productivity shock
itself at date ¢ (collateral value falls).

(1b) The net worth of productive agents falls proportionately more than the aggregate
wealth owing to the leverage effect of debt (wealth distribution matters).

(1c) Thus, it takes time for the aggregate wealth and the balance sheet of produc-
tive agents to recover through saving and investment. Then the user cost of land is
expected to continue to be low indates ¢, t + 1,t+ 2, . . ..

(2a) This anticipated, persistent decline in the user cost in future dates is reflected by
a significant fall in the land price at date ¢.
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(2b) The fall in land price at date t further reduces the aggregate wealth, and particularly
the net worth of productive agents who have outstanding debts.

(2c) The decrease In the aggregate wealth and the share of net worth of productive
agents in turn further reduces the land price.

This says that the introduction of the fixed asset makes the equilibrium system both
history-dependent and forward-looking, highlighting the interaction between persis-
tence and amplification.





