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Marginal Productivity

Marginal Productivity

* Production function. The firm’s production function for a
particular good (q), g = f(k, ), shows the maximum
amount of the good that can be produced using alternative
combinations of capital (k) and labor (I).

Marginal physical product

* Marginal physical product. The marginal physical product
of an input is the additional output that can be produced by
using one more unit of that input while holding other inputs

constant.
dq
MP, = — =
’ 5k fx
0
mp, = H_y
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Marginal Productivity

Diminishing marginal productivity

* The marginal physical product depends on how much of that
input is used.

* Diminishing marginal productivity is about the
second-order derivatives

2
a];IkPk = gk{ = fxk <0, for high enough k,
MP 02
J o] - az{ = f11 < o, for high enough /.

* The assumption of diminishing marginal productivity was
originally proposed by 19th-century economist Thomas
Malthus, who worried that rapid increases in population
would result in lower labor productivity.

* Malthus’ gloomy predictions led economics to be called the

“dismal science."
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Marginal Productivity

® Changes in the marginal productivity of labor also depend
on changes in other inputs such as capital.

* We need to consider fji,

OMP,
fue= ok

which is often the case f;; > o.

e It appears that labor productivity has risen significantly since
Malthus’ time, primarily because increases in capital inputs
(along with technical improvements) have offset the impact
of decreasing marginal productivity alone.
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Marginal Productivity

Average productivity

* In common usage, the term labor productivity often means
average productivity.

* We define the average product of labor (AP;) to be

output _q _ f(k, 1)

AP, = =
'~ labor input [ l

Notice that AP; also depends on the level of capital used.
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Marginal Productivity

Example 9.1 A Two-Input Production Function

* Suppose the production function for flyswatters during a
particular period can be represented by

q=f(k,1) = 600k*I> - K313,

To construct M P; and AP;, we must assume a value for k.
Let k = 10, then the production function becomes

q = 60,000[* —1,000/?

* The marginal productivity function is

0
MP; = a—? =120, 000!/ — 3,000/?,

which diminishes as [ increases. g has a maximum value
when MP; = o,

120, 000l — 30001* = 0, [ =40
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Marginal Productivity
* To find average productivity, we hold k = 10 and solve
AP, = % = 60,000/ — 1000/>

AP; reaches its maximum where

JAP,
ol

= 60,000 — 2000/ =0
I = 30
When | = 30, AP; = MP; = 900, 000. When AP, is at its

maximum, AP; and M P; are equal.

* This result is general. Because

J0AP; 8(%) _I-MP—q-1

ol ol 2
ata maximum [ - MP; = g or MP; = AL,.
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[soquant Maps and the Rate of Technical
Substitution

* To illustrate the possible substitution of one input for
another in a production function, we use its isoquant map.

* Isoquant, An isoquant shows those combinations of k and /
that can produce a given quantity of output (say, g,).
Mathematically, an isoquant records the set of k and / that
satisfies

f(k’l) =40

* There are infinitely many isoquants in the k — I plane. Each
isoquant represents a different level of output.
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Figure 9.1 An Isoquant Map
k per period

q=30
q=20

g=10

la Iy I per period
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RTS

Marginal rate of technical substitution (RTS)

* Marginal rate of technical substitution. The marginal rate
of technical substitution (RTS) shows the rate at which,
having added a unit of labor, capital be decreased while
holding output constant along an isoquant.

RTS(I for k) = ——
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RTS

RTS and marginal productivities

* The equation for an isoquant is

qo = f(k(1), 1),

Total differentiate the equation with g, constant gives

dk dk
(6] :fkﬁ +fl = Mpkm +MPl.
Therefore,
MP
RTS(I for k) = _dkl_MP
di|,_, ~MP

RTS is given by the ratio of the inputs’ marginal productivity,
and because M P; and M Py are both nonnegative, RT'S will
be positive.
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RTS

Reasons for a diminishing RTS

* Itis not possible to derive a diminishing RT'S from the
assumption of diminishing marginal productivity alone.

* To show that isoquants are convex, we would like to show
that dRTS < 0. Because RTS = ]fT]l(, we have

dRTS _ d(fil fi)

dl dl

* Using the fact that % = }[’ along an isoquant and Young’s
theorem (fx; = fix), we have

dRTS  filfu + fu-dk/dl) - fi(f + fix - dk/dl)
dl (fi)?
Fefu = 2fififr + [ frx g

(fx)?

o iffkl > 0.
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RTS

dRTS  fifu —2fififer + 1} fix
dl (fi)?
The denominator is positive because we have assumed

fk > 0.
The ratio will be negative if f;; is positive because f;; and fix

are both assumed to be negative.

Intuitively, it seems reasonable that f;; = f;x should be
positive. If workers have more capital, they will be more
productive.

But some production functions have f;; < o over some input
ranges.

Assuming diminishing RTS means that we are assuming that
MP; and M Py, diminish rapidly enough to compensate for
any possible negative cross-productivity effects.
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RTS

Example 9.2 A Diminishing RTS

® Production function in Example 9.1 is
q=f(k,1)=600k*I* - K313,
® Marginal productivity functions are

aq

MP, = f;= T 1200k*] — 3k31*
MP, = fi= % =1200k[? — 3k*13

Both will be positive for values of k and [ for which kI < 400.

® Because
fii = 1200k* - 6k3]

Jrk 12001% — 6kI3,

Thus function exhibits diminishing marginal productivities

for sufficiently large values of k and I. fj;, fxx < 0 if kI > 200.
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RTS

* However, even within the range 200 < kI < 400 where the
marginal productivity behave “normally,” this production
function may not necessarily have a diminishing RT'S.

* Cross differentiation of either of the marginal productivity
functions yields

fx1 = fik = 2400kl — 9k*I?

which is positive only for kI < 2400/9 = 266
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Returns to Scale

Returns to Scale

How does output respond to increases in all inputs together?
Suppose that all inputs are doubled, would output double?
This is a question of the refurns to scale exhibited by the
production function that has been of interest to economists
ever since Adam Smith intensively studies the production of
pins.

A doubling of scale permits a greater division of labor and
specialization of function.

Doubling of the inputs also entails some loss in efficiency
because managerial overseeing may become more difficult.
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Returns to Scale

* Returns to scale. If the production function is given by
q = f(k, 1) and if all inputs are multiplied by the same

positive constant ¢ (where ¢ > 1), then we classify the returns

to scale of the production function by

Effect on Output Returns to Scale

f(tk,tl) =tf(k,1)=1tq Constant
f(tk,tl) <tf(k,1)=tq Decreasing
f(tk,tl) = tf(k,1)=tq Increasing

* Itis possible for a function to exhibit constant returns to
scale for some levels of input usage and increasing or
decreasing returns for other levels.

* The degree of returns to scale is generally defined within a

fairly narrow range of variation in input usage.
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Returns to Scale

Constant returns to scale

¢ Constant returns-to-scale production functions are
homogeneous of degree one in inputs because

f(tk,tl) =t'f(k,1)=tq

* Ifa function is homogeneous of degree k, its derivatives are
homogeneous of degree k — 1.

* The marginal productivity functions derived from a constant
returns to scale production are homogeneous of degree zero.
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Returns to Scale

e That is,

wp, -~ IR _9f(tk i)

ok ok
_af(k ) 9f(tk,tl)
MP = ===

forany ¢ > 1. Let t =1/, then

Mp, - af(zgl/(z,l),
e, 8f(l;§l,1)’

* The marginal productivity of any input depends on the ratio
of capital and labor, not on the absolute levels of these inputs.
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Returns to Scale

Homothetic production functions

® The RTS(= MP;/MPy) for any constant-returns-to scale
production will depend only on the ratio of k and [ since

af (k/l1

MP, _ —f(az/ )

MP,  f(k/Ly)’
ok

RTS =

not on the absolute level of k and [.

® This is a homothetic function, and its isoquants will be radial
expansion of one another.

* However, a production function can have a homothetic
isoquant map even if it does not exhibit constant returns to
scale.

® Asshown in Chapter 2, this property of homotheticity is
retained by any monotonic transformation of a

homogeneous function.
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Figure 9.2 Isoquant Map for a Constant Returns-to-Scale

Production Function

k per period

I per period
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Returns to Scale

* For example, if f(k, ) is a constant returns-to-scale
production function, let

F(k.1) = (k. 1),

where y is any positive exponent. If y > 1 then

F(tk,tl) = f(tk,t]) = ' f(k, 1)’ = 'F(k,1)>tF(k, 1)

for any t > 1. F exhibits increasing returns to scale and y
captures the degree of the increasing returns to scale.

* An identical proof can show that the function F exhibits
decreasing returns to scale for y < 1.

* In these cases, changes in the returns to scale will just change
the labels on the isoquants rather than their shapes.
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Returns to Scale

The n-input case

* The definition of returns to scale can be generalized to a
production function with #n inputs,

q = f(xb X2 xn)
If all inputs are multiplied by ¢ > 1, we have
f(txl’ 12, 1) = tkf(xh Xp»os Xn) = tkq

e If k = 1, the production function exhibits constant returns to
scale.

® Decreasing and increasing returns to scale correspond to the
cases k < 1and k > 1, respectively.
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The Elasticity of Substitution

An important characteristic of the production function is

how “easy" it is to substitute one input for another.

This is a question about the shape of a single isoquant rather

than about the whole isoquant map.

The elasticity of substitution measures the proportionate

change in k/I relative to the proportionate change in the

RTS along an isoquant.

For the production function g = f(k, 1),

_wA(k/T) d(k/l) y RTS dIn(k/l)  dIn(k/I)
%ARTS dRTS k/l dInRTS dln(f/fi)

The value of o will always be positive because k/I and RTS
move in the same direction.

26/59



Outline Marginal Productivity RTS Returns to Scale Elas. of Substi. 4 Production Functions Technical Progress Extensions

Figure 9.3 Graphic Description of the Elasticity of Substitution

k per
period

qo

I per period
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Elas. of Substi.

If o is high, the RT'S will not change much relative to k/I,
the isoquant will be close to linear.

If 0 is low, the RT'S will change by a substantial amount as
k/I changes, the isoquant will be sharply curved.

In general, it is possible that o will vary as one moves along
an isoquant and as the scale of production changes.

Often, it is convenient to assume that o is constant along an
isoquant.
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Four Simple Production Functions

Case 1: Linear (0 = c0)

q=f(k,1)=ak+pl

k per
period

I per period

* Allisoquants are straight lines with slope —/a.
e Constant returns to scale.
e RTS is constant.

29/59



Outline Marginal Productivity RTS Returns to Scale Elas. of Substi. 4 Production Functions Technical Progress Extensions

Case 2: Fixed proportions (0 = 0)

g = min(ak, ), a, >0

k per
period
(b)o=0
G F-r-1- 93
o [ .
92
i
* £
1
iEY I per period

® Capital and labor must always be used in a fixed ratio.
* The firm will always operate along a ray where k/1 is constant.

® Because k/I is constant, o = 0.
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Case 3: Cobb-Douglas (0 = 1)

k per
period
(0o=1
q3
92
1
I per period

f(k,1) = Ak*1P
A(tk)*(t1)E = P f(k, 1)

q
f(tk,tl)
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4 Production Functions

_ S _PARIE Bk
RIS = fr  adkeUP a ]
In(RTS) = ln(§)+ln(§)

dln(k/l)
~ OIn(RTS)

* This production function can exhibit any returns to scale,
depending on whether o + 3 2 1.

* The Cobb-Douglas production function is useful in many
applications because it is linear in logarithms:

Ing=InA+alnk+pfInl

a is the elasticity of output with respect to k while f3 is the
elasticity of output with respect to [.
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4 Production Functions

Case 4: CES production function

* The constant elasticity of substitution (CES) production was
first introduced by Arrow et al. in 1961. It is given by

q=f(k,1)= (kP +1°P)lP
for p<1,p # oand y > o. Since
f(th,t1) = [(tk)P + (tD)P)P = ¢ f(k, 1)

For y > 1 the function exhibits increasing returns to scale,
whereas for y < 1it exhibits decreasing returns.
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4 Production Functions

* From the production function and marginal product of k

mdb g = fk) = (ke
MP, = %:(kP_,.lP)Y/P—I.PlP—l
MP, = %:(kp+zp)y//>—1.pkp—l,
h =p
we have RTS = MP, =(k)
Mmp, \I
k
InRTS = (1—p)ln(7)
Therefore, O_aln(k/l) 1
~ 9lnRTS 1-p

* The linear, fixed-proportions, and Cobb-Douglas cases
correspond to p =1, p = —oo and p = —o, respectively.
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* Often the CES function is used with a distributional weight,
a(0 < a < 1), to indicate the relative significance of the
inputs:

q=f(k1)=[akf + (1-a)lP]/r

* With constant returns to scale and p = o, this function
converges to the Cobb-Douglas form

q=f(k,1) =Ko,
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4 Production Functions

Example 9.3 A Generalized Leontief Production Function

* Suppose that the production function is given by
g=f(k1)=k+1+2Vkl.

This is a special case of a class of functions named for the
Russian-American economist Wassily Leontief.

* This function clearly exhibits constant returns to scale.

* Marginal productivities are

fr
fi

® RTS = fi/fi diminishes as k/I falls, so the isoquants have
the usual convex shape.

1+ (k/1)7°3,
1+ (k[1)°5,
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4 Production Functions

* Two ways to find the elasticity of substitution for this
production function. First, the function can be factored as

q=fk, 1) =k+1+2Vkl = (Vk+V1)* = (k%5 + 1°5)?

which makes clear that this function has a CES form with
p=o.s5andy=1.Henceo =1/(1-p) = 2.

* Another more exhaustive approach is to apply the definition
in footnote 6 directly.

fifi D (kD) + (k/1)es)
[t q-o.5(kl)=°s

2+ (k/1)7°5 + (k/I)°5 _,
0.5(k/1)°5 +0.5(k/1)7°5 +1
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f(k, 1), it can be shown that

the elasticity of substitution o = % can be derived to

be

* For the production function g

o (kfi+ L) fifi
KU~ fi 2+ 2fififir = fuf?)

e If the production function exhibits constant returns to scale,

then the elasticity of substitution can be reduced to

I fu
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4 Production Functions

Proof:

din(k/l) _ filfi d(k]D)
din(fi/fe) ~ KL dCA/f)

Total differentiating d(k/I) and d( f;/ fx), along with the fact

that —Z—’l‘ = % and thus d! = —%dk gives

0 =

d(k/l) = liz(ldk—kdl)
I P
e

1 dk
= l_Z(kkarlfl)f

d(k/I)

1 dk
o = kAT

f
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o(fi/ fi) o(fil fx)
#-dlﬁ#-dl

(a@;ifk) 2R (%)) dk

olfilfi) , 9(filfi) | dk
(fl ok )f

fi ( JELTIN a(fz/fk)) dk
A\ e e ) g

urns to Scale Elas. of Substi. 4 Production Functions Technical Progress Extension
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Therefore, d(k/l)

e filkfi +1f1)
R fer (7,200 — f 20D
Sin 1
e % = — (fafik = fifkx)
k
a(fé/lfk) = %(fkflz—flfkl)
; (gim fka<fé/lfk> _ fk = (fififik ~ Fofi = F2fir + fififua)
- & ( —fifek = fifu + 2 fifu)
k
Finally, i fifi(kfi+1f)

kL(=f2 fax = f2fu +2fefifer)
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4 Production Functions

* For a general production function q = f(k, I), the elasticity
of substitution is

fefilkfi + 1fi)
kL (=f2fix = f2fu + 2fififur)

* If f(k, 1) exhibits constant returns to scale, or, f(k, ) is
homogeneous of degree one, the the marginal products of

the inputs, fi, and f;, are homogeneous of degree zero. Thus,
according to the Euler’s theorem,

fek + fil f
Srik + fral 0= fix = _éfkl

k
fikk+ ful = o= fi1= —7f1k
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e Thus,

fefif
KL(=fp (=1 fa) = 12 (3 fu) + +2ficfifua)
fefif
(lzfl2 + szkz + zklfkfl)fkl
fufif
(kfie+ 1) fu
Jefi
I S

4 Production Functions Technical Progress

Extensions
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Technical Progress

* Following the development of superior production
techniques, the same level of output can be produced with
fewer inputs. The isoquant shifts inward.

Figure 9.5 Technical Progress

k per
period

h L I per period
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Technical Progress

Measuring technical progress

* The first observation to be made about technical progress is
that historically the rate of growth of output overtime has
exceeded the growth rate that can be attributed to the
growth in conventionally defined inputs.

* Suppose that we let

q=A(1)f(k1)

be the production function for some good, where A(t)

represents all influences that go into determining g other
than k and .

* Changes in A over time represent technical progress. A is
shown as a function of time (¢), dA/dt > o.
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Technical Progress

Growth accounting

¢ Differentiating the production function with respect to time,

dq  dA df(k )
a " oa JRDxA

~ d_A.ﬂ+ q (af dk+af dl)
dt A f(k,1)\ok dt 9l dt

* Dividing by g gives
dq/dt _ dA/dt Jdf[ok dk odf/dl dl

g A CFeD) dt f(kD) dr
dajdt 9f _k  dk/dt of I dijdt

A ok D) Tk A TeD k
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Technical Progress

* Let G, denote the proportional rate of growth of variable x
per unit of time, (dx/dt)/x, then the previous equation can

be rewritten as

Gq =Gy + eq)ka + eq)lGl,

where
€qk = % A ,{f ) is the elasticity of output with respect to
capital.

° eg1= % " ]i y s the elasticity of output with respect to

labor.
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Technical Progress

* In a pioneer study of U.S. economy between the years 1909
and 1949, R. M. Solow recorded the following values:

Gy = 2.75% per year

G; = 1.00%
G, = 1.75%
eq] = 0.65
ek = 035

Consequently,
GA = Gq - eq,lGl - eq,ka
= 275-0.65-1.00 — 0.35-1.75 = 1.50

* More than half (1.50/2.75 = 55%) of the growth in real output
could be attributed to technical change (A).
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Technical Progress

Example 9.4 Technical Progress in the Cobb-Douglas Production
Function

* The Cobb-Douglas production function with technical
progress provides an especially easy avenue for illustrating
technical progress.

* Assuming constant returns to scale, the production function
is

q=A(t)f(k,1)=A(t)k*I'"*.
* Also assume that technical progress occurs at a constant

exponential (6), A(t) = Ae?, then the production function
becomes

q = Ae koo,
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Technical Progress

Taking logarithm and differentiate with respect to ¢ gives

Ing = mA+0t+alnk+(1-a)lnl
dlng aq/at:queJra‘alnk . dIn!
ot q ot ot

= 0+aGr+(1-a)G;.

Suppose A =10, 0 = 0.03, a = 0.5 and that a firm uses an
input mixof k = I = 4.

At t = o, output is 40 (=10 - 4°5 - 4°9).

After 20 years (t = 20), the production function becomes

q =10e%3°k%5]%5 =10 -1.82 - k®%1°5 =18.2- k®5]°

With k=1=4,q=72.8.
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Technical Progress

* Input-augmenting technical progress. A plausible
approach to modeling improvements in labor and capital
separately is to assume that the production function is

q= A(el//tk)oc(eetl)l—zx’

where y represents the annual rate of improvement in
capital input and ¢ represents the annual rate of
improvement in labor input.

* However, because of the exponential nature of the
Cobb-Douglas function, this would be indistinguishable
from our original example:

q= Ae[m/”(l_“)f]tk“ll—“ = Aeftpx-«

where 0 = ay + (1 - a)e.
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Many-Input Production Functions
Eg.1 Cobb-Douglas

The many-input Cobb-Douglas production function is given by

n
q=]]x"
2. This function exhibits constant returns to scale if =1
b. «; is the elasticity e, ;. Since o < «; < 1, each input exhibits
diminishing marginal productivity.
c. Any degree of increasing returns to scale can be cooperated
into this function, depending on

n
&= Z“i-
i=1
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Extensions

d. The elasticity of substitution between any two inputs in this
production function is 1.
~ dln(xi/x;)

b oln(fi/fy)

) Oc]‘—l T
S e e

. ‘oc,»ﬂ.‘“j_(x. X
fl oc,xj Hﬁlxj i J

)l

and 0;; = 1.

® Because the parameter is so constrained, the function is
generally not used in econometric analyses of
microeconomic data on firms. However, the function has a
variety of general uses in macroeconomics.

53/59



Extensions

The Solow growth model

* The Solow model of equilibrium growth can be derived
using a two-input constant returns-to-scale Cobb-Douglas
function of the form

q — AkOCll—OC’

where A is a technical change factor that can can be
represented by exponential growth of the form

A=
Dividing both sides by / yields
c} _ eati{tx
where g = q/1, k = k/1.
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Extensions

* Solow shows that economies will evolve toward an
equilibrium value of k. Hence cross-country differences in
growth rates can be accounted for only by differences in the
technical change factor a.

* However, the equation is incapable of explaining the large
differences in per capita output (4) observed around the
world.

* A second shortcoming is that it offers no explanation of the
technical change parameter a. By adding additional factors,
it becomes easier to understand how the parameter a may
respond to is easier to economic incentives. This is the key
insight of literature on “endogenous" growth theory. (Romer

1996)
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Extensions

Eg9.2 CES
The many-input constant elasticity of substitution (CES)
production function is given by

q= (Zoc,-xf)wp,p <1

a. This function exhibits constant returns to scale for y = 1. For
y > 1, the function exhibits increasing returns to scale.
b. This function exhibits diminishing marginal productivities
for each inout when y < 1.
c. The elasticity of substitution is given by
1
0= >
1=p
and this applies to substitution between any two of the
inputs.
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Extensions

Eg.3 Nested production functions

* In some applications, Cobb-Douglas and CES production
functions are combined into a “nested" single function.

* For example, there are three primary inputs, x;, x,, x5.
Suppose that x, and x, are relatively closely related in their
use (e.g. capital and energy), whereas the third input (labor)
is relatively distinct.

® One can use a CES aggregator function to construct a
composite input for capital services of the form

xy = [yx] + (1= y)A5 7P
* Then the final production might take a Cobb-Douglas form

q= x;xxf

® Nested production functions have been used in studies that
seek to measure the precise nature of the substitutability

between capital and energy inputs. D



E9.4 Generalized Leontief

n n
q= Zz‘xl’j\/xixﬁ

i=1 j=1
where a;; = aj;,

* The function exhibits constant returns to scale.

® Because each input appears both linearly and under the
radical, the function exhibits diminishing marginal
productivities to all inputs.

* The restriction a;; = aj; is used to ensure symmetry of the
second-order partial derivatives.

Extensions

58/59



Extensions

Eg.5 Translog

n n o n
lnq = 0o + Zailnxi + o.522aijlnxilnxj,ocij = jj

i=1 i=1 j=1

* Cobb-Douglas function is a special case of this function
where a = a;j = o forall i, j.
* This function may assume any degree of returns to scale. If

n n
Zai=1,2(xij=0
i=1 j=1

for all 4, then this function exhibits constant returns to scale.
* The condition &;; = a;; is required to ensure equality of the
cross-partial derivatives.
* Translog production function has been used to study the
ways in which newly arrived workers may substitute for

existing workers. /
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