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ABSTRACT 
A series of upward seepage tests on sand specimens with three grain size distributions (i.e., two uniform 
soils and one gap-graded soil) were conducted to better understand the seepage failure of sea defense 
systems and coastal hydraulic structures. The objectives were to provide a detailed description of the 
piping progress and failure mechanism of soils subject to seepage and to investigate the influence of soil 
gradations on the piping failure modes. In addition, a data set consisting of a wide range of grain size 
distributions was compiled to assess statistically the accuracy and applicability of critical hydraulic 
gradient, icr, prediction methods. Experimental results indicated that the piping failure modes of sand 
specimens depended on soil internal stability, which was related to the grain size distribution. Piping 
failure of uniform sand, classified as internally stable soil, was associated with an effective stress equal to 
zero, whereas piping failure of gap-graded sand, classified as internally unstable soil, was caused by the 
internal erosion of fines. The average icr values of uniform sand are in good agreement with Terzaghi’s 
theoretical value. However, the average icr value of gap-graded sand is far lower than Terzaghi’s icr value. 
The statistical results indicated that Terzaghi’s method with Kezdi’s internal stability criterion shows the 
most accurate results with the smallest variance (model bias mean μ ¼ 1.04 and coefficient of variation 
(COV) ¼ 8.08%) for predicting the icr of internally stable soils. For internally unstable soils, methods based 
on the force equilibrium on a soil particle generally produce reasonable μ values (μ ¼ 1.20–1.75), but the 
COV values are considerably high. The discrepancy between the predicted and measured icr values is 
discussed. The Results and Discussion in this study provide insightful information for the design, 
strengthening, and maintenance of coastal waterfront structures against soil piping and erosion. 
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Introduction 

Because of the influence of global warming and El Nino in 
recent decades, the sea level rise has been accelerated in recent 
years. In addition, the frequency and magnitude of extreme 
weather events have increased dramatically. In several regions 
worldwide, sea level rise and extreme weather events have 
caused severe coastal flood disasters, damaged or destroyed 
numerous sea defense systems and coastal hydraulic structures 
(e.g., seawall, revetment, dikes, levee, embankment, and jetty), 
and subsequently affected millions of people and their proper-
ties. As a result, preventing seawater invasion and enhancing 
the stability of the coastal hydraulic structures have become 
urgent and challenging issues in coastal protection. 

The failures of sea defense systems and coastal hydraulic 
structures are caused by the impacts from wave forces, storm 
surge, toe scour, overtopping, and backfill soil piping and ero-
sion. The increased hydraulic head is different as seawater level 
rise may trigger breaches through internal erosion-related fail-
ure mechanisms (Figure 1); as a result, the soil piping and ero-
sion problems in coastal hydraulic structures recently have 
gained increasing attention (Danka and Zhang 2015). Piping 
processes are particularly hazardous phenomena and may 
undermine the strength and stability of the granular skeletons 
of coastal waterfront structures and their foundation (Rice, 

Duncan, and Davidson 2007; Rice and Duncan 2010; Danka 
and Zhang 2015). In Southern Taiwan, during 6–10 August 
2009, Typhoon Morakot brought extremely torrential rainfall 
(which exceeded 2,600 mm in Pingtung County) and caused 
severe floods in coastal area. In this extreme rainfall event, a 
total of 6 km of coastal waterfront structures along shoreline 
experienced either damage or catastrophic failures. Huang, 
Weng, and Chen (2014) conducted a failure investigation on 
these hydraulic structures and found that the predominant 
failure modes involved internal seepage failures inside levees 
and external sliding failures along foundations. Moreover, past 
case studies have reported that failures of many waterfront 
structures were associated with seepage-induced soil piping 
and erosion (Hagerty 1991a, 1991b; Fell et al. 2003; Richards 
and Reddy 2007; Xu and Zhang 2009; Zhang, Xu, and Jia 
2009; Garner and Fannin 2010; Peng and Zhang 2012). 

Piping is a form of seepage erosion and refers to the 
development of pore channels in porous media through 
which soil particles are moved. Experimental studies have 
been conducted to investigate the piping erosion process 
and failure mechanism in earth embankments (Fleshman 
and Rice 2014; Sharif et al. 2015). Recent studies have 
revealed that the initiation and progression phases of soil 
piping and internal erosion may be classified under four 
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mechanisms: (1) suffusion, (2) backward erosion, (3) contact 
erosion, and (4) concentrated leak erosion (Fry 2012; Fell 
and Fry 2013). This paper focuses on the characteristics and 
failure progressions of suffusion and backward erosion. 
Suffusion describes the erosion phenomenon in which seepage 
flows move fine particles through a matrix of coarse soil 
particles, whereas backward erosion denotes the transportation 
of sand grains with seepage at a free exit surface on the down-
stream side of a hydraulic structure, causing the development 
of shallow pipes in the upstream direction. Backward erosion 
often occurs in the permeable foundations beneath hydraulic 
structures and causes sand boils or quicksand near the exit 
because increased pore water pressures produce an effective 
stress equal to zero. 

Many studies have demonstrated that the internal stability 
of soil and the hydromechanical conditions (i.e., soil stress, 
seepage direction, and hydraulic gradient) governs the afore-
mentioned soil piping mechanisms (Kenney and Lau 1985; 
Skempton and Brogan 1994, 1995; Bendahmane, Marot, and 
Alexis 2008; Ahlinhan and Achmus 2010; Moffat and Fannin 
2011a, 2011b; Ke and Takahashi 2012, 2014; Adams, Xiao, 
and Wright 2013; Chang and Zhang 2013a). The term internal 
stability refers to the ability of a granular material to prevent 
loss of its own small particles caused by disturbing agents such 
as seepage and vibration; it is related to soil grain size distri-
bution and its density (Kenney and Lau 1985). Various empiri-
cal criteria have been developed for evaluating a soil’s internal 
stability potential (Istomina 1957; Kezdi 1979; Kenney and Lau 
1985, 1986; Mao 2005; Wan and Fell 2008; Indraratna, 
Nguyen, and Rujikiatkamjorn 2011; Chang and Zhang 
2011a, 2013b; Li and Fannin 2012, 2013). Table 1 summarizes 
the three internal stability criteria (Istomina 1957; Kezdi 1979; 
Kenney and Lau 1985, 1986) that are widely used in design 
specifications and by researchers to assess the internal stability 
of cohesionless soil (Skempton and Brogan 1994; Li and 
Fannin 2008; Wan and Fell 2008; Chang and Zhang 2011b, 
2013b). Kezdi’s and Kenny and Lau’s criteria were adopted 
in this study and are discussed later. 

The critical hydraulic gradient icr values of internally stable 
soil are close to that predicted using Terzaghi’s theoretical 
equation (Eq. 1) (Terzaghi 1943), which predicts a critical 
gradient of approximately 1.0; however, for internally unstable 
soil, the icr value can be approximately one-fifth to one-third 
of the theoretical value (Skempton and Brogan 1994). 

icr ¼ Gs � 1ð Þ 1 � nð Þ ¼
c0

cw
ð1Þ

where Gs is the specific gravity of soil solids; n is the porosity 
of soil; c0 is the submerged unit weight of soil; and cw is the 
water unit weight. Equation (1) was developed from the con-
cept that upward seepage force reduces the effective stress in 
soil to zero. In addition to Terzaghi’s theoretical equation, 
various models have been proposed for determining the icr 
for soil piping, including methods based on the force equilib-
rium on single soil particles (Wu 1980; Liu 1992; Indraratna 
and Radampola 2002; Mao, Duan, and Wu 2009; Zhou, Bai, 
and Yao 2010), capillarity and dispersion of clay (Khilar, Fol-
ger, and Gray 1985), momentum balance (Moffat and Herrera 
2015), and head loss models with porosity and critical velocity 
concepts (Ojha, Singh, and Adrian 2003). Although these 
models provide useful tools for predicting when soil piping 
occurs, studies examining the accuracy of icr prediction meth-
ods are still relatively limited. 

This study had three objectives: (1) to provide a detailed 
description of the failure progress and mechanisms in soils 
subject to seepage; (2) to investigate the influence of soil gra-
dations on piping failure modes; and (3) to assess statistically 
the accuracy and applicability of icr prediction methods 
reported in the literature. In this study, a series of upward 
seepage tests on sand specimens with three grain size distribu-
tions (i.e., two uniform soil and one gap-graded soils) were 
conducted. Piping progress and failure mechanisms observed 
from the tests are described in detail. Furthermore, a data 
set consisting of a wide variety of grain size distributions 
was compiled and analyzed. In the context of the data set, icr 
prediction methods were examined and their accuracies were 
statistically assessed and compared. The Results and Dis-
cussion in this study provide insightful information for the 
design, strengthening, and maintenance of coastal waterfront 
structures against soil piping and erosion. 

Experimental study 

Test system 

An upward seepage test system, consisting of a constant head 
device, a permeameter, and a data acquisition (DAQ) system, 
was developed in this study (Figure 2). The constant head 
device contains an elevated water supply reservoir and water 
barrel positioned at a lower elevation. The water reservoir 
was connected to the permeameter by a pipe of 1.5 cm in 
diameter that provided a steady water flow to the soil speci-
men. To maintain a constant head, an overflow device with 
a free discharge board was constructed inside the water supply 
reservoir (Figure 2b). A pump with maximum capacity of 
40 L/min was placed inside the barrel to redirect water back 
to the water supply reservoir. The overflow device and pump 

Figure 1. Schematic of seepage erosion in coastal hydraulic structures along 
shoreline due to see level rise.  

Table 1. Summary of soil internal stability criteria. 
Reference Internal stability criteria  

Istomina (1979)a Cu � 10, internally stable 
10 <Cu < 20, transitional 
Cu ≥ 20, internally unstable 

Kezdi (1979)b (d15c/d85f)max � 4, internally stable 
Kenney and Lau  

(1985, 1986)c 
1985: (H/F)min > 1.3, internally stable (original) 
1986: (H/F)min > 1.0, internally stable (modified) 

aCu is soil uniformity coefficient obtained from the grain size distribution curve. 
bd15c is the particle size at finer percent of 15% in coarser fraction and d85f is the 

particle size at finer percent of 85% in finer fraction. 
cF is the finer percent at an arbitrary particle diameter d; H is the finer percent 

increment between d and 4d.    
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enabled the water to move in a closed loop, which created an 
automatic water recycling system. The elevation of the water 
reservoir could be adjusted using a pulley device; positioning 
the water reservoir at various heights yielded different values 
of the hydraulic head for tests. 

The permeameter consists of a cylindrical cell (10.5 cm in 
diameter and 38 cm in height) and a bottom pedestal. The cyl-
indrical cell was composed of transparent acrylic, enabling vis-
ual observations of seepage and piping progress in soil 
specimens during tests. The pedestal, filled with marbles and 
covered by porous screens (Figure 2c, d), was used to distrib-
ute the upward seepage evenly across the soil specimen. The 
marbles were used to minimize the high-pressure water jet 
effect from the elevated water reservoir. The porous screens 
comprised two perforated metal plates and a nonwoven 

geotextile. The perforated metal plates, with many punched 
holes, were used to support the overburden pressure from soil 
specimens. The nonwoven geotextile was placed between the 
two perforated metal plates and served as a filter to prevent 
the loss of soil. The nonwoven geotextile was carefully selected, 
so that the hydraulic conductivity of the nonwoven geotextile 
was much greater than that of the test soil. 

The water flow from the top of the specimen was measured 
and then discharged to the barrel. Discharge velocity v at a 
given hydraulic gradient was calculated by dividing the col-
lected volume of discharge at a certain time period by the 
cross-sectional area of the soil specimen. A pressure trans-
ducer was inserted at the bottom of each soil specimen to mea-
sure the influx water pressure, which was recorded and output 
in real time through a DAQ system comprising a National 

Figure 2. Upward seepage test system: (a) Schematic illustration; (b) overview photo of test apparatus: (c) permeameter pedestal filled with marbles; 
(d) porous screen.  
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Instruments (NI) USB-9210 DAQ device and NI LabVIEW. 
The monitored water pressure was used to calculate the corre-
sponding hydraulic gradient applied to the soil specimen. 

Soil properties and specimen preparation 

Three soils, Fu-Long beach sand, uniform quartz sand, and 
gap-graded sand, were tested to investigate the influence of soil 
gradation on piping failure modes and the associated critical 
hydraulic gradients. Gap-graded sand is a mixture of 15% 
Fu-Long sand and 85% coarse sand by dry weight. Fu-Long 
sand, quartz sand, and gap-graded sand have mean particle 
size d50 values of 0.28, 1.17, and 3.71 mm, respectively. Figure 3 
presents the grain size distribution curves of test soils. To 
avoid scale effect, the ratios of the specimen diameter to the 
mean grain diameter for Fu-Long sand, Quartz sand, and 
Gap-graded sands are 375, 90, and 28, respectively. These 
values are larger than the values (¼8–12) specified in ASTM 
(ASTM D2434). In addition, the diameter of the specimen 
(i.e., 10.5 cm) also satisfies the ASTM requirement (i.e., cylin-
der diameter > 7.6 cm) with respect to the grain sizes of the 
three used soils. 

Table 2 summarizes the properties of the selected soils. All 
test soils are classified as poorly graded sand (SP) according to 
the Unified Soil Classification System. Uniform Fu-Long sand 
and quartz sand are also classified as internally stable soils, and 
gap-graded sand is an internally unstable soil, according to 
Kezdi’s (1979) and Kenny and Lau’s (1986) internal stability 
criteria (Table 2). 

Each specimen was carefully prepared to ensure that its soil 
had a uniform density and full saturation. First, the per-
meameter was filled with water to a depth of 20 cm at a low 
flow rate to prevent the generation of air bubbles. Subse-
quently, the soil specimen was introduced into the per-
meameter by sedimentation through a 20-cm-deep water 
column. To achieve the target relative density, Dr ¼ 70%, the 
soil was filled in six layers (each layer was 2.5 cm thick) and 

the required weight of dry soil was determined using the 
relative density equation: 

Dr ¼
ðemax � eÞ
ðemax � eminÞ

ð2Þ

where emax, emin, and e are the maximum, minimum, and 
target void ratios of soil. A known quantity of dry soil was 
carefully placed into the permeameter by slowly spreading 
a scoopful of soil from the periphery to the center of the 
permeameter. For the gap-graded soils, each soil sample was 
mixed with water to avoid grain segregation before it was 
spread into the permeameter. Each layer was slightly 
compacted using a metal rod to control its height. After each 
layer had been compacted and leveled, and before the next 
layer was added, the soil surface was scarified to prepare 
it for favorable interface bonding with the overlying soil. This 
procedure was repeated until the desired specimen height (i.e., 
15 cm) was reached. 

Test program and procedures 

After each specimen had been prepared, it was subject to 
upward seepage until piping failure occurred. Over the course 
of the test, the applied hydraulic gradient was incrementally 
increased; each applied hydraulic gradient was maintained 
for at least 10 min, so that equilibrium could be reached. 
The applied hydraulic gradient increment for uniform sand 
was in the range from Δi ¼ 0.1 to 0.2 for i < 0.8 and Δi ¼ 0.05 
to 0.1 for i ≥ 0.8. The applied hydraulic gradient increment was 
set in the range from Δi ¼ 0.05 to 0.1 for gap-graded sand 
because the piping failure of gap-graded sand could occur at 
much smaller i than the uniform sand did. The hydraulic 
gradient i and corresponding discharge velocity v were 
recorded in each stage of the test. The repeatability and con-
sistency of the test results were carefully examined by conduct-
ing five tests under the same conditions. Figure 3. Grain size distribution curves of test soils.  

Table 2. Properties of test soil and test conditions. 
Test series B C G 

Soil type 
Fu-Long  

sand 
Quartz  
sand 

Gap-graded  
sand  

Property 
Mean particle size d50 (mm) 0.28 1.17 3.71 
Uniformity coefficient Cu 1.72 1.77 12.7 
Coefficient of gradation Cc 1.01 1.03 8.82 
Specific gravity Gs 2.65 2.65 2.65 
Soil classification (USCS) SP 
Max. void ratio emax 1.01 0.86 0.92 
Min. void ratio emin 0.59 0.63 0.55 
Avg. hydraulic conductivity k (cm/s) 0.05 0.7 1 

Internal stability criteria 
Kezdi (1979) (d15c/d85f)max 1.28 (stable) 1.44 (stable) 11.92 (unstable) 
Kenney and Lau (1986) (H/F)min 2.07 (stable) 4.43 (stable) 0.11 (unstable) 

Test condition 
Relative density Dr (%) 70 70 70 
Porosity n 0.42 0.41 0.40 
Sample thickness (cm) 15 15 15 
No. of test 5 5 5   
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Results and discussion 

In this section, test results are presented in i–v relationships for 
each soil type (Figure 4). The piping progress and failure mechan-
isms of soils subject to seepage are described comprehensively and 
quantitatively. Moreover, i and v plots were used to determine the 
onset of piping failure and the associated icr values of soils with dif-
ferent gradations. The measured icr values are compared with 
those predicted using various empirical models, as discussed later. 

Fu-Long sand 

The measured icr values of Fu-Long sand vary from 0.93 to 1.05 
with an average value of 0.98 (Table 3). The average icr value 
agrees with the icr ¼ 0.96 predicted using Terzaghi’s theoretical 
equation. Figure 5 shows a plot of a typical i–v relationship 
from Test B4. Figure 6 shows photographs of piping failures. 
Details of the piping process are discussed as follows: 
(a) At Stages 0–6 (i ¼ 0–0.68), the v values increase linearly with 

i. The flow is laminar and the hydraulic conductivity k can be 
obtained according to Darcy’s law (i.e., v ¼ ki). No noticeable 
change was detected in the volume of the specimen. 

(b) At Stage 7 (i ¼ 0.81), a small expansion of 0.2 cm was 
observed in the specimen. 

(c) At Stage 10 (i ¼ 0.93), the expansion of the specimen 
(≈0.4 cm) became apparent. The icr of uniform sand was 
defined at this seepage stage beyond which the discharge 
velocity in a v–i curve increased significantly, indicating 
that the piping failure occurred (Figure 5); accordingly, 
the critical hydraulic gradient was determined to be 
icr ¼ 0.93. 

(d) At Stage 11 (i ¼ 0.89), the specimen expanded notably 
(≈4.5 cm) (Figure 6). At this moment, the soil specimen 
seemed to have liquefied and to have lost its overall stab-
ility. Figure 6b shows the formation of a channel; soil was 
forced to migrate with the upward seepage within the pip-
ing channel. Figure 6c shows a close view of vigorous soil 

Figure 5. Test B4 result of Fu-Long sand.  

Figure 6. Piping failure of Test B4: (a) large expansion of specimen; (b) washout 
of soil along a channel; (c) soil erosion and boiling.  

Figure 4. Test results: (a) Fu-Long sand; (b) quartz sand; and (c) gap-graded 
sand.  
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boil formation on top of the specimen. The measured 
hydraulic gradient decreased from 0.93 to 0.89 at this 
stage, although the system total head was increased by ele-
vating the upper water reservoir. The drop of the 
hydraulic gradient suggests the relief of accumulated pore 
water pressure within specimens after the piping failure. 
The pressure drop was also observed in experimental 
and field tests (Nichols, Sparks, and Wilson 1994; Parekh 
et al. 2016). The cause of the hydraulic gradient drop is 
also likely due to the changes of seepage and water press-
ure conditions which probably transformed from uniform 
conditions to concentrated flow within the piping channel, 
as shown in Figure 6b. The pressure transducer, attached 
to the wall of the cylindrical cell, could not effectively 
register any pressure changes inside the piping channel. 
Consequently, the water pressure (or hydraulic gradient) 
measured at this stage cannot represent the real nonuni-
form hydraulic conditions across the specimen, parti-
cularly the hydraulic conditions within the piping channel. 

Quartz sand 

Quartz sand has a grain size distribution curve parallel to that of 
Fu-Long sand but larger particle sizes. The measured icr values 
of quartz sand vary from 0.92 to 1.21 with an average value of 
1.01, which is close to the icr ¼ 0.97 predicted using Terzaghi’s 
theoretical equation (Table 3). The test results are shown in 
Figures 7 and 8. The following observations were made: 
(a) At Stages 0–11 (i ¼ 0–0.95), the measured values of v and i 

showed a linear relationship, indicating that the soil speci-
men remained stable in this range of hydraulic gradients. 

(b) At Stage 12 (i ¼ 1.02), the specimen exhibited a slight 
expansion (≈0.2 cm). The critical hydraulic gradient was 
determined at this stage (i.e., icr ¼ 1.02) because the mea-
sured i beyond this stage tends to decrease as an indication 
of the onset of soil piping, as discussed previously. 

(c) At Stage 13 (i ¼ 0.97), a visible horizontal crack was 
formed near the bottom of the specimen (Figure 8a). 
The decreased i at this stage is likely attributed to the dis-
sipation of accumulated water pressure through the 
observed horizontal crack. The development of horizontal 
cracks was also observed by Skempton and Brogan (1994) 
in their tests on sand specimens with similar porosity. 

(d) At Stages 14–16 (i ¼ 0.96–0.86), the horizontal crack 
enlarged and moved toward the top of the specimen 
(Figure 8b). Once the horizontal crack broke through 
the top of the specimen, soil erosion with seepage and soil 
heave (≈ 1.0 cm) were observed. 

Gap-graded sand 

Gap-graded sand exhibits a distinct gap from 0.4 to 2 mm in 
its grain size distribution curve and is classified as internally 
unstable soil according to Kezdi’s (1979) and Kenney and 
Lau’s (1986) internal stability criteria (Table 2). The measured 
icr values vary from 0.44 to 0.24 with an average value of 0.34, 
which is much lower than the icr ¼ 0.99 predicted using Terza-
ghi’s theoretical equation (Table 3). In the test (Figures 9 and 
10), the following stages of piping development were observed:  
(a) At Stages 0–9 (i ¼ 0–0.37), the measured v increased line-

arly with increasing i. No noteworthy changes in the speci-
men were detected. 

(b) At Stages 10–12 (i ¼ 0.4–0.46), fine particles exhibited 
small, jittering movements at the sides of the specimen. 
Fine particles were gradually eroded out with seepage 
and remained on the top surface of the specimen. 

Figure 7. Test C3 result of quartz sand.  

Table 3. Summary of measured icr and predicted icr by Terzaghi’s equation. 

Test  
series 

Measured icr (five test results) Avg. of  
measured icr 

Predicted  
icr ¼ (Gs – 1) (1 – n)  1  2  3  4  5  

B  1.02  0.93  0.99  0.93  1.05  0.98  0.96 
C  0.94  1.21  1.02  0.97  0.92  1.01  0.97 
G  0.44  0.24  0.27  0.42  0.35  0.34  0.99   

Figure 8. Piping failure of Test C3: (a) formation of horizontal crack near 
specimen bottom; (b) horizontal crack enlarging and rising up; (c) soil erosion 
with seepage.  

Figure 9. Test G5 result of gap-graded sand.  
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(c) At Stage 13 (i ¼ 0.47), slight and local piping of fine 
particles was observed at the top surface (Figure 10c). 

(d) At Stage 16 (i ¼ 0.54), piping of fine particles becomes 
general and washed-out fine particles covered the top 
surface of the specimen. 

(e) At Stage 17 (i ¼ 0.57), violent piping of fine particles was 
observed (Figure 10d, e). Fine particles were largely eroded 
through seepage, but the coarse particles remained stable, 
which indicated that the primary framework of coarse 
particles at this hydraulic gradient was not affected. This 
process is referred to as segregation piping. 

Unlike the i–v curves of Fu-Long sand or quartz sand, those 
of gap-graded sand did not show an apparent turning point 
(i.e., a point at which the measured velocity suddenly increases 
or the hydraulic gradient decreases). To avoid subjectivity 
in the determination of icr, the icr for gap-graded sand was 

determined consistently using a numerical approach at 
the cross point of two regression lines (Figure 9). As 
shown in Table 4, the icr calculated using this approach, on 
average (icr ¼ 0.34), was close to the average icr ¼ 0.38 observed 
at the onset of fine particle erosion. The hydraulic conductivity 
(slope of the regression line) before icr is k ¼ 1.05 cm/s; it 
increases to k ¼ 3.34 cm/s after icr because of increased soil 
porosity caused by the erosion of fine particles from the voids 
among coarse particles. 

Summary and discussion 

According to the experimental observations, internally stable 
soils (i.e., Fu-Long sand and quartz sand) failed through either 
the general expansion of the soil specimen or the opening of a 
horizontal crack around or below mid-depth that then moved 

Figure 10. Piping failure of Test G5: (a) and (b) before test (i ¼ 0); (c) local piping of fines at the top; (d) and (e) violent piping of fines occurred at top (brown part) 
(i ¼ 0.57) and coarse particles remained stable (gray part).  

Table 4. Determination of icr of gap-graded sand. 

Test series: G (gap-graded sand) 

Test no. 

1 2 3 4 5 Average  

Measured icr Mathematic: cross point of regression lines  0.44  0.24  0.27  0.42  0.35  0.34 
Observation: onset of finer particle begin to move  0.40  0.37  0.35  0.38  0.40  0.38 
Observation: violent piping of fines  0.64  0.53  0.60  0.55  0.57  0.57   
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to the top. When piping broke through these specimens, the 
soils were vigorously eroded and migrated with the upward 
seepage within the piping channels. In addition, the hydraulic 
gradient decreased when piping failures occurred because of 
the nonuniform hydraulic conditions across the specimens. 
The internally unstable soil (i.e., gap-graded sand) failed 
through erosion of fine particles through the voids of a frame-
work formed predominately of coarse particles. The test results 
confirm Kezdi’s and Kenney and Lau’s criteria for the internal 
stability of granular materials. Furthermore, Terzaghi’s icr 
equation can generate an accurate prediction result for intern-
ally stable sands but tended to overestimate the icr for intern-
ally unstable soil in this study. 

Vertical effective stress rv
0 for a specimen subject to upward 

seepage is evaluated as 

rv
0 ¼ csat � cwð Þz � i � z � cw ð3Þ

where csat is the saturated unit weight of soil; cw is the unit 
weight of water; i is the hydraulic gradient (i ¼ icr at soil piping 
failure); and z is the specimen height (15 cm). The calculated 
rv
0 values for Fu-Long sand and quartz sand at icr (Figure 11) 

are close to zero, suggesting that the soil submerged weight is 
counterbalanced by the upward seepage force. Consequently, 
as observed in the tests, soils were liquefied and lost overall 
stability at piping failure. This rv

0 ¼ 0 condition is consistent 
with the theoretical background of Terzaghi’s icr equation. 
Therefore, Terzaghi’s equation can predict the icr of uniform 
sand accurately. By contrast, Figure 11 shows rv

0> 0 for 
gap-graded sand at piping failure. As observed in the tests, 
the fine particles were washed out at soil piping failure, but 
the coarse particles of the gap-graded sand remained compara-
tively stable. Terzaghi’s icr theoretical background differs from 
the aforementioned condition and Terzaghi’s theory thus does 
not predict the icr of gap-graded soil correctly. 

Statistical assessment of icr prediction 

A data set consisting of a total of 44 test data from Skempton 
and Brogan (1994), Mörz et al. (2007), Mao, Duan, and Wu 
(2009), Ahlinhan and Achmus (2010), Ke and Takahashi 
(2011), and this study was compiled and analyzed to assess 
the statistical accuracy and applicability of icr prediction meth-
ods reported in the literature. The compiled soil specimens 
consisted of sand and sandy gravel with a wide range of grain 
size distributions. Table 5 describes statistical attributes of the 
compiled piping test data set. 

icr prediction methods 

In addition to Terzaghi’s theoretical equation (Eq. 1), various 
theoretical and empirical models have been proposed for 
determining the icr for soil piping, as discussed in the Intro-
duction section. Among these models, three models based 
on the force equilibrium on a single soil particle (Wu 1980; 
Liu 1992; Zhou, Bai, and Yao 2010) were selected for the 
analyses in this study. Figure 12 illustrates the force compo-
nents considered in Zhou’s force equilibrium model. These 
models estimate the icr at the onset of fine particle motion, 
which can better represent the piping failure mode of intern-
ally unstable soils. Table 6 summarizes the icr prediction 
methods used in this study. The theoretical backgrounds of 
these methods are introduced in the following section. Input 
parameters for these methods are listed in Table 5. 

Wu (1980) 

Wu (1980) proposed a model for calculating the critical 
hydraulic gradient of soil based on the equilibrium of frictional 
force and dynamic pressure of flowing water acting on a soil 
particle. Wu’s icr equation is expressed as 

icr ¼ ðGs � 1Þ
df

df þ edeq
ð4Þ

where Gs is the specific gravity of soil solids; e is the void 
ratio of soil (which can be derived from porosity n using the 
volume–weight relationships of soil); df is the particle diameter 
of the eroded soil, which is assumed to be the effective soil 
particle size d10; and deq is the equivalent particle diameter, 
calculated as 

deq ¼
100%

P
fi=dave;i
� � ð5Þ

dave;i ¼ dli
0:5 � ds

0:5
i ð6Þ

where fi is the percentage of soil between dli and dsi; dave,i is the 
average particle diameter; and dli and dsi are the larger and 
smaller particle diameters chosen to calculate the dave,i. Carrier 
(2003) suggested modifying Eq. (6) as 

dave;i ¼ dli
0:404 � ds

0:595
i ð7Þ

The modified dave,i Eq. (7) was used to calculate the equiva-
lent particle size deq in this study. Figure 11. Soil effective stress states at critical hydraulic gradient.  
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Table 5. Database of critical hydraulic gradient icr of soil. 

References Test no. 

Soil property and test result Soil particle size Internal stability criteria 

Cu Cc USCS Gs n 
Measured  

icr 

d60  
(mm) 

d20  
(mm) 

d10  
(mm) 

d5  
(mm) 

deq  
(mm) 

Kezdi (1979) 
(d15c/d85f)max Result 

Kenney and Lau  
(1986) (H/F)min Result  

Skempton and Brogan (1994) S1  1.85  1.06 SP  2.65  0.49  0.69  0.16  0.11  0.08  0.08  0.14  1.42 S >10 S 
S2  2.63  1.11 SP  2.65  0.38  1.01  0.56  0.30  0.21  0.17  0.43  1.73 S 8.00 S 
S3  3.05  0.87 SP  2.65  0.46  0.90  0.31  0.14  0.10  0.08  0.22  1.73 S 1.39 S 
F  1.13  1.01 SP  2.65  0.40  1.05  0.81  0.76  0.72  0.66  0.77  1.15 S >10 S 
A  23.46  9.08 SP  2.65  0.34  0.20  4.27  1.67  0.18  0.13  2.06  13.14 U 0.12 U 
B  9.05  3.50 SP  2.65  0.37  0.34  4.27  1.67  0.47  0.20  2.38  8.21 U 1.22 S 
C  6.46  2.50 SW  2.65  0.38  1.00  4.27  1.67  0.66  0.37  2.48  4.38 U 1.96 S 
D  4.17  1.83 SP  2.65  0.37  1.00  4.51  2.16  1.08  0.57  2.53  3.57 S 3.34 S 

Mörz et al. (2007) 1  2.38  1.09 SP  2.65  0.36  1.13  0.45  0.26  0.19  0.15  0.36  2.30 S 6.36 S 
2  1.89  1.27 SP  2.65  0.41  1.03  0.34  0.23  0.18  0.15  0.29  1.55 S 9.84 S 
3  1.70  1.02 SP  2.65  0.40  0.96  0.18  0.12  0.11  0.15  0.15  1.76 S 1.83 S 
4  1.70  1.02 SP  2.65  0.41  1.05  0.18  0.12  0.11  0.09  0.15  1.76 S 1.83 S 

Mao, Duan, and Wu (2009) a  20.55  1.62 SW  2.65  0.36  0.29  3.78  0.29  0.18  0.14  2.81  5.86 U 0.51 U 
b  31.37  1.80 GW  2.65  0.33  0.36  7.04  0.64  0.22  0.13  3.95  4.78 U 0.81 U 
c  17.33  2.96 GW  2.65  0.33  0.28  10.13  2.37  0.58  0.36  6.06  6.52 U 0.83 U 
d  32.50  10.33 GP  2.65  0.32  0.22  9.31  2.96  0.29  0.13  3.82  21.71 U 0.33 U 
A  53.16  24.93 GP  2.65  0.31  0.18  13.97  0.63  0.26  0.15  0.93  16.92 U 0.00 U 
B  53.16  30.21 GP  2.65  0.31  0.15  13.97  0.88  0.26  0.15  1.44  24.48 U 0.02 U 
C  42.67  27.48 GP  2.65  0.31  0.13  13.97  10.04  0.33  0.17  3.66  34.23 U 0.05 U 
D  27.60  12.94 GP  2.65  0.28  0.30  13.97  1.21  0.51  0.25  2.23  9.10 U 0.01 U 

Ahlinhan and Achmus (2010) A1-1  2.08  0.97 SP  2.65  0.50  0.71  0.2  0.12  0.09  0.08  0.16  1.48 S 6.36 S 
A1-2      0.47  0.80          
A1-3      0.44  0.89          
A1-4      0.41  0.94          
A2-1  3.00  1.01 SP  2.65  0.38  0.90  0.62  0.29  0.21  0.15  0.44  1.86 S 3.18 S 
A2-2      0.35  0.97          
A2-3      0.33  0.98          
E1-1  6.81  3.08 SP  2.65  0.38  0.31  1.50  0.84  0.22  0.15  0.96  5.45 U 1.13 S 
E1-2      0.38  0.37          
E1-3      0.35  0.58          
E2-1  12.62  5.67 SP  2.65  0.35  0.18  1.38  0.73  0.11  0.08  0.6  8.96 U 0.31 U 
E2-2      0.34  0.20          
E2-3      0.29  0.25          
E3-1  21.16  13.51 SP  2.65  0.34  0.18  2.42  1.54  0.11  0.08  1.2  19.11 U 0.00 U 
E3-2      0.32  0.20          

Ke and Takahashi (2011) A-1  17.25  7.40 SP  2.63  0.39  0.13  1.79  0.17  0.10  0.08  0.55  9.11 U 0.15 U 
A-2      0.34  0.21          
B-1  15.37  7.49 SP  2.63  0.41  0.15  1.79  0.35  0.12  0.09  0.73  10.23 U 0.26 U 
B-2      0.35  0.23          
C-1  13.87  7.69 SP  2.63  0.40  0.21  1.79  1.11  0.13  0.09  0.94  11.79 U 0.29 U 
C-2      0.35  0.24          

This study B  1.72  1.01 SP  2.65  0.42  0.98  0.3  0.20  0.18  0.16  0.25  1.28 S 4.43 S 
C  1.77  1.03 SP  2.65  0.41  1.01  1.28  0.86  0.72  0.60  1.07  1.44 S 3.38 S 
G  12.7  8.82 SP  2.65  0.40  0.34  3.9  2.64  0.31  0.23  1.84  5.01 U 0.11 U 

S, stable; U, unstable.    
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Liu (1992) 

Liu’s icr prediction method (Liu 1992) is based on the force 
equilibrium on a soil particle subject to seepage force, the 

weight of the soil particle, and uplift force. Liu’s icr equation 
is expressed as 

icr ¼ 2:2 1 � nð Þ
2 Gs � 1ð Þ

d5

d20
ð8Þ

where Gs is the specific gravity of soil solids; n is the porosity 
of soil; and d5 and d20 are the particle diameters at the finer 

Figure 12. Illustration of forces acting on a particle in a pore channel considered 
in Zhou’s force equilibrium model (W, soil particle self-weight; N, normal force; 
S, shear resistance; Fdrag, drag force; Fuplift, uplift force; Fseepage, seepage force).  

Table 6. Summary of icr prediction equations. 
Reference Formula Background  

Terzaghi (1929) icr ¼ (Gs� 1)(1� n) Effective stress equals 
to zero 

Wu (1980) icr ¼ (Gs� 1)[df/(df þ e�deq)]  
Liu (1992) icr ¼ 2.2(Gs� 1)(1� n)2(d5/d20) Force equilibrium on 

a single soil 
particle 

Zhou, Bai, and Yao 
(2010) 

icr ¼
2
3 ðGs � 1Þdf

2� df
2 þ b

15
deq

2 n2

ð1� nÞ2

h i

Gs ¼ specific gravity; n ¼ porosity; df ¼ particle diameter of eroded soil caused by 
seepage (¼d10); e ¼ void ratio; deq ¼ equivalent particle diameter; b ¼ a 
coefficient (¼3.5).    

Figure 13. Overall comparison of predicted and measured critical hydraulic 
gradient.  

Figure 14. Statistic chart of icr prediction equations under overall comparison.  

Figure 15. Variation of critical hydraulic gradients with internal stability 
numbers: (a) Kezdi (1979); (b) Kenney and Lau (1986).  
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percentage of 5 and 20% in the particle size distribution curve, 
respectively. The term d5 represents the particle size of the 
eroded soil particle used in Liu’s model. 

Zhou, Bai, and Yao (2010) 

On the basis of Kovacs’s pore channel model (Kovacs 1981); 
Zhou, Bai, and Yao (2010) developed a physical model for 
determining the critical hydraulic gradient at the onset of fine 
particle motion. Zhou’s method considers the upward seepage 
force, dragging force, weight of the soil particle, uplift force, 
and friction force acting on the soil particle (Figure 12). Zhou’s 
icr equation is formulated as 

icr ¼
2
3

Gs � 1ð Þ
df

2

df
2 þ b

15
deq

2n2

1� nð Þ
2

ð9Þ

where Gs is the specific gravity of soil solids; n is the porosity 
of soil; df is the eroded particle diameter (¼d10); deq is the 

equivalent particle diameter (Eqs. 5–7); and b is a coefficient. 
Zhou, Bai, and Yao (2010) suggested b ¼ 3.5 on the basis of 
experimental results. A similar icr prediction model was pro-
posed by Indraratna and Radampola (2002) for examining 
the filtration behavior of uniform fine gravel filters retaining 
fine base sand. 

Overall comparison of icr prediction methods 

Figure 13 shows a comparison of the predicted and measured 
icr calculated using all compiled data. Terzaghi’s prediction 
results concentrate on icr ≈ 1, whereas other icr prediction 
methods generate a wider range of prediction results. To 
evaluate the performance of the icr prediction methods quan-
titatively, a model factor M is defined as follows: 

M ¼
icr;p

icr;m
ð10Þ

where icr,p and icr,m are the predicted and measured icr, 
respectively. The mean μ and the coefficient of variation 

Figure 16. Predicted vs. measured icr under Kezdi’s (1979) stability criterion.  
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(COV) of model factor M for each prediction method are 
calculated statistically. An ideal prediction method has a mean 
μ ¼ 1and COV ¼ 0. 

The statistical results (Figure 14) show that Terzaghi’s 
method overestimates the measured icr by up to three times 
(μ ¼ 3.23). Other methods have μ values close to 1.0 but unrea-
sonably high COV values. For example, Liu’s method produces 
the most accurate prediction result (μ ¼ 1.05) but the highest 
COV value (COV ¼ 83.26%). No single prediction method 
performed optimally for all soil types in the overall compari-
son. It is because each prediction method was developed on 
the basis of one specialized theoretical background (i.e., rv

0 ¼ 0 
in Terzaghi’s method and force equilibrium on a soil particle 
in Wu’s, Liu’s, and Zhou’s methods), no prediction method 
is applicable to all soils. 

Comparison based on soil internal stability 

In this section, the accuracy of the icr prediction methods is 
evaluated according to the internal stability of soil determined 

using both Kezdi’s and Kenney and Lau’s internal stability cri-
teria. The classification results (Table 5) indicate that 18 and 
23 of 44 soils are classified as internally unstable by Kezdi’s 
and Kenney and Lau’s internal stability criteria, respectively. 
Figure 15 shows the variation of compiled icr data from experi-
mental tests with internal stability numbers. The scatter is 
mainly caused by the influence of porosity on icr, which is 
not considered in the selected stability criteria. The difference 
in the classification results between Kezdi’s and Kenney and 
Lau’s internal stability criteria is attributable to three soils 
(the soils used in Tests B and C in Skempton and Brogan 
(1994) and the soil used in Test E1 in Ahlinhan and Achmus 
(2010)) that have (H/F)min values located in the transitional 
area (i.e., 1.0 < (H/F)min < 1.3), as shown in Figure 15b. These 
soils are classified as internally stable by Kenney and Lau’s 
criteria but classified as internally unstable by Lau’s criteria. 

Figures 16 and 17 show the predicted and measured icr 
values for internally stable and unstable soils. Figure 18 sum-
marizes the statistical results for each icr prediction method 
according to the soil internal stability. For internally stable soils, 

Figure 17. Predicted vs. measured icr under Kenney and Lau’s (1986) stability criterion.  
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Terzaghi’s method with Kezdi’s internal stability criterion has 
the highest performance (μ ¼ 1.04 and COV ¼ 8.08%). Terza-
ghi’s method with Kenney and Lau’s criterion produces a high 
COV value (COV ¼ 51.44%) because there are three soils (five 
data points) in the transitional area, classified as internally stable 
by Kenney and Lau’s criterion, that have icr values lower than 
the predicted icr values. Methods based on the force equilibrium 
on a soil particle show underestimation of the icr values 
(μ < 1.0). Zhou’s method with Kezdi’s criterion yields μ ¼ 0.87 
with COV ¼ 8.76%, which is more accurate than the predictions 
by Wu’s and Liu’s methods. In summary, Terzaghi’s method 
with Kezdi’s criterion shows the most accurate results with 
the smallest variance for predicting icr for internally stable soils. 
The reason is that the theoretical background (rv

0 ¼ 0) of 
Terzaghi’s method is appropriate for the piping failure mech-
anism of internally stable soils. 

For internally unstable soils, Tezaghi’s method overesti-
mates the icr values by approximately fivefold (μ ¼ 4.75 and 
5.31 according to Kezdi’s and Kenney and Lau’s criteria, 
respectively). This statistical result is in agreement with the 
findings from many studies that the icr value can be approxi-
mately one-fifth to one-third of Terzaghi’s theoretical value for 
internally unstable soil. Methods based on the force equilib-
rium on a soil particle generally produce reasonable μ values 
(μ ¼ 1.20 and 1.61 according to Kezdi’s criterion and μ ¼ 1.35 
and 1.75 according to Kenney and Lau’s criteria), but the COV 
values are excessively high. The high COV values can be attrib-
uted to the following causes: 
(1) Model uncertainty: Suffusion is a complex phenomenon, 

dependent upon hydraulic conditions of pore flow, soil 

particle shape, soil packing and arching inside the pore 
structures, and soil stress states. The selected prediction 
methods are simplified models, which may not fully 
address the complexity of suffusion as discussed above. 
In addition, the parameter df, the particle size of eroded 
soil, can exert a crucial influence on the icr prediction. 
However, the value of df is obtained on the basis of 
assumption (using d10 in Wu’s and Zhou’s methods and 
d5 in Liu’s method). To improve the accuracy and reduce 
the uncertainty of the icr prediction methods, the real par-
ticle sizes of eroded soils must be measured by collecting 
the washed-out fine particles during tests. 

(2) Uncertainty in determining icr for internally unstable 
soils: Unlike uniform sand, which exhibits an apparent 
turning point on its i–v curve (i.e., measured velocity 
suddenly increases or hydraulic gradient decreases), the 
piping of internally unstable soils occurs progressively. 
Hence, it is difficult to determine the icr value exactly 
corresponding to the onset of fine particle movement. 

In summary, to estimate a soil’s icr for engineering applica-
tions, the soil’s internal stability should be determined first. 
For soil classified as internally stable, Terzaghi’s method can 
be used to obtain icr values accurately. For soil classified as 
internally unstable, the selected methods based on the force 
equilibrium on a soil particle generally produce reasonable μ 
values, but the COV values are considerably high. Because the 
accurate prediction of icr for internally unstable soil retains 
considerable uncertainty, conducting a few supplementary 
experimental tests to calibrate the input parameters of the pre-
diction method and to validate the predicted icr value is advised. 

Figure 18. Statistic chart of icr prediction equations based on stability criteria.  
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Conclusion 

An upward seepage test system was developed for investigating 
piping failures and the associated critical hydraulic gradients 
of soils with different gradations. A data set of soil test results 
with a wide variation of grain size distributions was compiled. 
Using the information in the data set, several icr prediction 
methods were examined and their accuracies were statistically 
assessed and compared. Conclusions drawn from this study 
are presented as follows: 
(1) A soil’s piping failure mode and critical hydraulic gradient 

were influenced by the soil’s gradation. 
(2) The piping failures of internally stable soils (i.e., Fu-Long 

sand and quartz sand) were consistent with an effective 
stress equal to zero (rv

0 ¼ 0). The specimens failed 
through either general volume expansion or the opening 
of a horizontal crack around or below mid-depth, which 
then moved upward and eventually broke through the 
top surface of the soil. 

(3) For internally unstable soil (i.e., gap-graded sand), a 
piping failure occurred in the form of internal erosion 
of fine particles, where the fine particles in the specimen 
were vigorously eroded out by an upward seepage flow. 
The coarse particles remained stable under this hydraulic 
condition. 

(4) The average icr values of Fu-Long sand and quartz sand 
(icr ¼ 0.98 and 1.01, respectively) are in good agreement 
with Terzaghi’s theoretical value. The average icr value 
of gap-graded sand (icr ¼ 0.34) is far lower than Terzaghi’s 
predicted icr value. 

(5) Statistical results indicated that no icr prediction method 
selected in this study is applicable to all soils because each 
prediction method was developed on the basis of one 
specialized theoretical background and no surveyed 
method can effectively address different piping failure 
modes for soils with different gradations. 

(6) For internally stable soils, the statistical results indicated 
that Terzaghi’s method with Kezdi’s internal stability cri-
terion provides the most accurate results with the smallest 
variance (model bias mean μ ¼ 1.04 and COV ¼ 8.08%). 

(7) For internally unstable soils, Tezaghi’s method overesti-
mates the icr values by approximately fivefold. Methods 
based on the force equilibrium on a soil particle generally 
produce reasonable μ values (μ ¼ 1.20–1.61 according to 
Kezdi’s criterion and μ ¼ 1.35–1.75 according to Kenney 
and Lau’s criteria), but the COV values are excessively 
high. The accurate prediction of icr for internally unstable 
soil remains a considerable uncertainty. 

Nomenclature 

c coefficient to estimate critical shear stress sc  
(N/m3) 

Cc coefficient of gradation (¼d30
2/d60/d10)  

(dimensionless) 
Cu uniformity coefficient (¼d60/d10) (dimensionless) 
COV Coefficient of variation of model factor  

(dimensionless) 
d arbitrary particle diameter (m) 

d15c particle size at finer percent of 15% in coarse  
fraction (m) 

d85f particle size at finer percent of 85% in fine fraction 
(m) 

deq equivalent particle diameter (m) 
df particle diameter of eroded soil (m) 
dn particle size at finer percent of n% (m) 
Dr relative density of soil (dimensionless) 
F finer percent at particle diameter  

d (dimensionless) 
H finer percent increment between d and  

4d (dimensionless) 
e void ratio of soil (dimensionless) 
emax, emin maximum and minimum void ratio of soil  

(dimensionless) 
k hydraulic conductivity of soil (m/s) 
K absolute hydraulic conductivity (m2) 
M model factor (¼icr,p/icr,m) (dimensionless) 
n porosity of soil (dimensionless) 
v discharge velocity (m/s) 
i hydraulic gradient (dimensionless) 
icr critical hydraulic gradient (dimensionless) 
icr,m measured critical hydraulic gradient  

(dimensionless) 
icr,p predicted critical hydraulic gradient  

(dimensionless) 
b coefficient (¼3.5) (dimensionless) 
Δi increment of applied hydraulic gradient in test 

(dimensionless) 
g dynamic viscosity of water (N/m2/s) 
csat unit weight of saturated soil (N/m3) 
c0 submerged unit weight of saturated soil (N/m3) 
cw unit weight of water (¼9.81 kN/m3) (N/m3) 
μ mean value of model factor (dimensionless) 
rv
0 vertical effective stress in soil specimen (Pa) 
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