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Chapter 12
Numerical Methods for
Partial-Differential Equations



12.1 Introduction

Two-variable partial differential equations.

elliptic equation (5(80)

T (a,y) + G4 (z,y) = f(x,y)

parabolic equation (H#7#%)
%(0.1) — a204(2.1) =0

hyperbolic equation (EEgH#R)
0?84 (x,1) = G¥(x, 1)

12.2 Finite-Difference Methods for Elliptic
Problems

g:cg(x y)+ay (z,y) = f(z,y) on R = {(x,y)|la <z < bc<

y <d}
with u(z,y) = g(z,y) for (z,y) € S

HERZEX u(r,y) & %[ BhEMS X - Y THEEL, BT
given f£8 (z,y) T, #eEHkH v ZfE, BHEEE u(r,y) &
KB (E x,y ¥ z’@fﬁﬁﬂﬁl (R—F)

ri=a-+1th,i1=0,1,---.n
yi:C+jk7j:O717”'7m

d*u u(Tig1,Y;) —2u(x,y;) +u(Ti_1,y h? 0%u
Ou (z;, ) = (Tit1,Y;5) (h2 1) +u(Eio1,y;) — B0 g, y5)
82 U\T;,Y; —211, Ti,lYj +U TiYj—1 k2 84
o Y, y;) = u(Ti,Yj41) (k2 i) +u(Tiy;—1) — By Y (i)



o f{A partial differential equation, H® w; ; = u(z;, yj)

=

2[(3)7 + Ywij — (wir1j +wio15) — (1) (wijr1 +wij-1) =

P.472 Figure 12.5

e boundary conditions
woj = g(x0,y;), wnj = g(@n,y;), wio = g(@i, Yo), Wim =
g(mi, ym)
P.472 Figure 12.6
—REEFE Py, - - - Pro B wy;

e P.473 Example 1
OEARFE 9EHER = B exact solution

e & matrix /v (order < 100), A Gaussian elimination 3K
exact solution

& matrix X, A iterative method (Gauss-Seidal) X approx-
imated solution.

12.3 Finite-Difference Methods for Parabolic
Problems

o%(:{:,t):oﬂ%for()<x<landt>0

with u(0,t) = g(0), u(l,t) = g(l) for t >0
u(z,0) = f(z) for 0 <z <1

e Forward difference method (Explicit)

ou u(iytjp1) —u(it; k 0%*u
02 w(xip1,t:)—2u(x;,t;)tu(x,_1,t; h2 o4
g(xi,tj) _ ( +1 y) (h2 ]) ( 1 a) 5 g(f@';tj)




o f{A partial differential equation, Hf w;; = u(x;, t5)

w,),+1_w“ 2w4+1’A_2w,A+wA717.
é 2] g o T J h27'.7 ? J — O

202k

= w1 = (1= #pt)wij + o g (wirnj + wio )

(% j HTHEE j+ 1 1)

o &A= a?(k/h?), " = (f(x1), f(a2), -

w(j) - (w1j7 Wg, - 7wn—1,j)t
= w(]) — A . w(j_l),
120 A

A (1 —2)\)
where A = 0 .

e P.484 Figure 12.9
e P.480 Example 1
e Error Propagation

w; = A(w® 4+ ) = Aw©®) 4+ Ae©)
= w™ is stable if | A7) < ||

B p(A") = (p(A)" < 1= (|40 < ||

0
A

af(xn—l))t
0
0
\
A (1-2))

= The forward-difference is stable only if p(A) <1

e The stable condition is 0 < A < %

= o2k < I (B h/INEE, Kk BE/N, FREER stable)

(m—1)x(m—1)



e Backward difference method (Implicit)

(9 ivt isbj— k‘a
u(x“t]) — u(x; t;) ]g(l’ 1) + 5 mg(xz,/ij)

ot
— Wi ]’:Uz,g 1 @2wi+1,j—2fiz;ij+wz Li — ()

P.483 Figure 12.8

o BILIT
(1 + 2)\)wl~j - sz’ﬂ,j - )\wi_l,j = Wj,j—-1

(14 2)) —A o -- 0
—A (T+2X) =) :
where A = 0 0
—A
0 0 —X (1+2)) ] (m—1)x(m—1)

o P.484 Example 2
o P.486 Table 12.4 (F Explicit FA¥#L, (B Implicit J#k)

o Explicit: wl) = AwU=1 | Isfiett: p(A) <
Implicit: Awl) = wlU=Y = () = 41,0~ ),
WeastetE p(A~1) <1
A min p(A) > 1 = max p(A~1) < 1
= Implicit WEZBEAFE N 2 independent

e Implicit Z 552k, error B O(k + h?)
HEEKE, #15 error BB O(k? + h?)?
A Implicit + Explicit



e Forward: W _ Q2wi+1,j—2}1f;ij+wi,1,j —0
with error ’;gtg(xz, ;) + O(h?)
Backward: “HE 0 — qf BRLisT 2w£g+1+w% Litl _ ()
with error —@@(gy 1:) 4+ O(h?)
2 02 \Lis Hj
Q*u 0%u
assume ‘5> (xﬁ /Lj) otz ($27 Mj)
=
Wij1 “Wij Oﬁ[w”l’j_zwij—’—wi—ld + Wit1,j+41— 2wu+1+wz 1]+1]
2 2

P.488 Example 3

P.489 Table 12.5 (bR A Implicit 3R

12.4 Finite-Difference Methods for Hyper-
bolic Problems

P (.t) — 02 (2,8) = 0
s.t. u(0,t) =u(l,t) =0fort >0
u(z,0) = f(x) and G¢(z,0) = g(x)

Zo AR

Wijp1— Wi jFWij1 2Wig1j—2Wi+Wi—1j 0
p) 87 72 =

= wijr1 = 2(1 = N)wij + M (Wit + wi-1,5) — wij1

where \ = oz%



W1,5+1
w2, j+1
. )
[ Wn—1,j+1 |
[2(1—- %) A2 0 - 0 7 wy 1 [ wij
A2 2(1 =A%) A2 - : w9 w9 j—1
— 0 0 : _ :
: . )2 5 -
0 e 0 A2 (1-X%) | [Wn-15] | Wn-1j-1]

P.494 Figure 12.10

14 Fﬁ]—o jJDJ: lK 1 ﬁ:, %'fﬁj:l, wﬂ:wio—kkg(xi)
A j=08=1f4;=2

o F—MEfl w1 Xk
k2 0%u

w1 = Wi + k%‘;(az, 0) + %5 o2 5 (4, f1)

= w;p + kg($l) (042 g; (xu ,u]))

= wio + kg(xi) + %ﬁf%xﬂ
= wi = (1= X2 f(2) + 5 f(@is1) + 5 f(@io1) + kg(:)
P.496 Example 1
P.497 Table 12.6




