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Chapter 12

Numerical Methods for

Partial-Differential Equations
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12.1 Introduction
• Two-variable partial differential equations.

• elliptic equation (�Æ)

∂2u
∂x2 (x, y) + ∂2u

∂y2 (x, y) = f(x, y)

• parabolic equation (�Ó()

∂u
∂t (x, t)− α2∂2u

∂x2 (x, t) = 0

• hyperbolic equation (Â�()

α2∂2u
∂x2 (x, t) = ∂2u

∂t2 (x, t)

12.2 Finite-Difference Methods for Elliptic
Problems

• ∂2u
∂x2 (x, y)+ ∂2u

∂y2 (x, y) = f(x, y) on R = {(x, y)|a < x < b, c <

y < d}
with u(x, y) = g(x, y) for (x, y) ∈ S

• ñ™ub° u(x, y) ƒb. ílø X − Y �Þ×à“, JÊ
given L< (x, y) -, ·?v| u 5M, ÿ�çv| u(x, y) 5
ƒb (Ê x, y ~D�í8”-)

• xi = a + ih, i = 0, 1, · · · , n
yi = c + jk, j = 0, 1, · · · , m
∂2u
∂x2 (xi, yj) = u(xi+1,yj)−2u(xi,yj)+u(xi−1,yj)

h2 − h2

12
∂4u
∂x4 (ξi, yj)

∂2u
∂y2 (xi, yj) = u(xi,yj+1)−2u(xi,yj)+u(xi,yj−1)

k2 − k2

12
∂4u
∂y4 (xi, ηj)
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• Hp partial differential equation, /I wi,j = u(xi, yj)

⇒
2[(h

k )2 + 1]wij − (wi+1,j + wi−1,j)− (h
k )2(wi,j+1 + wi,j−1) =

−h2f(xi, yj)

P.472 Figure 12.5

• boundary conditions

w0j = g(x0, yj), wnj = g(xn, yj), wi0 = g(xi, y0), wim =
g(xi, ym)

P.472 Figure 12.6

øŸj2È P1, · · · , P12 í wij

• P.473 Example 1

9_„øb 9_j˙� ⇒ � exact solution

• ç matrix ü (order < 100), à Gaussian elimination °
exact solution

ç matrix ×, à iterative method (Gauss-Seidal) ° approx-
imated solution.

12.3 Finite-Difference Methods for Parabolic
Problems

• ∂u
∂t (x, t) = α2∂2u

∂x2 for 0 < x < l and t > 0

with u(0, t) = g(0), u(l, t) = g(l) for t > 0

u(x, 0) = f(x) for 0 ≤ x ≤ l

• Forward difference method (Explicit)

∂u
∂t (xi, tj) = u(xi,tj+1)−u(xi,tj)

k − k
2

∂2u
∂t2 (xi, µj)

∂2u
∂x2 (xi, tj) = u(xi+1,tj)−2u(xi,tj)+u(xi−1,tj)

h2 − h2

12
∂4u
∂x4 (ξi, tj)
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• Hp partial differential equation, /I wij = u(xi, tj)

⇒ wi,j+1−wij

k − α2wi+1,j−2wij+wi−1,j

h2 = 0

⇒ wi,j+1 = (1− 2α2k
h2 )wij + α2 k

h2 (wi+1,j + wi−1,j)

(� j ‚ªR� j + 1 ‚)

• I λ = α2(k/h2), w(0) = (f(x1), f(x2), · · · , f(xn−1))
t

w(j) = (w1j, w2j, · · · , wn−1,j)
t

⇒ w(j) = A · w(j−1),

where A =



(1− 2λ) λ 0 · · · 0

λ (1− 2λ) λ . . . ...

0 . . . . . . . . . 0
... . . . . . . . . . λ
0 · · · 0 λ (1− 2λ)


(m−1)×(m−1)

.

• P.484 Figure 12.9

• P.480 Example 1

• Error Propagation

w1 = A(w(0) + e(0)) = Aw(0) + Ae(0)

⇒ w(n) is stable if ‖Ane(0)‖ ≤ ‖e(0)‖
ç ρ(An) = (ρ(A))n ≤ 1 ⇒ ‖Ane(0)‖ ≤ ‖e(0)‖
⇒ The forward-difference is stable only if ρ(A) ≤ 1

• The stable condition is 0 ≤ λ ≤ 1
2

⇒ α2 k
h2 ≤ 1

2 (ç h üv, k byü, n?¨A stable)
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• Backward difference method (Implicit)

∂u
∂t (xi, tj) = u(xi,tj)−u(xi,tj−1)

k + k
2

∂2u
∂t2 (xi, µj)

⇒ wij−wi,j−1

k − α2wi+1,j−2wij+wi−1,j

h2 = 0

P.483 Figure 12.8

• cÜ()

(1 + 2λ)wij − λwi+1,j − λwi−1,j = wi,j−1

⇒ Aw(j) = w(j−1)

where A =



(1 + 2λ) −λ 0 · · · 0

−λ (1 + 2λ) −λ . . . ...

0 . . . . . . . . . 0
... . . . . . . . . . −λ
0 · · · 0 −λ (1 + 2λ)


(m−1)×(m−1)

.

• P.484 Example 2

• P.486 Table 12.4 (à Explicit .Y¹, Oà Implicit Y¹)

• Explicit: w(j) = Aw(j−1), Y¹‘K ρ(A) ≤ 1

Implicit: Aw(j) = w(j−1) ⇒ w(j) = A−1w(j−1),

Y¹‘K ρ(A−1) ≤ 1

Ä min ρ(A) > 1 ⇒ max ρ(A−1) < 1

⇒ Implicit Y¹5‘KD λ u independent

• Implicit 5ÿõ, error Ñ O(k + h2)

ª´�œ}, U) error ±Ñ O(k2 + h2)?

à Implicit + Explicit
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• Forward: wi,j+1−wi,j

k − α2wi+1,j−2wij+wi−1,j

h2 = 0

with error k
2

∂2u
∂t2 (xi, µj) + O(h2)

Backward: wi,j+1−wi,j

k − α2wi+1,j+1−2wi,j+1+wi−1,j+1

h2 = 0

with error −k
2

∂2u
∂t2 (xi, µ̂j) + O(h2)

assume ∂2u
∂t2 (xi, µ̂j) ≈ ∂2u

∂t2 (xi, µj)

⇒
wi,j+1−wi,j

k − α2

2 [wi+1,j−2wij+wi−1,j

h2 + wi+1,j+1−2wi,j+1+wi−1,j+1

h2 ] = 0

• P.488 Example 3

• P.489 Table 12.5 ªÉà Implicit ^‹ß

12.4 Finite-Difference Methods for Hyper-
bolic Problems

• ∂2u
∂t2 (x, t)− α2∂2u

∂x2 (x, t) = 0

s.t. u(0, t) = u(l, t) = 0 for t > 0

u(x, 0) = f(x) and ∂u
∂t (x, 0) = g(x)

• Ï}Hp(
wi,j+1−wi,j+wi,j−1

k2 − α2wi+1,j−2wij+wi−1,j

h2 = 0

⇒ wi,j+1 = 2(1− λ2)wij + λ2(wi+1,j + wi−1,j)− wi,j−1

where λ = αk
h
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•



w1,j+1
w2,j+1

...

...
wn−1,j+1



=



2(1− λ2) λ2 0 · · · 0

λ2 2(1− λ2) λ2 . . . ...

0 . . . . . . . . . 0
... . . . . . . . . . λ2

0 · · · 0 λ2 (1− λ2)





w1,j
w2,j

...

...
wn−1,j


−



w1,j−1
w2,j−1

...

...
wn−1,j−1



P.494 Figure 12.10

• à j = 0, ‹,ø¼‘K, l, j = 1, wi1 = wi0 + kg(xi)

yà j = 0 D j = 1, , j = 2

• Çø�, wi1 5j¶

wi1 = wi0 + k∂u
∂t (x, 0) + k2

2
∂2u
∂t2 (xi, µ̂j)

= wi0 + kg(xi) + k2

2 (α2∂2u
∂x2 (xi, µ̂j))

= wi0 + kg(xi) + α2k2

2 f ′′(xi)

⇒ wi1 = (1− λ2)f(xi) + λ2

2 f(xi+1) + λ2

2 f(xi−1) + kg(xi)

P.496 Example 1

P.497 Table 12.6
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