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Chapter 8

Approximation Theory
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8.2 Discrete Least Squares Approximation
“Best Fit”: it needs not agree precisely with the data at
any point.

1. min(max |yi − (a1xi + a0)|)
2. min

∑ |yi − (a1xi + a0)|
3. min

∑
(yi − (a1xi + a0))

2

• Linear Least Squares

The general problem of fitting the best least squares line
to a collection of data {(xi, yi)}m

i=1 involves minimizing the

total error E2(a0, a1) =
m∑

i=1
(yi − (a1xi + a0))

2 with respect

to the parameters a0 and a1. For a minimum to occur, we
need

0 = ∂
∂a0

m∑
i=1

(yi − (a1xi + a0))
2 = 2

m∑
i=1

(yi − (a1xi + a0))(−1)

and

0 = ∂
∂a1

m∑
i=1

(yi− (a1xi + a0))
2 = 2

m∑
i=1

(yi− (a1xi + a0))(−xi)

These equations simplify to the normal equations

a0
m∑

i=1
xi + a1

m∑
i=1

x2
i =

m∑
i=1

xiyi and a0m + a1
m∑

i=1
xi =

m∑
i=1

yi

The linear least squares solution for a given collection of
data {(xi, yi)}m

i=1 has the form y = a1x + a0, where

a0 =
(

m∑
i=1

x2
i )(

m∑
i=1

yi)−(
m∑

i=1
xiyi)(

m∑
i=1

xi)

m(
m∑

i=1
x2

i )−(
m∑

i=1
xi)2

and

a1 =
m(

m∑
i=1

xiyi)−(
m∑

i=1
xi)(

m∑
i=1

yi)

m(
m∑

i=1
x2

i )−(
m∑

i=1
xi)2

P.326 Example 1

2



• Polynomial Least Squares

The problem of approximating a set of data, {(xi, yi)|i =
1, 2, ...,m} with

Pn(x) = anxn + an−1xn−1 + ... + a1x + a0

of degree n < m − 1 using least squares is handled in a
similar manner. It requires choosing the constants a0, a1,
... , an to minimize the total least squares error:

E2 =
m∑

i+1
(yi − Pn(xi))

2

For E2 to be minimized, it is necessary that ∂E2

∂aj
= 0 for

each j = 0, 1, ..., n. This gives n+1 normal equations in the
n+1 unknowns, aj,

a0
m∑

i=1
x0

i + a1
m∑

i=1
x1

i + a2
m∑

i=1
x2

i + ... + an
m∑

i=1
xn

i =
m∑

i=1
yix

0
i

a0
m∑

i=1
x1

i + a1
m∑

i=1
x2

i + a2
m∑

i=1
x3

i + ... + an
m∑

i=1
xn+1

i =
m∑

i=1
yix

1
i

...

a0
m∑

i=1
xn

i +a1
m∑

i=1
xn+1

i +a2
m∑

i=1
xn+2

i +...+an
m∑

i=1
x2n

i =
m∑

i=1
yix

n
i

P.328 Example 2.

• Least Square of Arbitrary Function φj(x)

min
aj

m∑
i=1

[yi − anφn(xi)− an−1φn−1(xi)− ...− a0φ0(xi)]
2

∂
∂aj

= 2
m∑

i=1
[yi−anφn(xi)−an−1φn−1(xi)−...−a0φ0(xi)](−φj(xi))=0
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⇒
n∑

k=0
ak[

m∑
i=1

φk(xi)φj(xi)] =
m∑

i=1
yiφj(xi)

[
m∑

i=1
φ0(xi)φj(xi)

m∑
i=1

φ1(xi)φj(xi) · · ·
m∑

i=1
φn(xi)φj(xi)

]


a0
a1
...
aj
...
...

an



=



m∑
i=1

yiφ0(xi)
m∑

i=1
yiφ1(xi)

...
m∑

i=1
yiφj(xi)

...

...
m∑

i=1
yiφn(xi)



8.3 Continuous Least Squares Approxima-
tion

• .Éu m _õV¡, 7uc_ƒbV¡, FJ1Ý˛ø (xi, yi),
7u˛ø f(x) D–È [a, b]

• To minimize the error

E(a0, a1..., an) =
∫ b
a(f(x)−Pn(x))2dx =

∫ b
a(f(x)−

n∑
k=0

akx
k)2dx

A necessary condition for the numbers a0, a1,..., an to min-
imize the total error E is that
∂E
∂aj

= 0 for each j = 0, 1..., n
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We can expand the integrand in this expression to

E =
∫ b
a [f(x)]2dx− 2

n∑
k=0

ak
∫ b
a xkf(x)dx +

∫ b
a(

n∑
k=0

akx
k)2dx

so
∂E
∂aj

= −2
∫ b
a xjf(x)dx + 2

n∑
k=0

ak
∫ b
a xj+kdx

⇒
n∑

k=0
ak

∫ b
a xj+kdx =

∫ b
a xjf(x)dx, for each j = 0, 1, ..., n

P.333 Example 1

ÿõ: �ø, xj+k ¥óòíŸj, � round off 5½æ.

�ù, n=2 5l�!‹, n=3 .?yà.

ja¶: Ÿ… n+1 equation 2·Ö� n+1 ‰b,

ÛÊı�©_ equation 2É�ø_‰b.

• The set of function {φ0, φ1...φn} is said to be linearly inde-
pendent on [a, b] if,

c0φ0(x) + c1φ1(x) + ... + cnφn(x) = 0 for all x ∈ [a, b]

only when c0 = c1 = ... = cn = 0

• Weight function ( assign varying degrees of importance to
approximations on certain portions of the intervals )

w(x) = 1√
1−x2

on [−1, 1]

Suppose {φ0, φ1, ..., φn} is a set of linearly indep functions
on [a, b], w is a weight function for [a, b], and, for f ∈ C[a, b],
a linear combination

P (x) =
n∑

k=0
akφk(x)

is sought to minimize the error

E(a0, a1, ..., an) =
∫ b
a w(x)[f(x)−

n∑
k=0

akφk(x)]2dx

This problem reduces to the situation considered at the
beginning of this section in the special case when w(x) ≡ 1
and φk(x) = xk.
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FOC ⇒ 0 = ∂E
∂aj

= 2
∫ b
a w(x)[f(x)−

n∑
k=0

akφk(x)]φj(x)dx

⇒ ∫ b
a w(x)f(x)φj(x)dx =

n∑
k=0

ak
∫ b
a w(x)φk(x)φj(x)dx for

each j = 0, 1, ..., n

∥∥∥∥∥∥∥∥∥∥
The set of functions {φ0, φ1, ..., φn} is said to be orthogonal
for the interval [a, b] with respect to the weight function w if∫ b
a w(x)φk(x)φj(x)dx =

{
0, when j 6= k
αk > 0, when j = k

⇒ ∫ b
a w(x)f(x)φj(x)dx = aj

∫ b
a w(x)[φj(x)]2dx = ajαj

⇒ aj = 1
αj

∫ b
a w(x)f(x)φj(x)dx

(=
∫ b

a w(x)f(x)φj(x)dx∫ b

a w(x)[φj(x)]2dx
)

• Recursive Generation of Orthogonal Polynomials

The set of polynomials {φ0, φ1, ..., φn} defined in the fol-
lowing way is linearly indep and orthogonal on [a, b] with
respect to the weight function w

φ0(x) ≡ 1 , φ1(x) = x−B1

where

B1 =
∫ b

a xw(x)[φ0(x)]2dx∫ b

a w(x)[φ0(x)]2dx

and when k ≥ 2

φk(x) = (x−Bk)φk−1(x)−Ckφk−2(x) (recursive equation)

where

Bk =
∫ b

a xw(x)[φk−1(x)]2dx∫ b

a w(x)[φk−1(x)]2dx
and Ck =

∫ b

a xw(x)φk−1(x)φk−2(x)dx∫ b

a w(x)[φk−2(x)]2dx

Moreover, for any polynomial φk(x) of degree k < n∫ b
a w(x)φn(x)φk(x)dx = 0
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EX 3. {Pn(x)} is orthogonal on [-1,1] with respect to the
weight function w(x) ≡ 1. Pn(1) = 1 for each n. Using the
recursive procedure, P0(x) ≡ 1, so

B1 =
∫ 1

−1 xdx∫ 1

−1 dx
= 0 and P1(x) = (x−B1)P0(x) = x

Also

B2 =
∫ 1

−1 x3dx∫ 1

−1 x2dx
= 0 and C2 =

∫ 1

−1 x2dx∫ 1

−1 1dx
= 1

3

so

P2(x) = (x−B2)P1(x)−C2P0(x) = (x−0)x− 1
3 ∗1 = x2− 1

3

B3 = 0, C3 = 4
15 ⇒ P3(x) = xP2(x)− 4

15P1(x) = x3 − 3
5x

P4(x) = x4 − 6
7x

2 + 3
35

P5(x) = x5 − 10
9 x3 + 5

21x

8.4 Chebyshev Polynomials
• {Tn(x)} are orthogonal on (−1, 1) with respect to the weight

function w(x) = (1− x2)−1/2

For x ∈ [-1,1], define

Tn(x) = cos(n cos−1 x) for each n ≥ 0

T0(x) = cos 0 = 1 and T1(x) = cos(cos−1 x) = x

Iθ = cos−1 x, Tn(θ(x)) ≡ Tn(θ) = cos(nθ), where θ ∈ [0, π]
(Ä x ∈ (−1, 1) )

because Tn+1(θ) = cos(nθ+θ) = cos(nθ)cos θ−sin(nθ)sin θ

and

Tn−1(θ) = cos(nθ − θ) = cos(nθ)cos θ + sin(nθ)sin θ

therefore Tn+1(θ) = 2cos(nθ)cos θ − Tn−1(θ)

⇒ Tn+1 = 2cos(n cos−1 x)x−Tn−1(x) = 2Tn(x)x−Tn−1(x)

Since T0(x) and T1(x) are both polynomials in x, Tn+1(x)
will be a polynomial in x for each n

P.341 Figure 8.8
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• To show the orthogonal of the Chebyshev polynomials, con-
sider∫ 1
−1

Tn(x)Tm(x)√
1−x2

dx =
∫ 1
−1

cos(n cos−1 x) cos(m cos−1 x)√
1−x2

dx

I θ = cos−1 x ⇒ dθ = − 1√
1−x2

dx (úi$Çý)

and∫ 1
−1

Tn(x)Tm(x)√
1−x2

dx = − ∫ 0
π cos(nθ) cos(mθ)dθ =

∫ π
0 cos(nθ) cos(mθ)dθ

∥∥∥ cos(nθ)cos(mθ)dθ = 1
2 [cos(n + m)θ + cos(n−m)θ]

⇒ ∫ 1
−1

Tn(x)Tm(x)√
1−x2

dx = 1
2
∫ π
0 cos((n + m)θ)dθ + 1

2
∫ π
0 cos((n −

m)θ)dθ

= [ 1
2(n+m) sin(n + m)θ + 1

2(n−m) sin(n−m)θ]π0 = 0

Similarly,
∫ 1
−1

[Tn(x)]2√
1−x2

dx = π
2 for each n ≥ 1

• Zeros and Extrema of Chebyshev Polynomials

The Chebyshev polynomial Tn(x), of degree n ≥ 1, has n
simple zeros in [-1,1] at

xk = cos(2k−1
2n π) for each k = 1, 2, ..., n

Moreover, Tn assumes its absolute extrema at

x′k = cos(kπ
n ) with Tn(x′k) = (−1)−k for each k = 0, 1, ..., n

P.341 Figure 8.8

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

if n = 1 ⇒ k = 1 ⇒ x1 = cos π
2 = 0

k = 0, 1 ⇒ x′0 = cos 0, x′1 = cos π = −1

if n = 2 ⇒ k = 1, 2 ⇒ x1 = cos π
4 =

√
2

2 , x2 = cos 3π
4 = −

√
2

2
k = 0, 1, 2 ⇒ x′0 = cos 0 = 1, x′1 = cos π

2 = 0,
x′2 = cos π = −1
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• monic Chebyshev polynomial (U leading coefficient = 1)

T̃0 = 1, T̃n = 1
2n−1Tn(x)

¤v zeros D extrem 5 xk D x′k DŸ…5 Chebyshev ·ø

š. O”M}Ó n ↑ 7 ↓, T̃n(x′k) = (−1)k

2n−1

(|×|üM5‰�}�V�ü)

• The error form for the Lagrange polynomial applied to the
interval [−1, 1] states that if x0, x1,..., xn are distinct num-
bers in the interval [−1, 1] and if f ∈ Cn+1[−1, 1], then,
each x ∈ [−1, 1], a number ξ(x) exists in (−1, 1) with

f(x)− P (x) = fn+1(ξ(x))
(n+1)! (x− x0)...(x− xn)

where P (x) is the Lagrange interpolating polynomial. There
is no control over ξ(x), so to minimize the error by shrewd
placement of the nodes x0, x1,..., xn is equivalent to choos-
ing x0, x1,..., xn to minimize the quantity

|(x− x0)...(x− xn)|
throughout the interval [−1, 1]

¤vJ¦ x0, x1,..., xn Ñ zeros of T̃n+1(x)

⇒ (x− x0)(x− x1) . . . (x− xn) = T̃n+1(x) (Ä T̃n+1(x) Ñ n
Ÿ polynomial , /Ê x0, x1 . . . xn ·Ñ0)

/Ä max
x∈[−1,1]

| T̃n+1 |= 1
2n

⇒ max
x∈[−1,1]

| f(x)− P (x) |≤ 1
2n(n+1)! max

x∈[−1,1]
| fn+1(x) |

• The technique for choosing points to minimize the inter-
polating error can be easily extended to a general closed
interval [a,b] by using the change if variable

x̃k = 1
2 [(b− a)xk + a + b]

to transform the numbers xk in the interval [−1, 1] into the
corresponding numbers in the interval [a, b]

P.344 Example 1, P.345 Table 8.4
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8.5 Rational Function Approximation

• øO5 polynomial � oscillation 5b², ?¹ error }£Š
>˜, ÖÍ error term � upper bound, O¦�}×k�Ì.

• ¥�T|íj¶, u;bø error �Ìà0Ê approximation
interval 2.

• A rational function r of degree N has the form

r(x) = p(x)
q(x)

where p(x)and q(x)are polynomials whose degree sum to N

Consider the Pade approximation technique

f(x)−r(x) = f(x)− p(x)
q(x) = f(x)q(x)−p(x)

q(x) =
f(x)

m∑
i=0

qix
i−

n∑
i=0

pixi

q(x)

¤v f(x) à Maclurin Expansion , /ı�v qi, Pi, s.t. f (k)(0)−
r(k)(0) = 0 , for k=0,1,...,N

• Ex1. The Maclaurin series expansion for e−x is
∞∑
i=0

(−1)i

i! xi

To find the Pade approximation to e−x of degree 5 with
n = 3 and m = 2 requires choosing p0, p1, p2, p3, q1, and
q2 so that the coefficients of xk for k = 0, 1, ..., 5 are zero in
the expression

(1−x+ x2

2 −
x3

6 +...)(1+q1x+q2x
2)−(p0+p1x+p2x

2+p3x
3)

j6_:j˙�

⇒ p0 = 1, p1 = −3
5 , p2 = 3

20 , p3 = −1
60 , q1 = 2

5 and q2 = 1
20

so the Pade approximation is

r(x) =
1− 3

5
x+ 3

20
x2− 1

60
x3

1+ 2
5
x+ 1

20
x2

P.349 Table 8.5 (r(x) vs. P5(x))
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ÖÍ Pade approximation u;W Taylor Series V, OYÍÓ
ª7 accuracy.

Using nested multiplication:

P5(x) = ((((−1
120x + 1

24)x−
1
6)x + 1

2)x− 1)x + 1

5_“×”, 5_“+”, “−”

r(x) =
((− 1

60
x+ 3

20
)x− 3

5
)x+1

( 1
20

x+ 2
5
)x+1 5_“×”, 5_“+”,“−”, 1_“÷”

=−1
3 x + 17

3 +
−152

3

x+ 117
19

+
3125
361

x+35
19

1_“×”,5_“+”,“−”, 2_“÷”

(continuous-fraction ªÓªl�^0)

à Tk ¦H Pade approximation 2í xk, $A general Cheby-
shev rational function.

8.6 Trigonometric Polynomial Approxima-
tion

• _¯àÊ¶‚4ƒb5,l.

• For each positive n, the set τn of trigonometric polynomials
of degree less than or equal to n is the set of all linear
combinations of {φ0, φ1, ..., φ2n−1}, where

φ0(x) = 1√
2π

(u1_)

φk(x) = 1√
π

cos kx for each k = 1, 2, ..., n (u n _)

and

φn+k(x) = 1√
π

sin kx for each k = 1, 2, ..., n− 1 (u n-1_)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

{φ0, φ1, ..., φ2n−1} is orthonormal on [−π, π]
with respect to the weight function w(x) ≡ 1
If k 6= j and j 6= 0∫ π
−π φn+k(x)φj(x)dx

=
∫ π
−π

1√
π

sin kx 1√
π

cos jxdx = 1
π

∫ π
−π sin kx cos jxdx

= (by	“¯Ï) 1
2π

∫ π
−π[sin(k + j)x + sin(k − j)x]dx

= 1
2π [− cos(k+j)x

k+j − cos(k−j)x
k−j ]π−π = 0

wF5„péN
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Given f ∈ C[−π, π], the continuous least squares approxi-
mation by function in τn is defined by

Sn(x) =
2n−1∑
k=0

akφk(x)

(if n →∞, Sn(x) is called the Fourier series of f)

where

ak =
∫ π
−π f(x)φk(x)dx for each k = 0, 1, ..., 2n− 1

(P.337 ak =
∫ π

−pi w(x)φk(x)f(x)dx∫ π

−π w(x)[φk(x)]2dx
= (ÄÑ w(x) = 1)

∫ π

−π φk(x)f(x)dx∫ π

−π[φk(x)]2dx
=∫ π

−π f(x)φk(x)dx)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

αk =
∫ π
−π w(x)[φj(x)]2dx

=
∫ π
−π 1( 1√

π
cos kx)2dx

=
∫ π
−π

1
π

1
2(cos 2kx + cos 0)dx

= 1
π

1
2(

sin 2kx
2k + x) |π−π

= 1

• Ex 1. f(x) = |x| for −π < x < π

a0 =
∫ π
−π |x| 1√

2π
dx = 2√

2π

∫ π
0 xdx =

√
2π2

2
√

π

ak = 1√
π

∫ π
−π |x| cos kxdx = 2√

π

∫ π
0 x cos kxdx

= 2√
πk2 [(−1)k − 1] ,for each k = 1, 2, ..., n

bk = an+k = 1√
π

∫ π
−π |x| sin kxdx = 0

⇒ Sn(x) = π
2 + 2

π

n∑
k=0

(−1)k−1
k2 cos kx

• 5‡í Sn(x) u match c_ f(x), O Trigonometric Poly-
nomial 6ªàÊ discrete varsion least square (<¹ match
õ, 7Ý match f(x))
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⇒ xj = −π + j
mπ, for j = 0, 1, . . . , 2m− 1

• ¦ Sn(x) =
2n−1∑
k=0

akφk(x)

w2 φ̂0(x) = 1
2

φ̂k(x) = cos kx, k = 1, 2, . . . , n

φ̂n+k(x) = sin kx, k = 1, 2, . . . , n− 1

• min
ak,bk

2m−1∑
j=0

{yj−[a0

2 +an cos nxj+
n−1∑
k=1

(ak cos kxj+bk sin kxj)]}2

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

Ä equally space in [−π, π]

⇒
2m−1∑
j=0

φ̂k(xj)φ̂j(xj) = 0

⇒ orthogonal set of functions

⇒ ak =

2m−1∑
j=0

φk(xj)f(xj)

2m−1∑
j=0

φk(xj)2
(w2

m∑
j=0

φk(xj)
2 = m)

⇒ ak = 1
m

2m−1∑
j=0

yi cos kxj

bk = 1
m

2m−1∑
j=0

yi sin kxj

13



P.356 Example 2.

8.7 Fast Fourier Transforms
• ‹§,ü�à Trigonometric Polynomial Vd discrete ver-

sion least square approximation.

• Sn(x) = a0

2 + an cos nx +
n−1∑
k=1

(ak cos kx + bk sin kx)

where

ak = 1
m

2m−1∑
j=0

yj cos kxj for k = 0, 1, ..., n

and

bk = 1
m

2m−1∑
j=0

yj sin kxj for k = 1, ..., n− 1

Use the form with n = m for interpolation if we make a
minor modification. Replacing the term am with am

2

⇒ Sm(x) = a0+am cos mx
2 +

m−1∑
k=1

(ak cos kx + bk sin kx)

The nodes are given, for each j = 0, 1, ..., 2m− 1, by

xj = −π + ( j
m)π

and the coefficients, for each k = 0, 1, ...,m, as

ak = 1
m

2m−1∑
j=0

yj cos kxj and bk = 1
m

2m−1∑
j=0

yj sin kxj

à Trigonometric Polynomial, Û 2m _õ ⇒ l�¾ØÖ, /
round off error 6Ø×.

Instead of directly evaluating the constants ak and bk, the
Fast Fourier Transform (FFT) procedure computes the com-
plex coefficients ck in the formula

F (x) = 1
m

2m−1∑
k=0

cke
ikx

where

14



ck =
2m−1∑
j=0

yje
πijk
m for each k = 0...2m− 1

∥∥∥ ÄÑ eiz = cos z + i sin z

⇒ 1
mcke

−iπk = 1
m

2m−1∑
j=0

yje
πijk/me−iπk

= 1
m

2m−1∑
j=0

yje
ik(−π+(πj/m))

= 1
m

2m−1∑
j=0

yj(cos kxj + i sin kxj)

⇒ 1
mcke

−iπk = ak + ibk

• Ex 1. m = 2 and xj = −π + ( j
2)π for j = 0, 1, 2, 3

The polynomial is given by

S2(x) = a0+a2 cos 2x
2 + a1 cos x + b1 sin x

where the coefficient are

a0 = 1
2 [y0 cos 0 + y1 cos 0 + y2 cos 0 + y3 cos 0]

a1 = 1
2 [y0 cos x0 + y1 cos x1 + y2 cos x2 + y3 cos x3]

a2 = 1
2 [y0 cos 2x0 + y1 cos 2x1 + y2 cos 2x2 + y3 cos 2x3]

b1 = 1
2 [y0 sin x0 + y1 sin x1 + y2 sin x2 + y3 sin x3]

• Jà FFT Võ:

c0 = y0e
0 + y1e

0 + y2e
0 + y3e

0

c1 = y0e
0 + y1e

πi
2 + y2e

πi + y3e
3πi
2

c2 = y0e
0 + y1e

πi + y2e
2πi + y3e

3πi

c3 = y0e
0 + y1e

3πi
2 + y2e

3πi + y3e
9πi
2

and ak + ibk = 1
2cke

−iπk

a0 = 1
2Re(c0)
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a1 = 1
2Re(c1e

−πi)

a2 = 1
2Re(c2e

−2πi)

b1 = 1
2Im(c1e

−πi)

• Discrete Least Square Approximation

Given (xi, yi), i = 1, . . . ,m

(i) à Y = a1X + a0

(ii) à Y = anXn + an−1X
n−1 + · · ·+ a1X + a0

(iii) à Y = anφn(X) + an−1φn−1(X) + · · · + a1φ1(X) +
a0φ0(X)

à n + 1 _ƒbVV¡ j = 0, . . . , n

min
aj,j=0,...,n

m∑
i=1

[yi−anφn(xi)−an−1φn−1(xi)−· · ·−ajφj(xi)−

. . .− a0φ0(xi)]
2

∂
∂aj

= 2
m∑

i=1
[yi− anφn(xi)− an−1φn−1(xi)− · · · − ajφj(xi)−

. . .− a0φ0(xi)][−φj(xi)] = 0

⇒
n∑

k=0
ak[

m∑
i=1

φk(xi)φj(xi) =
m∑

i=1
yiφj(xi)

[
m∑

i=1
φ0(xi)φj(xi) · · · · · ·

m∑
i=1

φn(xi)φj(xi)
]


a0
...
aj
...
...

an


=



n∑
i=1

yiφ0(xi)

...
n∑

i=1
yiφj(xi)

...

...

...



• Continuous Least Square Approximation

Given f(x) on [a, b]
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(i) à n Ÿ polynomial T Approximation.

(
ªà, Oÿõ 1. n=2 5l�, n=3 .Wà

2. n Ó‹, ä³×, .ßj

)

ja¶: Ÿ… n+1 equation 2·Ö� n+1 ‰b,

ÛÊı�©_ equation 2É�ø_‰b.

(ii) à orthogonal functions ¹ª®A

(Linearly independent sets of polynomials)

orthogonal functions


Chebyshev Polynomials
Trignometric functions τn
J n →∞ −→ Fourier Series

• Rational Function Approximation

(ªZ¾ polynomail 5 oscillation error)

ªZ¾ Taylor series 5 error term (Uwyü).
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