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Chapter 7

Iterative Methods for Solving Linear
System
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• Iterative method (óúk direct method): j.�Ä, O�^
0 (not exact, but efficient), ªÁý computation D round
off error.

• ÄÑb‡ìs_ vector u´DQ¡, FJl�Üø< linear al-
gebra, V©¾ distance between vectors and matrices.

• vector norm on Rn

A vector norm on Rn is a function, ‖ · ‖, from Rn into R
with the following properties:

(i) ‖x‖ ≥ 0 for all x ∈ Rn

(ii) ‖x‖ = 0 ⇔ x = (0, . . . , 0)t ≡ 0

(iii) ‖αx‖ = |α|‖x‖ for all α ∈ R and x ∈ Rn

(iv) ‖x + y‖ ≤ ‖x‖+ ‖y‖ for all x, x ∈ Rn

• Two types of norms on Rn:

‖x‖2 = {
n∑

i=1
x2

i }1/2

‖x‖∞ = max
1≤i≤n

|xi|

• Distance between two vectors ‖x− y‖2 and ‖x− y‖∞

• Ì�à ‖x‖∞ Cu ‖x‖2 VõY¹uøší:

‖x‖∞ = max
i=1,...,n

|xi| = |xj|

ÄÑ ‖x‖2
∞ = |xj|2 = x2

j ≤
n∑

i=1
x2

i = ‖x‖2
2

⇒ l2 Y¹ imply l∞ Y¹.

ÄÑ ‖x‖2
2 =

n∑
i=1

x2
i ≤

n∑
i=1

x2
j = nx2

j = n‖x‖2
∞

⇒ l∞ Y¹ imply l2 Y¹.
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• Matrix norm

‖A‖: R2n → R

bÅ—

(i) ‖A‖ ≥ 0

(ii) ‖A‖ = 0, if and only if A is O, the matrix with all zero
entries

(iii) ‖αA‖ = |α|‖A‖
(iv) ‖A + B‖ ≤ ‖A‖+ ‖B‖
(v) ‖AB‖ ≤ ‖A‖‖B‖ (ª– vector norm Ö7¥á‘K)

• Natural Matrix Norm

‖A‖ = max
‖x‖=1

‖Ax‖

• l∞ Norm

‖A‖∞ = max
‖x‖∞=1

‖Ax‖∞

(v|F� ‖x‖∞ = 1 5 x Vtv|×í ‖Ax‖∞)

• l2 Norm

‖A‖2 = max
‖x‖2=1

‖Ax‖2

P.293 Figure 7.3 and 7.4

• In fact, ‖A‖∞ = max
‖x‖∞=1

‖Ax‖∞ = max
1≤j≤n

n∑
j=1

|aij|

(z row T"úM‹,(²|×íM = ‖A‖∞)

(ÄÑbvF� ‖X‖∞ = 1 5 X Vt, FJv

X = (±1,±1, · · · ± 1)t Vt¹ª, u 2n �ª?)

(¤v5 ‖AX‖∞ }ª X à (±1, 0.8,−0.3, · · ·, 0.2)

Ví×)
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7.3 Eigenvalues and Eigenvectors
• ‖A− λI‖ = 0

Ax = λx ⇒ (A− λI)x = 0

⇒ Å—,�5 x is called an eigenvector of A corresponding
to the eigenvalue λ

See Figure 7.5

P.297 Example 1

• if Ax = λx

⇒ kAx = kλx

⇒ A(kx) = λ(kx)

⇒ J x u eigenvector, kx ´u eigenvector.

• if A− λI is nonsigular, ?¹ det(A− λI) 6= 0

⇒ �ñøj, ¤jÑ x = 0

• if A− λI is sigular, ?¹ det(A− λI) = 0

⇒ �'Ö_j

⇒ �Î7 x = 0 5Õíj

• Spectral radius:

ρ(A) = max ‖λ‖, where λ is an eigenvalue of A.

• In fact, ‖A‖2 = max
‖x‖2=1

‖Ax‖2 = [ρ(AtA)]
1
2

• P.300 Example 3, � ‖A‖∞ = 4, ‖A‖2 = 3.106
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• Convergent Matrix Equivalences

(a) A is a convergent matrix

(b) limn→∞ ‖An‖ = 0, for some natural norm

(c) limn→∞ ‖An‖ = 0, for all natural norms

(d) ρ(A) < 1 (P.301 Example 4, π = 1
2 )

(e) limn→∞Anx = 0, for every x

7.4 The Jacobi and Gauss-Seidel Methods
• Classic Methods used in problems where the matrix is large

and has mostly zero entries

• Convergence and the Spectral Radius

Ax=b

⇒ (D − L− U)x = b

⇒ Dx = (L + U)x + b

x = D−1(L + U)x + D−1b

⇒ x(k) = Tx(k−1) + c

(converge to the unique solution iff ρ(T ) < 1)

P.304 Example 1. (Jacobi iterative method)

• A reordering of the equation is performed so that no aii = 0

• To speed convergence, the equations should be arranged so
that aii is as large as possible.

• P.306 Example 2, Gauss-Seidel iterative technique

(�¬5 xk
i , ¦H xk−1

i )

ªœ P.304 � P.307 í x
(k)
1 , x

(k)
2 , . . .
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• Gauss-Seidel Method

To write the Gauss-Seidel method in matrix form, multiply
both sides of Eq.(7.2) by aii and collect all kth iterate terms,
to give

ai1x
k
1 + ai2x

k
2 + .. + aiix

k
i = −ai,i+1x

k−1
i+1 − ...− ai,nxk−1

n + bi

for each i = 1, 2, ..., n. Writing all n equations gives

a11x
(k)
1 = −a12x

(k−1)
2 − a13x

(k−1)
3 − · · · − a1nx

(k−1)
n + b1

a21x
(k)
1 + a22x

(k)
2 = −a23x

(k−1)
3 − · · · − a2nx

(k−1)
n + b2

...

an1x
(k)
1 + an2x

(k)
2 + · · ·+ annx

(k)
n = bn

Ax = b

(D − L− U)x = b

(D − L)x = Ux + b

⇓ cq (D − L)−1 æÊ

x = (D − L)−1Ux + (D − L)−1b = Tgx + cg

• Gauss-Seidel øOVzª Jacobi ß, Oª?�v Jacobi con-
verge O Gauss-Seidel . converge.

• ç A u strictly diagonally dominant (nonsigular), ª\„
¤sj¶�ñøj.
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7.5 The SOR Method
(Successive Over-Relaxation)

• It uses a scaling factor to more rapidly reduce the approx-
imation error.

• x
(k)
i = (1− w)x

(k−1)
i + w

aii
[bi −

i−1∑
j=1

aijx
(k)
j −

n∑
j=i+1

aijx
(k−1)
j ]

5‡yh¬í „yh¬í

∥∥∥∥∥∥∥∥∥∥∥∥

w = 1 ⇒ Gauss-Seidel
0 < w < 1 ⇒ under-relaxation method

(ªàÊø< Gauss-Seidel .Y¹58”)
w > 1 ⇒ over-relaxation method

(àV‹§Y¹)

⇒ aiix
(k)
i +w

i−1∑
j=1

aijx
(k)
j = (1−w)aiix

(k−1)
i −w

n∑
j=i+1

aijx
(k−1)
j +

wbi

⇒ (D − wL)x(k) = ((1− w)D + wU)x(k−1) + wb

⇒ x(k) = Twx(k−1) + cw

where Tw = (D − wL)−1[(1− w)D + wU ]

cw = w(D − wL)−1b

P.310 Ex1. SOR ªœß, ÄÑÊ k = 7 v˛%'Q¡öM.

• àS²Ï w

(1) A u£ì and 0 < w < 2 ⇒ øìY¹

(2) A is tridiagonal,

¤v ρ(Tg) = [ρ(Tj)]
2, w = 2

1+
√

1−[ρ(Tj)]2
= 1− ρ(Tw)

w2 Tj Ñ Jacobi 5 transition matrix,

Tg Ñ Gauss-Seidel 5 transition matrix,
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Tw Ñ SOR 5 transition matrix.

P.311 Example 2

7.6 Error Bounds and Ierative Refinement
• 5ó ‡iFjí x u´Ñß��?

øO·à residual norm VõÏÏ, Ÿ…ç ‖b − Ax̃‖ 'üv,
x̃ → x , O„.à¤

P.314 Example 1

• Residual Vector Error Bounds

Ax = b ⇒ x̃

ÄÑ A(x− x̃) = Ax− Ax̃ = b− Ax̃

⇒ ‖x− x̃‖ ≤ ‖b− Ax̃‖‖A−1‖ ("úÏÏ)

and ‖x−x̃‖
‖Ax‖ ≤ ‖A−1‖‖b−Ax̃‖

‖b‖ (óúÏÏ)

⇒ ‖x−x̃‖
‖x‖ ≤ ‖A‖‖A−1‖‖b−Ax̃‖

‖b‖

(where ‖A‖‖A−1‖ ¦�= 1, JªM'×, [óúÏÏ'×)

P.316 Example 2

k(A) = ‖A‖∞‖A−1‖∞ = 6.002 > 1

• iterative refinement (or iterative improvement) (* residual
2y“|ø<�àí’m)

Ax = b ⇒ x̃

b− Ax̃ = r

Ay = r ⇒ ỹ

ỹ = A−1r = A−1(b− Ax̃) = A−1b− x̃ = x− x̃

⇒ x ≈ x̃ + ỹ

P.317 Example 3
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