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Chapter 6

Direct Methods for Solving Linear
Systems



6.2 Gauss elimination

e Gauss elimination (forward elimination + backward substi-
tution) P.238 Example 1.

e Gauss-Jordan elimination (forward elimination + backward
substitution) P.243 Example 3.

e computational efficiency O(n?). P.245 Table 6.1

6.3 Pivoting Strategies

e P.249 Example 1
The linear system
E1: 0.003000x1 + 59.14x9 = 59.17
FEo: 5.291x1 — 6.1329 = 46.78
BHH 2~ —10
but 21 BER 10
(FIREMTE 0.003 fHER 59.14 K/IN)
(Pivoting element X/)N, &K round off error)

e P.250 Example 2

maximal column pivoting: 755 ¢ {fl column ¥, B AKHIZK
E pivot element.

o HER E x 10%
= F7: 30.00x1 + 59140029 = 591700
FEo: 529121 — 6.1329 = 46.78
HIEE & EE 30 & pivot element, KA G BRI EREZIE.



e P.252 Example 3 and 4

scaled partial pivoting: 758 k row (EZ8 k {E equation) H,

SRR KR, K REFREZR normalize . equation, nor-
malize 2R i ff column #, FEHRAKHIZKE pivot element.

(HIEFEMZEER O(n?) < FARZ O(n) ZFHEE = i
RN computational time)

e maximal (or full) pivoting: H#F| TH square matrix H, =
AR element 2RE pivoting element.

(7, {H&% O(n?), FEIRT AR IR A B 52 K H )

6.4 Linear Algebra and Matrix Inversion
o JHIEEZ IvE LR

o If A~1 exists = A is nonsingular or invertible.
o A71'A = I (Identity matrix)

o ff Avx = b, AILME AL Bl oz = A~ lb. (HE A7l bf#
Ax = b )

e Transpose Facts
(a) (A=A
(b) (A+B) = A"+ B
(c) (AB)" = B'A!
(d) If A~ 1 exists, (A—l)t — (At)—l




e Determinant
det A = .ﬁl(—l)iﬂai‘jMij fori =1,2,...,n (by row)
or "
det A = 3° (=1)*a;;M;; for j =1,2,...,n (by column)

1=1

e Determinant Facts

(a) BE—1T or 715 0, det =0

(b) 17 or ZIEH#E, det Z—B5T

(c) BZH or 17HH[A], det =0

(d) BH—1T or 7| x\ = det — det A

(e) fF linear system Z#EH, det 1@
(f) det Ay xnBpxn = det Ay xp, det By,
(g) det A = det A
(h) if A~1 exists, det A~! = de%A

i) if A & upper triangular, lower triangular, or diagonal
matrix, det A = Ilay;

e Equivalent Statements about n x n Matrix A

(a) The equation Az = 0 has the unique solution z = 0

(b) The system Ax = b has a unique solution for any n-
dimensional column vector b

1

(c¢) The matrix A is nonsingular; that is, A™" exists

(d) det A #£0

(e) Gaussian elimination with row interchanges can be per-
formed on the system Ax = b for any n-dimensional column
vector b



6.5 Matrix Factorization

Ar =0b

MR A=LU
= LUx =0
Let y =Ux

= Ly =0b (5t y, & )

o A= LU (AM:FEME—LLIE)
(1) hiuir = ayn (RE Ly B2 upy)
(ii) ljl = % and Uiy = T ((;%IHE L Z%‘—‘Z]‘U, U Z%—"ﬁ:)
(

lll
iii) lijui = aii — k§1 ligug; (RIE i B uyg)
, ) i—1 . i—1
(iv) Lii = -laji — R Ligugi] and wij = -la;; — 2 Likuy]
(RE L% i 5, U ZE i 1T)

n—1
(V) lynUnn = app — k§1 lnkuk:n

P.272 Example 3
If LU=LL'=A
= Cholesky’s decomposition P.277, P.278 Example 2.

Permutation Matrix: precisely one entry whose valus is 1

in each column and row and all of whose other entries are
0

(FiZE2 row AH#A, BIERZ column A1)
P.272 Example 2.

o FHFEHS

0Ax __
ox =4

8%’?@" _ (A+A/)l‘

8:3’2@ = 2’z (if all elements of A is different)

b}



8ln\A| . (A_l)/

0A
Y =Xp+¢
Y -XB)(Y-XB) _ dY'Y-Y'XB-BX'Y+5X'XS)
B - B

0=0—-XY - XY +2X'X3 = 2X'Y =2X'X3
= 3= (X'X)"1X'Y

multi-variable function (%R FRZMT)

flz1, ... xn)
= (%}2:[ ]nxl
of _
axox = Inxn

fl(xla' 7$n)

fa(x1, ..., xn)

Jm(x1, ..., T0)

= gj};— Jnxm

fUAlxk), RN f(ai1, a12, . .., an)
= %{1:[ ]nxk

6.6 Techniques for Special Matrices

A matrix A is positive definite matrix if it’s symmetric and
if 2’ Az > 0 for any = # 0

If A is positive definite matrix =

(a) A is nonsigular

(b) a;; >0

(c) mARH element —7E HIRFE diagonal elements 2 H
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(d) (aij)* < ajiay;

e Positive Definite matrix equivalence

(a) A is positive definite
(b) H a; > 0, ALk Gaussian elimination FJANAFE row
interchange

(c) A can be factored in the form LL', where L is lower
triangular with posive diagonal entries

(d) A can be factored in the form LDL'S where L is lower
triangular with 1s on its diagonal and D is a diagonal matrix
with diagonal entries

(e) F’A submatrix 2 determinant > 0

e Tridiagonal Matrix (Cubic Spline)
e LU, F#E linear system, R EHRIE% .
P.279 ~ P.281
P.281 Example 3

Advantages Disadvantages
Gauss elimination #IEEA

Gauss-Jordan AR E inverse b Gauss elimination
elimination L OGS
* LU decomposition efficient MERHH—RK

if RBVESUE b B HECR
singular value

decomposition



