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Chapter 6

Direct Methods for Solving Linear
Systems
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6.2 Gauss elimination
• Gauss elimination (forward elimination + backward substi-

tution) P.238 Example 1.

• Gauss-Jordan elimination (forward elimination + backward
substitution) P.243 Example 3.

• computational efficiency O(n3). P.245 Table 6.1

6.3 Pivoting Strategies
• P.249 Example 1

The linear system

E1: 0.003000x1 + 59.14x2 = 59.17

E2: 5.291x1 − 6.13x2 = 46.78

�| x1 ≈ −10

but x1 öMÑ 10

(½æ|Ê 0.003 óúk 59.14 Øü)

(Pivoting element Øü, }[× round off error)

• P.250 Example 2

maximal column pivoting: Ê� i _ column 2, ²|×íV
ç pivot element.

• OJø E1 × 104

⇒ E1: 30.00x1 + 591400x2 = 591700

E2: 5.291x1 − 6.13x2 = 46.78

†´u}² 30 ç pivot element, YÍ})ƒ�ÏÏ5j.
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• P.252 Example 3 and 4

scaled partial pivoting: Ê� k row (¹� k _ equation) 2,
²[b|×í, Í(à¤[bV normalize ¤ equation, nor-
malize (y*� i _ column 2, ²|×íVç pivot element.

(¤¶FÓ‹5l�¾ O(n2) < Ÿ…5 O(n3) 5l�¾ ⇒ 1
„Ó‹ computational time)

• maximal (or full) pivoting: â”-í square matrix 2, ²
|×í element Vç pivoting element.

(|#, O}â O(n3), <¹ª?Ó‹ŸVbI5vÈ)

6.4 Linear Algebra and Matrix Inversion

• ä³5‹ÁÎ

• If A−1 exists ⇒ A is nonsingular or invertible.

• A−1A = I (Identity matrix)

• j Ax = b, ªJj A−1, † x = A−1b. (O� A−1, ªj
Ax = b Ø)

• Transpose Facts

(a) (At)t = A

(b) (A + B)t = At + Bt

(c) (AB)t = BtAt

(d) If A−1 exists, (A−1)t = (At)−1
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• Determinant

det A =
n∑

j=1
(−1)i+jaijMij for i = 1, 2, . . . , n (by row)

or

det A =
n∑

i=1
(−1)i+jaijMij for j = 1, 2, . . . , n (by column)

• Determinant Facts

(a) �øW or �Ñ 0, det = 0

(b) W or ��², det ÏøŠU

(c) �ù� or Wó°, det = 0

(d) �øW or � ×λ ⇒ det → det λ

(e) T linear system 5«�, det .‰

(f) det An×nBn×n = det An×n det Bn×n

(g) det At = det A

(h) if A−1 exists, det A−1 = 1
det A

(i) if A u upper triangular, lower triangular, or diagonal
matrix, det A = Πaii

• Equivalent Statements about n× n Matrix A

(a) The equation Ax = 0 has the unique solution x = 0

(b) The system Ax = b has a unique solution for any n-
dimensional column vector b

(c) The matrix A is nonsingular; that is, A−1 exists

(d) det A 6= 0

(e) Gaussian elimination with row interchanges can be per-
formed on the system Ax = b for any n-dimensional column
vector b
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6.5 Matrix Factorization
Ax = b

à‹ A = LU

⇒ LUx = b

Let y = Ux

⇒ Ly = b (lj y, yj x)

• A = LU (1Ýñø²ì)

(i) l11u11 = a11 (²ì l11 D u11)

(ii) lj1 = aj1

u11
and u1j = a1j

l11
(²ì L 5�ø�, U 5�øW)

(iii) liiuii = aii −
i−1∑
k=1

likuki (²ì lii D uii)

(iv) lji = 1
uii

[aji −
i−1∑
k=1

ljkuki] and uij = 1
lii

[aij −
i−1∑
k=1

likukj]

(²ì L 5� i �, U 5� i W)

(v) lnnunn = ann −
n−1∑
k=1

lnkukn

P.272 Example 3

If LU = LLt = A

⇒ Cholesky’s decomposition P.277, P.278 Example 2.

Permutation Matrix: precisely one entry whose valus is 1
in each column and row and all of whose other entries are
0

(‡u row �², (u column �²)

P.272 Example 2.

• ä³�}
∂Ax
∂x = A

∂x′Ax
∂x = (A + A′)x

∂x′Ax
∂A = x′x (if all elements of A is different)
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∂ln|A|
∂A = (A−1)′

Y = Xβ + ε
∂(Y−Xβ)′(Y−Xβ)

∂β = ∂(Y ′Y−Y ′Xβ−β′X ′Y +β′X ′Xβ)
∂β

0 = 0−X ′Y −X ′Y + 2X ′Xβ ⇒ 2X ′Y = 2X ′Xβ

⇒ β = (X ′X)−1X ′Y

• multi-variable function (àä³[®�})

f(x1, . . . , xn)

⇒ ∂f
∂X=[ ]n×1
∂f

∂X∂X ′=[ ]n×n

f1(x1, ..., xn)

f2(x1, ..., xn)
...

fm(x1, ..., xn)

⇒ ∂f
∂X=[ ]n×m

f([A]n×k), ?¹ f(a11, a12, . . . , ank)

⇒ ∂f
∂A=[ ]n×k

6.6 Techniques for Special Matrices
• A matrix A is positive definite matrix if it’s symmetric and

if x′Ax > 0 for any x 6= 0

• If A is positive definite matrix ⇒
(a) A is nonsigular

(b) aii > 0

(c) |×í element øì|ÛÊ diagonal elements 52
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(d) (aij)
2 < aiiajj

• Positive Definite matrix equivalence

(a) A is positive definite

(b) Ä aii > 0, FJ Gaussian elimination ª.àT row
interchange

(c) A can be factored in the form LL′, where L is lower
triangular with posive diagonal entries

(d) A can be factored in the form LDL′, where L is lower
triangular with 1s on its diagonal and D is a diagonal matrix
with diagonal entries

(e) F� submatrix 5 determinant > 0

• Tridiagonal Matrix (Cubic Spline)

ld LU , yj linear system, §�0'Ö.

P.279 ∼ P.281

P.281 Example 3

•

Advantages Disadvantages
Gauss elimination |!…

Gauss-Jordan ªàV� inverse ª Gauss elimination
elimination š�³^0

LU decomposition efficient à‹ÉàøŸ

if É²�bá b ¤¶é)ªœ�

singular value

decomposition
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