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Chapter 5

Numerical Solution of Initial-Value
Problems
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• dy
dt = f(t, y), a ≤ t ≤ b

y(a) = α

y(t) =?

dy = f(t, y)dt

ñ™Ê° y, 7Ý dy

yt+dt = yt + dy

∥∥∥∥∥∥∥∥
�$g5 process 'd, ÉuÎ7 dt 5Õ, ´Ö7 dz
ds
s = µdt + σdz
ds = µsdt + σsdz

5.2 Taylor Methods

• Euler’s Method (wõÿuø¼í Taylor’s method)

ti = a + ih, for i = 0, 1, . . . , N

w0 = α, wi+1 = wi + hf(ti, wi),

with local error 1
2y

′′(ξi)h
2 for ξi ∈ [ti, ti+1]

• P.180 Fig 5.2

˝ÇöM

¬ÇV¡M (V¡íÏÏ�V�×)

• P.180 Ex.1 Table 5.1

local error }.iÚ	A global error, FJÏ�}Ó t Ó‹7
‰×

global error ≈ local error×N = h2 × b−a
h = h(b− a)

• Euler’s Method Error Bound P.183 Example 2, Table 5.2
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• Ó‹�Ä�íj¶:

1. é h ‰ü

2. Taylor’s method (Ö match �¼�})

y(t) = y(t0) + hy′(t0) + h2

2 y′′(t0) + h3

3! y
′′′(t0) + · · ·

= y(t0) + h[y′(t0) + h
2y′′(t0) + h2

3! y
′′′(t0) + · · ·]

f f ′ f ′′

• Taylor Method of order n

w0 = α

wi+1 = wi + h · T (n)(ti, wi)

where T (n)(ti, wi) = f(ti, wi)+
h
2f ′(ti, wi)+· · ·+hn−1

n! f (n−1)(ti, wi)

The local error is 1
(n+1)!y

(n+1)hn+1 for some ξi ∈ (ti, ti+1)

• P.185 Ex 3 Table 5.3 (T (4) ª T (2)y�Ä)

• à(4q�¶ � y(1.25)

¦ t = 1.2 ¸ t = 1.4

(¥s_ y(t) ÏÏ˛%'ü, }�Ñ 0.0000225D 0.0000321)

Ou y(1.25) íÏÏ‰× (0.0007525)

(às_'Q¡íõ dq�, error º‰×)

• Zà cubic Hermite Interpolation (às«õí f D f ′)

à Table 5.4 (Uà P.84 j¶), U error ‰ü7 (0.0000286)

ÄÑ��}M¥_’mv, à cubic Hermite interpolation, }
ªøOí linear Interpolation V)ß.
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5.3 Runge-Kutta Methods

• D Taylor method ªœ, \M�ü�, O.àTòŸ�}

• y(ti+1) = y(ti) + hy′(ti) + h2

2 y′′(ti) + h3

3! y
′′′(ξ)

= y(t1) + hf(ti, y(ti)) + h2

2 f ′(ti, y(ti)) + h3

3! y
′′′(ξ)

‖f ′(ti, y(ti)) = ∂f
∂t (ti, y(ti)) + ∂f

∂y (ti, y(ti))y
′(ti)

= y(ti)+h[f(ti, y(ti))+
h
2

∂f
∂t (ti, y(ti))+

h
2

∂f
∂y (ti, y(ti))f(ti, y(ti))]+

h3

3! y
′′′(ξ)

Two-dimension Taylor Expression

[ ] 2'd f(t + h, y + h) = [f(t, y) + h∂f
∂t + k∂f

∂y ] + · · · ,
FJ‚à2_‰b5 Taylor Expression V approximate

a1f(ti + α, y(ti) + β) = a1[f + α∂f
∂t + β ∂f

∂y ]

= a1f + a1α
∂f
∂t + a1β

∂f
∂y

ªú(, ) a1 = 1, α = h
2 , β = h

2f(ti, y(ti))

⇒ Midpoint Method

wi+1 = wi + h[f(ti + h
2 , wi + h

2f(ti, wi))]

, with local error O(h3)

(Runge-Kutta method of degree 2, à ti + h
2 5’mV°

y(ti + h))

• if à a1f(t, y) + a2f(t + α, y + βf(t, y)) V approximate, )

a1 = a2 = 1
2 , α = β = h

Modified Euler Method

wi+1 = wi + h
2 [f(ti, wi) + f(ti+1, wi + hf(ti, wi))]

zs_T�Ì ª Euler Ö¥á
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** f M\�7úŸ

• Table 5.5 (ú�j¶íªœ)

Midpoint í error |ü, FJ�à

(ÄÑÏÏü, �'0, / f Éà7sŸ)

• Runge-Kutta Method of Order 4

w0 = α

k1 = hf(ti, wi)

k2 = hf(ti + h
2 , wi + 1

2k1)

k3 = hf(ti + h
2 , wi + 1

2k2)

k4 = hf(ti+1, wi + k3)

wi+1 = wi + 1
6(k1 + 2k2 + 2k3 + k4)

** l� k1 ⇒y� k2 ⇒ k3 ⇒ k4

(f �4Ÿ ⇒ �Ä�œò)

• Table 5.6 (� P.186 Table 5.3ªœ)

ª 4 ¼ Taylor’s method í Error ´b×øõ, but order ó
°

• Table 5.7 (f íl�Ÿb)

order 2 3 4 | 5 6 7
f íl�Ÿb 2 3 4 | 6 ? ?
local error O(h3) O(h4) O(h5) | O(h5) O(h6) O(h7)

** f à�ÖŸ, “.c)”}Tò�Ä�, Ä� f íŸbÖ7,
error 6�O,¯

** FJ�ªòü h, 6.bøòÓ‹ order
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• Table 5.8 (ªœú�j¶)

Euler àøŸ f , Modified Euler àùŸ f , RK order 4 àû
Ÿ f , ¹U h àíœ×, Runge-Kutta order 4 ´u|ß

5.4 Predictor-Corrector Methods
• 5‡íj¶·uF‚í one-step methods, � increment v,

É�‡øõ�É, 5‡í’m·³à, ?¹* ti → ti+1, É5?
[ti, ti+1] í’m

• ÛÊ* ti → ti+1 5? [t0 · · · ti, ti+1] í’m

• y(ti+1)− y(ti) =
∫ ti+1

ti
y′(t)dt = f ∗ (ti+1 − ti) (J‡í�¶)

=
∫ ti+1

ti
fdt

(à t0, t1, . . . , ti í’m ° polynomial p(t) → f)

• Adams-Bashforth two-step Explicit Method

w0 = α, w1 = α1

(α1 à one step 5 RK û| (error h3), Cà�Àí Euler û

| (error h2))

wi+1 = wi + h
2(3f(ti, wi)− f(ti−1, wi−1))

where i = 1, 2, . . . , N − 1, with local error 5
12y

′′′(µi)h
3 for

some µi in (ti−1, ti+1)

** ÄÑ5?¸ˇªœ×, FJ local error í¸ˇ}ªœ× (µi ∈
(ti−1, ti+1))

• Implicit: àr¶í’m (ªœÄ), 0 ∼ ti+1

Explicit: à¶}’m, 0 ∼ ti
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• Adams-Moulton Two-Step Implicit Method

(f à7úŸ) [Explicit í f Éà7sŸ]

w0 = α, w1 = α1

wi+1 = wi + h
12(5f(ti+1, wi+1) + 8f(ti, wi)− f(ti−1, wi−1))

wi+1 °vÊ�Uí˝¬i

⇒.ñq°j

• Ex1. à Explicit four-step � Implicit three-stepdªœ

(°š·à 4 Ÿ f)

Table 5.9 Implicit í error ª Explicit í error ü'Ö

(butªœµÆ, «wbj| wi+1 '˚Ø)

• Predictor-corrector method !¯ Euler D Implicit ø–à

lz Explicit í w4 ç predictor �|, y�p Implicit ç
corrector⇒øò�⇒°) stationary point

** øOVz}ª Implicit ß, à P.203 Table 5.1e, Owõ„
.

• „.b* wi |ê

Milne’s Method (Explicit ¶): * wi−3 |ê

Simpson’s Method (Implicit ¶)

à Milne’s Method + Simpson’s Method T predictor-corrector,
^‹ªà Adams-Bashforth + Adams-Moulton í^‹V)
ß
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5.5 Extrapolation Methods

• ¤�5h1Ñlø y(a + h) ,í'Ä, y, y(a + 2h)

• endpoint corretion

wi−1 = wi − hf(ti, wi)

wi+1 = wi + hf(ti, wi)

ó‹ÎJ 2

⇒ wi = wi−1+wi+1

2 + O(h2) + O(h4) + · · ·
Ä h, h3, h5, h7, · · · ·�ó¾ 7

• wi+1 = wi−1 + 2hf(ti, wi) (Midpoint Method)

• h0 = h
2 ,

/ yi,j 2 i [}A 2i �}, j[� j Ÿ approximation.

⇒ w1 = w0 + h0f(a, w0), w2 = w0 + 2h0f(a + h0, w1)

y1,1 = 1
2(w1 + w3) = 1

2(w1 + w2 + h0f(a + 2h0, w2))

(w3 uâ w2 T Euler’s Method)

• ¦ h1 = h
4

⇒ w1 = w0 + h1f(a, w0)

w2 = w0 + 2h1f(a + h1, w1)

w3 = w1 + 2h1f(a + 2h1, w2)

w4 = w2 + 2h1f(a + 3h1, w3)

y2,1 = 1
2(w3 + w5) = 1

2(w3 + w4 + h1f(a + 4h1, w4))
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• y(a + h) = y1,1 + δ1(
h
2)2 + δ2(

h
2)4 · · · (∗)

(h0 = h
2)

y(a + h) = y2,1 + δ1(
h
4)2 + δ2(

h
4)4 · · · (∗∗)

(h1 = h
4)

(*)-4(**)⇒ y(a + h) = y2,1 + 1
3(y2,1 − y1,1)− δ2

h4

64
y2,2

• P.208 Example 1, Table 5.11

ªœ P.210 Table 5.12 ªø y(0.25) íM

⇒ y5,5 |�Ä

• zs_.Äí (�ÏÏí) ø–�⇒ª¾ /< error /z Or-
der ±ø¼

5.6 Adaptive Techniques
• given global error ε ∈ O(hn)

varying step size, (øŸ„.b� h, 7ª� q · h, q < 1) U

Å— local error criterion ∈ O(hn+1), ª7Å— global error
criterion ε

n-th order Taylor Method

⇒| y(ti)− wi |< Khn (Global error)

(n + 1)-th order Taylor Method

⇒| y(ti)− w̃i |< K̃hn+1 (Global error)

• z(ti) ucq5‡íM·uúí, F)5 y(ti) í approxima-
tion, FJ

| z(ti+1)− wi+1 | Ê local error

| y(ti+1)− wi+1 | Ê global error
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P.213 Figure 5.3

• z(ti + h)− wi+1, ¤áu O(hn+1)

= w̃i+1 − wi+1 + z(ti + h)− w̃i+1

O(hn+1) O(hn+2)

(ÄÑ z(ti + h)− w̃i+1 'ü, FJw̃i+1 − wi+1 Ñ O(hn+1))

⇒ z(ti + h)− wi+1 ≈ w̃i+1 − wi+1

öí local error ,lí local error

= Khn+1 (global � local Ïø¼)

⇒ K ≈ |w̃i+1−wi+1|
hn+1

(given h, à nth-order D (n+1)th-order Taylor, ª°| K)

�åVõ global error

⇒| y(ti + qh)− wi+1 |< Kqnhn = qn|w̃i+1−wi+1|
h < ε

⇒ q < ( εh
|w̃i+1−wi+1|)

1
n (² q, U) global error < ε)

** l� Khn+1 = |w̃i+1−wi+1|
h õu´ < ε

à‹³� < ε ⇒ y� q

• P.215 Example 1, P.216 Table 5.13

• u´ªJ.bà Taylor method, 7à Runge-Kutta?

P.216

(5.4�) Adams-Bashforth Explicit Four-step method, with

local error 251
720z

(5)(µ̂i)h
5, where µ̂i ∈ (ti−3, ti)

(5.5�) Adams-Moulton Implicit Three-step method, with

local error −19
720 z(5)(µ̃i)h

5, where µ̃i ∈ (ti−2, ti+1)

à‹ h ~’íDü⇒ z(5)(µ̂i) ≈ z(5)(µ̃i)

⇒ ª) z(5)(µ̃i) ≈ 8
3h5 (wi+1 − w

(0)
i+1)
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⇒| z(ti+1)− wi+1 |= 19
720z

(5)(µ̃i)h
5

= 19
720

8
3h5 | wi+1−w

(0)
i+1 | h5 =

19|wi+1−w
(0)
i+1|

270

⇒ global error = |z(ti+1)−wi+1|
h =

19|wi+1−w
(0)
i+1|

270h

• à qh 5 global error |z(ti+qh)−ŵi+1|
qh < ε

⇒ 19
720 | z

(5)(µ̃i) | q4h4 < ε

≈ 19
720 [

8
3h5 | wi+1 − w

(0)
i+1 | q4h4 < ε

⇒ q < (270
19

hε
|wi+1−w

(0)
i+1|

)
1
4

• P.218 Table 5.14 Ä multi-step, ´b�å�‡�‚ (à qh Ñ
step), ¨A¨‘, FJJ q Q¡ 1, † ignore

5.7 Methods for Systems of Equations

• P.222 Rouge-Kutta of order 4, m _ equations, ø–j

5.8 Stiff Differential Equations

• ª? f (n)(ξ) ÓO n ↑ 7,, Wà e−ct, ©Ÿ�}, c }±-V,

U) f (n)(ξ) �V�×, error 6�V�×

• P.230 Example 1, P.231 Table 5.17, h .Dü, }
¥

¤�Ê> h b¦ƒS¸ˇqn³½æ

• y′ = λy ⇒ y = eλt

wi+1 = wi + h(λwi) = (1 + hλ)wi = (1 + hλ)i+1w0

Global error = | y(tj)− wj |
=| ejhλ − (1 + hλ)j || α | (w0 = α)
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if λ < 0, j →∞⇒ (ehλ)j → 0

| 1 + hλ |< 1

⇒ h < 2
|λ|

(Ê Example 1, | λ |= 39 ⇒ h < 2
39 ≈ 0.05 n}Y¹)

• Implicit Trapezoidal Method

(à Newton’s method j Implicit)

• P.233 Example 2, Table 5.18, 5.19

(Implicit Trapezoidal Method [Ûß)

•

Local Error Other Features
Euler’s Methods O(h2) Simple, intuitive, O'ýÊõ�,à

Taylor Methods O(hn+1) Ü�,ªà, OÄ y′ = f(t, y)
us_‰b5ƒb, Ö¼�}.ªW

Runge-Kutta ≈ O(hn+1) � Taylor 5�ü�ó°, OÉÛà

Methods P.195 Table 5.7 .° (ti, yi) 5 f Tweighting,
7.à l� f (n)(t, y)
, OÄ f b�íŸbÓ n ↑ 7 ↑
⇒ local error ↑

Predictor O(hn+1) P-C methods ª Implicit ßà,
Corrector O1Ýøìbªœü
Methods
explicit
Predictor O(hn+2)
Corrector
Methods
implicit

(explicit n ∼ implicit n− 1)

implicit ª?Ûbj nonlinear function at each step
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(FJ!¯ explicit D implicit)

Extrapolation lø y(a + h) ,lÝ�Ý�Ä

Methods yJ¤Ñ!��-ø_,lM y(a + 2h)
Oum�ø_ y(a + h)
ÿuAð,c_ y(t) 5 effort

Adaptive step size ª‰, ç local error C implied global error
Techniques Ø×v, ø n ↓ JÅ— given 5 global error
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