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Chapter 4

Numerical Integration and Differen-
tiation
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4.2 Basic Quadrature Rules
• Newton interpolatory divided-difference formula

f(x) ≈ P0,1,···,n(x)

= f [x0]+f [x0, x1](x−x0)+f [x0, x1, x2](x−x0)(x−x1)+

· · ·+ f [x0, x1, · · · , xn](x− x0)(x− x1) · · · (x− xn−1)

+fn+1(ξ)
(n+1)! (x− x0)(x− x1) · · · (x− xn)

• ∫ b
a f(x)dx ≈ ∫ b

a P0(x)dx =
∫ b
a f [x0]dx = f [x0](b − a), J²

x0 = a+b
2 , ªU f [x0, x1](x− x0) Ê [a, b] 5	}Ñ 0, ?¹U

) truncated error �^±Q.

⇒ midpoint rule:∫ b
a f(x)dx = (b− a)f(a+b

2 ) + f ′′(ξ)
24 (b− a)3

• ∫ b
a f(x)dx ≈ ∫ b

a P0,1(x)dx =
∫ b
a [f [x0] + f [x0, x1](x − x0)]dx,

J¦ x0 = a, x1 = b

⇒ f [x0]x + f(b)−f(a)
b−a

(x−a)2
2 |ba= (b− a)f(a)+f(b)

2

, $A trapezoidal rule:∫ b
a f(x)dx = (b− a)f(a)+f(b)

2 − f ′′(ξ)
12 (b− a)3

• ∫ b
a f(x)dx ≈ ∫ b

a P0,1,2(x)dx

=
∫ b
a [f(a)+f [a, a+b

2 ](x−a)+f [a, a+b
2 , b](x−a)(x− a+b

2 )]dx

, with x0 = a, x1 = a+b
2 , x2 = b

⇒ Simpson’s 1/3 rule:∫ b
a f(x)dx = (b−a)

6 [f(a)+ 4f(a+b
2 )+ f(b)]− f (4)(ξ)

2880 (b− a)5

, P.113 Example 1.

equally space ⇒∫ b
a f(x)dx = h

3 [f(a) + 4f(a + h) + f(a + 2h)]− f (4)(ξ)
90 h5
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, with h = b−a
2

• Simpson’s 3/8 Rule∫ b
a f(x)dx

= 3h
8 [f(a) + 3f(a + h) + 3f(a + 2h) + f(b)]− 3

80f
(4)(ξ)h5

, with h = b−a
3

4.3 Composite Quadrature Rules

• P.116 Example 1, (i) 0 ∼ 2 àøŸ Simpson’s 1/3 rule, (ii)
0 ∼ 1, 1 ∼ 2 ®àøŸ Simpson’s 1/3 rule, (iii) 0 ∼ 0.5,
0.5 ∼ 1, 1 ∼ 1.5, 1.5 ∼ 2 ®àøŸ Simpson’s 1/3 rule.

• ¦ n ÑXb, ø [a, b] }A n _ subinterval, ©s_ interval
àø_ Simpson’s 1/3 rule.

∫ b
a f(x)dx =

n/2∑
j=1

∫ x2j
x2j−2 f(x)dx

=
n/2∑
j=1

{h
3 [f(x2j−2) + 4f(x2j−1) + f(x2j)]− f (4)(ξ)

90 h5}

= h
3 [f(x0)+2

n/2−1∑
j=1

f(x2j)+4
n/2∑
j=1

f(x2j−1)+f(xn)]−h5

90

n/2∑
j=1

f (4)(ξ)

• ∫ b
a f(x)dx íÏÏáÑ E(f) = −h5

90

n/2∑
j=1

f (4)(ξj)

Since min
x∈[a,b]

f (4)(xj) ≤ f (4)(ξj) ≤ max
x∈[a,b]

f (4)(xj)

we have min
x∈[a,b]

f (4)(xj) ≤ 2
n

n/2∑
j=1

f (4)(ξj) ≤ max
x∈[a,b]

f (4)(xj)

⇒ ∃µ ∈ (a, b), f (4)(µ) = 2
n

n/2∑
j=1

f (4)(ξj)
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Since h = b−a
n ⇒ E(f) = −(b−a)h5

180 f (4)(µ)

P.120 Ex 2 Composite Simpson’s Rule í n Éb ≥ 18 ¹ª
UÏÏük 0.00002, 7 Composite Trapezoidal rule í n º
b ≥ 360 n}UÏÏük 0.00002.

4.4 Romberg Integration
• Composite Trapezoidal + Richardson Extrapolation

ÄÑÑ7‹§Y¹, �UàÕ�¶.

• Exact value = M

M = N(h) + K1h + K2h
2 + K3h

3 + ...(∗)
Ñ7y�ü, M = N(h

2) + K1
h
2 + K2

h2

4 + K3
h3

8 + ...(∗∗)
2(**)-(*) ⇒
M = [N(h

2)+(N(h
2)−N(h))]+K2(

h2

2 −h2)+K3(
h3

4 −h3)+...

Define N1(h) ≡ N(h) and N2(h) = N1(
h
2)+[N1(

h
2)−N1(h)]

Then we have an O(h2) approximation formula for M:

M = N2(h)− K2

2 h2 − 3K3

4 h3 − .... (yQ¡ M)

We have an O(hj) approximation of the form

Nj(h) = Nj−1(
h
2) +

Nj−1(h
2
)−Nj−1(h)

2j−1−1 (¦�)

• Composite Trapezoidal rule:

~ 2k−1 �M) Rk,1 approximation

= hk

2 [f(a) + f(b) + 2(
2k−1−1∑

i=1
f(a + ihk))]

• recursive to generate Rk,1

Rk,1 = 1
2 [Rk−1,1 + hk−1

2k−2∑
i=1

f(a + (2i− 1)hk)]
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• ∫ b
a f(x)dx−Rk,1 =

∞∑
i=1

kih
2i
k = k1h

2
k +

∞∑
i=2

kih
2i
k ...(*)

∫ b
a f(x)dx−Rk+1,1 =

∞∑
i=1

kih
2i
k+1 =

∞∑
i=1

kih
2i
k

22i = k1h
2
k

4 +
∞∑
i=2

kih
2i
k

4i ...(**)

(É�XbŸ5 error uÄÑ, Ÿ…5 Trapezoidal rule 2, er-

ror = −f ′′(ξ)
12 (b−a)3 + · · ·+(b−a)5, w2É�JbŸj, OÊ

composite ( error = −f ′′(µ)
12 (b−a)h2 + · · ·+(b−a)h4 + · · ·)

• 4(**)-(*)

⇒ 3
∫ b
a f(x)dx− 4Rk+1,1 + Rk,1 = 4

∞∑
i=2

kih
2i
k

4i −
∞∑
i=2

kih
2i
k

⇒ ∫ b
a f(x)dx = 4Rk+1,1−Rk,1

3 +
∞∑
i=2

ki

3 ( h2i
k

4i−1 − h2i
k )

⇒ Rk,2 = Rk,1 + Rk,1−Rk−1,1

3

⇒ Rk,j = Rk,j−1 + Rk,j−1−Rk−1,j−1

4j−1−1

P.131 Table 4.4, Example 2, Table 4.5.

4.5 Gaussian Quadrature

• Ê–È2, v|õ, U°|��, .øìb«õ.

Fig 4.10 à [x1, x2] }ªà [a, b] ß

• ı�vƒ (ci, xi), s.t.
∫ b
a f(x)dx ≈

n∑
i=1

cif(xi)

FJ,uÛb 2n _¡b, J f(x) Ñ polynomial, / deg(g) ≤
2n− 1, ªJ�|êr£üí��.

• P.136 Example 1.
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• ci D xi 5²Ï

â Legendre polynomial (orthogonal in [−1, 1]) 5 roots V
° xi

P0(x) = 1, P1(x) = x, P2(x) = x2−1
3 , P3(x) = x3−3

5x, P4(x) =

x4 − 6
7x

2 + 3
35 , . . .

ci =
∫ 1
−1 πn

j=1,j 6=i
x−xj

xi−xj
dx

P.137 Table 4.6

• â Table 4.6 ªJêÛ
n∑

i=1
cn,i ≈ 2 ⇒ cn,i ª;A f(rn,i) 5

 �.

• Ju [a, b], 7Ý [−1, 1], ªà t = 2x−a−b
b−a

⇒ ∫ b
a f(x)dx = b−a

2
n∑

j=1
cn,jf((b−a)rn,j+b+a

2 )

P.138 Example 2.

• P.138 Ex 2. n �×, ��ü. D Gaussian ªœ, Simpson í
ÏÏ'×.

(John Hull-Ch11)

What is Wiener Process (Brownian Motion)?

svÈí‰“ (	à‰“íÄÖÉ�ø_: vÈ)

x ∼ N(0, σ2
x)

x + x ∼ N(0, 2σ2
x)

2x ∼ N(0, 4σ2
x)
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• ∆Z = ε
√

∆t

ÄÑ ε ∼ N(0, 1)

FJ ∆Z ∼ N(0, ∆t)

E[∆Z] = 0, Var(∆Z) = ∆t

(·H ∆Z í‰�.u½õ, 7ubø−Ú	í ∆Z, 6ÿuz

Z(T)-Z(0)=
N∑

i=1
εi

√
∆t =

N∑
i=1

∆Zi)

Z(T )− Z(0) uÓvÈZ‰, ∆Zi í‹,

• ñ™:

bø−�ÌP�:

E[Z(T)-Z(0)]=0

bø−�Ì Var:

Var(Z(T)-Z(0))=N∆t=T

<2: ÓvÈ�˝, Var �×

• Generalized W Process

dx = a ∗ dt + b ∗ dz ∼ N(adt, b2dt)

where adt is drift and b2dt is volatility

• Itô Process(Difussion Process)

cq: dx = a(x, t)dt + b(x, t)dz(**)[a, b uƒb]

ú$gd ds
s = µdt + σdz íAÅ0cq

∼ N(µdt, σ2dt)

($gÑ{0u N }Ó) ($gu lognormal }Ó)

⇒ ds = µsdt + σsdz (éN (**) íŸ¶)

„p$gu lognormal }Ó (wõ1Ý£üí) „p

dlns
ds = 1

s → dlns = ds
s

FJ$gÑ{0u N }Ó, $gu lognormal }Ó

7



• Hull P.247 (12.22�)

C = e−rT Ê(max(ST − k, 0))

∧: ™TêÔ28”-

[callígM = ‚�(~Û]

ÑBób� “∧”

($� vs ÌêÔ)

risk averse: ı�|dÕ2⇒Ûõ2, �êÔí‰aÿ�êÔû
®⇒Ñ{0ò

risk loving: ı�|d}à⇒¿¡$�

êÔ2⇒$��ÌêÔ·øšß⇒$�.Ûb�çÑ{

ÊêÔ2-, ds
s = rdt + σdz

• How to TÜ f(ST ), ST 5œ0ò�ƒb (ST Ñ lognormal dis-
tribution)?

P.262

lnV ∼ N(m, s), ° E[max(V −K, 0)]

ùª Q = lnV−m
s (‰b�²)

where Q ∼ N(0, 1)

What’s m? What’s s?

P.235 (12.3�) (øO0ä, FJ µ bZAr) Itô Lemma (6ÿ
uœ �Ç�)

(2 dimension)f(x, y) = f(x0, y0)+
∂f
∂x(x−x0)+

∂f
∂y (y−y0)+

1
2(

∂2f
∂x2 (x−x0)

2 + 2 ∂2f
∂x∂y(x−x0)(y− y0) + ∂2f

∂y2 (y− y0)
2) + . . .

If ds
s = µdt + σdz ⇒ df(s, t) =?

[f(s, t) Ê”svÈqíš�]

df = f(x, y) − f(x0, y0) = ∂f
∂s (ds) + ∂f

∂t (dt) + 1
2(

∂2f
∂s2 (ds)2 +

2 ∂2f
∂s∂t(ds)(dt) + ∂2f

∂t2 (dt)2) + . . .

⇒
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df(s, t) = ∂f
∂s (µsdt+σsdz)+∂f

∂t dt+1
2(

∂2f
∂s2 (µsdt+σsdz)2+. . .)

∥∥∥∥∥∥∥∥
dz = ε

√
dt

⇒ (dz)2 = (ε
√

dt)2 ≈ dt
⇒ (σsdz)2 = σ2s2dt

(Rule: dt 'ü⇒ (dt)2 yü ⇒ ignore)

(Ÿj×k1.5· ignore)

⇒ df(s, t) = (∂f
∂sµs + ∂f

∂t + 1
2

∂2f
∂s2 σ2s2)dt + ∂f

∂sσsdz

I f(s, t) = lns

⇒ df(s, t) = (1
sµs− 1

2s2σ2s2)dt + 1
sσsdz

dlns = (µ− 1
2σ

2)dt + σdz

⇒ lnS(T )− ln(S0) ∼ N((µ− 1
2σ

2)T, σ2T )

4.6 Adaptive Quadrature

• NøƒbÊ/ø interval œ�Ë, /ø interval ‰�œ×, †
equally-sized }._¯, Ä‰�×í¶}, error term 5�}
Mª?'×C'ü, ¨Ac_í error bound ,¯.

• Fig 4.13

Ê‰�—ËíËj⇒~’�

Ê‰�.—ËíËj⇒~’.�∫ b
a f(x)dx = S(a, b)− (b−a)5

2880 f (4)(ξ)

(where (b−a)5
2880 ZÑ h5

90)

(S(a, b) Ñ Simpson’s 1/3 rule)

≈ S(a, a+b
2 ) + S(a+b

2 , b)− 1
16(

h
90)

5f (4)(ξ̃)

(S(a, a+b
2 ) + S(a+b

2 , b) Ñ composite Simpson’s rule)

cq f (4)(ξ) = f (4)(ξ̃), à‹ ξ D ξ̃ 'Q¡, †5(5Rû}
'�ü.
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⇒ h5

90f
(4)(ξ) ≈ 16

15 [S(a, b)− S(a, a+b
2 )− S(a+b

2 , b)]

⇒
| ∫ b

a f(x)dx−S(a, a+b
2 )−S(a+b

2 , b) |≈ 1
15 | S(a, b)−S(a, a+b

2 )−
S(a+b

2 , b) |
where | ∫ b

a f(x)dx− S(a, a+b
2 )− S(a+b

2 , b) |≤ ε

| S(a, b)−S(a, a+b
2 )−S(a+b

2 , b) |≤ 15ε(iterative error term)

• P.143 Example 1

If Ûb error ≤ ε

(i) lõ S(a, b) D S(a, a+b
2 )− S(a+b

2 , b) 5Ï�, à‹Dü¹

ª.

(ii) J.Dü, õ S(a, a+b
2 ) 5 error u´ ≤ ε

2 , S(a+b
2 , b) 5

error u´ ≤ ε
2

(iii) J��¬, † S(x, y) [p (i) ./d.

• see Fig 4.13 (�¢æ, ’)��)

given ε = 0.00001

if S(1, 3)− S(1, 2)− S(2, 3) ´.Dü⇒y~’

⇒ S(1, 2)− S(1, 1.5)− S(1.5, 2)

õõu´< ε
4

⇒øòdƒb°í�ü�

**¤j¶�½æ: .øì©_–È·b·b®ñ™, |ßu� +
� - £ßó¾

4.8 Improper Integrals ¡	}

• ∫ b
a

1
(x−a)pdx (as x → a, 1

(x−a)p →∞)

f(x) = g(x)
(x−a)p ,

[g(x) = g(a) + g′(a)(x− a) + g′′(a)
2 (x− a)2 + ...]
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(where g(a) + g′(a)(x− a) + g′′(a)
2 (x− a)2 + . . . = p(x))

⇒ ∫ b
a f(x)dx =

∫ b
a

g(x)−P4(x)
(x−a)p dx +

∫ b
a

P4(x)
(x−a)pdx

G(x) polynomial, ªòQ	}∫ b
a G(x)dx à composite Simpson’s rule V�	}, G(a) = 0

çTøi.

Ex1. „p|
∫ 1
0

ex
√

x
dxíM1Ý.æÊ

(ç x → 0, ex
√

x
, FJÌ¶òQà composite Simpson’s rule)

• à‹ Singularity point Ê¬, à¬i5 endpoint T	ìõ

• à‹ singularity point Ê2, †
∫ b
a =

∫ c
a +

∫ b
c

• à‹ a C b Ñ ∞, †à‰b‰²ø x ²¥.

• P.161 Example 2

4.9 Numerical Differentiation
• f ′(x0) = lim

h→0
f(x0+h)−f(x0)

h (�}}� h b¦Öüí½æ)

f(x0 + h) = f(x0) + f ′(x0)(x− x0) + . . .

⇒ f ′(x0) = f(x0+h)−f(x0)
h

• (sõ) x0, x1 = x0 + h

f(x) = P0,1(x) + (x−x0)(x−x1)
2! f ′′(ξ(x))

=f(x0)
x−x1

x0−x1
+ f(x1)

x−x0

x1−x0
+ (x−x0)(x−x1)

2! f ′′(ξ(x))

(where x−x1

x0−x1
= x−x0−h

−h , x−x0

x1−x0
= x−x0

h )

�}
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⇒ f ′(x) = −f(x0)
h +f(x0+h)

h +[(x−x0)(x−x1)
2! ]′f ′′(ξ(x))+[(x−x0)(x−x1)

2! ]df
′′(ξ(x))
dx

⇒ f ′(x0) = f(x0+h)−f(x0)
h +[(x−x0)(x−x0+x0−x1)

2! ]′f ′′(ξ(x))+0

= f(x0+h)−f(x0)
h + [(x−x0)2−h(x−x0)

2! ]′f ′′(ξ(x))

= f(x0+h)−f(x0)
h − h

2f ′′(ξ(x))

• ¦�

f(x) =
n∑

j=0
f(xj)Lj(x) + [(x−x0)...(x−xn)

(n+1)! ]f (n+1)(ξ(x))

where
n∑

j=0
f(xj)Lj(x): à polynomial Lagrange dí,

[(x−x0)...(x−xn)
(n+1)! ]f (n+1)(ξ(x)): error

x = xjv, Lj(x) = 1

f ′(x) =
n∑

j=0
f(xj)L

′
j(x)+Dx[ ]f (n+1)(ξ(x))+[ ]Dxf

(n+1)(ξ(x))

f ′(xk) =
n∑

j=0
f(xj)L

′
j(xk)+

Dx[
(x−xk+xk−x0)(x−xk+xk−x1)...(x−xk+xk−xk)...(x−xk+xk−xn)

(n+1)! ]f (n+1)(ξ(x))

∥∥∥∥∥∥∥∥
[ ]Ç = a(x− xk)

n + b(x− xk)
n−1 + . . .

[ ]′ = c(x− xk)
n−1 + d(x− xk)

n−2 + . . . + e(x− xk) + f,
ç x = xk Hp, É”- f

=
n∑

j=0
f(xj)L

′
j(xk) + Πn

j=0,j 6=k(xk − xj)
f (n+1)(ξ(x))

(n+1)!

• P.166 Three-Point Endpoint Formula

(ªàÊ Spline boundary condition ícq)

f ′(x0) = 1
2h(−3f(x0) + 4f(x0 + h)− f(x0 + 2h)) + h2

3 f3(ξ)

where ξ lies between x0 and x0+2h

**à3õ d Lagrange (x0, x0 + h, x0 + 2h)

**àõ�Ö��Ä (ªœsõ�úõí error-úõ� error ‰ü)
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• � Three-Point Endpoint Formula ªœ

Three-Point Midpoint Formula ªœß, error œü

(where Midpoint: x0 − h, x0, x0 + h)

f ′(x0) = 1
2h(f(x0 + h)− f(x0 − h))− h2

6 f3(ξ)

where ξ lies between x0 − h and x0 + h

**Éb�psŸ f (endpoint bH3Ÿ), O error ª endpoint
ü

P.168 Ex2. f(x) = xex, five-point ª three-point ß, Mid-
point ª endpoint ß

• Ê	}v, h → 0, truncation error ‰ü, /ÖÍà×¾5 f
M, OÌÑ‹,, rounf-off error 5‰“�ªJ�.

• Ê�}v, h → 0, truncation error ‰ü, OÄ f M5ÈÑó
Á, .ø f(x0 + h), f(x0), f(x0 − h) 5ÈíÏ�, uöíÏ
�, ´u round-off error.

• f ′(x0)
f(x0+h)−f(x0−h)

2h , [ f̃(x0+h)−f̃(x0−h)
2h Ú7M]

ÄÑ f(x0 + h) = f̃(x0 + h) + e(x0 + h)

FJ | f ′(x0)−[f(x0+h)−f(x0−h)
2h ] |=| f ′(x0)−[ f̃(x0+h)−f̃(x0−h)

2h ](Ú

7M)−e(x0+h)−e(x0−h)
2h |

≤| f ′(x0)− f̃(x0+h)−f̃(x0−h)
2h |≤ ε

h + h2

6 f (3)(ξ)

where e(x0+h)−e(x0−h)
2h = 2ε

2h , round-off error

f (3)(ξ) :truncation error

(hÊ}ä, 6Ê}‚⇒1.u�ü�ß)

ı� ε
h + h2

6 M min ⇒ú h �} s.t.( ε
h + h2

6 M)′h = 0

⇒ h = 3

√
3ε
M
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• Three-Point Midpoint Formula for Approximating f ′′ (ù
¼�})

f ′′(x0) = 1
h2 (f(x0 − h)− 2f(x0) + f(x0 + h))− h2

12f
4(ε)

where ε lies between x0 − h and x0 + h

**â
f(x0+h)−f(x0)

h
− f(x0)−f(x0−h)

h

h 7V
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•

Advantage Disadvantage
Midpoint rule Simple Û}’íDÖ, n?'�ü
Trapezoidal rule
Simpson’s 1/3 rule Simple and }’Xb_ intervals
(n=2) higher accuracy
Simpson’s 3/8 rule than trapezoidal }’ intervals Ñ35Ib
(n=3)
composite ªøO quadrature }’Xb_ intervals
quadrature VíÄ (composite Simpson’s)

ªL<}’ equispace
(composite trapezoidal)
(?¹}’|Ö_G$)

Roomberg ª‚àø<�À�X, Û}’A 2k_ intervals
Integration ø composite /k = 1, . . . , n ·bd

trapezoidal 5 error Í(n?à Roomberg
±Q, W* h2 → h4 Integration
( 1
10)

2 → ( 1
10)

4,
J*}í�OG

* 1
10 → ( 1

100)
2

Gauss More accuracy Data points
quadrature than general are not equispaced

Simpson’s rule
Adaptive TÜ�}M‰�× �ª?¯±®.ƒ
quadrature 5ƒb, Äw‰�× Ûb5 criteria,

⇒ error term × 7ÌÌ~’, ÇÕ
�âø‰�×5 ö£Û°u overall 5
subinterval5}’, ¨ error bound íÌ„,
AFÛ5 error bound 71.øìb©_
subintervals·ük subintervals ·ük
/_error bound /_ error bound

Newton-Cotes General rule of Higher-order formulas
simpson’s rule are not necessarily

more accurate
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