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Chapter 3 .

Interpolation and Polynomial Approx-
imation
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• Interpolation: determine the values at intermedia points.

• Løƒb f JÊ [a, b] È©/, †øìªJvƒøÖá�ƒb
p V approximate f .

• Taylor polynomial. P.61 Figure 3.1

• Öá�ƒb5ßT: w�}D	}·´uÖá�.

3.2 Lagrange Polynomials
• Given 3 pts (x0, f(x0)), (x1, f(x1)), (x2, f(x2))

y = ax2 + bx + c

p(x) = f(x0)
(x−x1)(x−x2)

(x0−x1)(x0−x2)
+f(x1)

(x−x0)(x−x2)
(x1−x0)(x1−x2)

+f(x2)
(x−x0)(x−x1)

(x2−x0)(x2−x1)

L2,0 L2,1 L2,2

∥∥∥∥∥ p(x0) = f(x0), p(x1) = f(x1), p(x2) = f(x2)
Ln,k(xk) = 1, Ln,k(xi) = 0

• Lagrange Polynomials

Consider the construction of a polynomial of degree at most
n that passes through the n+1 points

(x0, f(x0)), (x1, f(x1)), ..., (xn, f(xn))

In this case, we need to construct, for each k = 0, 1, ..., n, a
function Ln,k(x) with the property that Ln,k(xi) = 0 when
i 6= k and Ln,k(xk) = 1. To satisfy Ln,k(xi) = 0 for each
i 6= k requires that the numerator of Ln,k(x) contains the
terms

(x− x0)(x− x1)...(x− xk−1)(x− xk+1)...(x− xn)

To satisfy Ln,k(xk) = 1, the denominator of Ln,k(x) must
be equal to this term evaluated at x = xk. Thus,
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Ln,k(x) = (x−x0)(x−x1)...(x−xk−1)(x−xk+1)...(x−xn)
(xk−x0)(x−x1)...(xk−xk−1)(xk−xk+1)...(xk−xn)

• nth Lagrange Interpolation Polynomial

Pn(x) = f(x0)Ln,0(x)+...+f(xn)Ln,n(x) =
n∑

k=0
f(xk)Ln,k(x)

where

Ln,k(x) = (x−x0)(x−x1)...(x−xk−1)(x−xk+1)...(x−xn)
(xk−x0)(x−x1)...(xk−xk−1)(xk−xk+1)...(xk−xn)

for each k = 0, 1, ..., n

Ex 1. P.65 Using the numbers, or nodes, x0 = 2, x1 = 2.5
and x2 = 4 to find the second interpolating polynomial
for f(x) = 1

x require that we first determine the coefficient
polynomials L0, L1 and L2. In nested form they are

L0(x) = (x−2.5)(x−4)
(2−2.5)(2−4) = (x− 6.5)x + 10

L1(x) = (x−2)(x−4)
(2.5−2)(2.5−4) = (−4x+24)x−32

3

L2(x) = (x−2)(x−2.5)
(4−2)(4−2.5) = (x−4.5)x+5

3

Since f(x0) = f(2) = 0.5, f(x1) = f(2.5) = 0.4, f(x2) =
f(4) = 0.25, we have

P2(x) =
2∑

k=0
f(xk)Lk(x) = (0.05x− 0.425)x + 1.15

An appoximation to f(3) = 1
3 is

f(3) ≈ P (3) = 0.325

• Lagrange Polynomial Error Formula

f(x) = Pn(x) + fn+1(ξ(x))
(n+1)! (x− x0)(x− x1)...(x− xn)

for some number ξ(x) between x0 , x1 ,..., xn and x.

P.67 Example 2, à.°íõ$Aí Lagrange í error 5}
&.
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• „.5?�Öõ (�ò¼) �ß, ª?ŸÄu error term 2í
ξ(x) íª?¸ˇ×, <âª?ÏÏ×, «wç‹pµõí (x −
xk) "úM'×v (<¹h‹píõ, �×b°í x '±v),
error term 6}[×.

• Lagrange 5ÿõ, .øÛbàÖýõ5’m, ¹Uàí�Ö6
Ý|ß. /h‹øõ(Û½�, 5‡�í³¶ reuse.

• Recursively Generated Lagrange Polynomials

Let f be defined at x0, x1, ..., xk and xi, xj, be two numbers
in this set. Çø� Lagrange [ý¶:

P (x) = (x−xj)P0,1,...,j−1,j+1,...,k(x)−(x−xi)P0,1,...,i−1,i+1,...,k(x)
(xi−xj)

then P (x) is the kth Lagrange Polynomial that interpolates
f at the k+1 points x0, x1, ... ,xk

Let Q ≡ P0,1,...,i−1,i+1,...,k(x) and Q̂ ≡ P0,1,...,j−1,j+1,...,k(x)

⇒ P (x) = (x−xj)Q̂(x)−(x−xi)Q(x)
(xi−xj)

if xr 6= xi, xj xr = xi xr = xj

Q̂ Q̂(xr) f(xi) 0
Q Q(xr) 0 f(xj)
P f(xr) f(xi) f(xj)

Table 3.4 Neville’s method

x0 P0 = Q0,0 = f(x0)
x1 P1 = Q1,0 = f(x1) P0,1 = Q1,1

x2 P2 = Q2,0 = f(x2) P1,2 = Q2,1 P0,1,2 = Q2,2

x3 P3 = Q3,0 = f(x3) P2,3 = Q3,1 P1,2,3 = Q3,2 P0,1,2,3 = Q3,3

x4 P4 = Q4,0 = f(x4) P3,4 = Q4,1 P2,3,4 = Q4,2 P1,2,3,4 = Q4,3 P0,1,2,3,4 = Q4,4

P.70 Ex 4. Suppose that we want to use Neville’s method
to calculate the approximation to f(1.5). If x0 = 1.0,
x1 = 1.3, x2 = 1.6, x3 = 1.9, and x4 = 2.2, then f(1.0) =
Q0.0, f(1.3) = Q1.0, f(1.6) = Q2.0, f(1.9) = Q3.0 and
f(2.2) = Q4.0; so these are the five polynomials of degree
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zero (constants) that approximate f(1.5). Calculating the
approximation Q1,1(1.5) gives

Q1,1(1.5) = (1.5−1.0)Q1.0−(1.5−1.3)Q0.0

(1.3−1.0) = 0.5(0.6200860)−0.2(0.7651977)
0.3 =

0.5233449

Similarly,

Q2,1(1.5) = (1.5−1.3)(0.4554022)−(1.5−1.6)(0.6200860)
(1.6−1.3) = 0.5102968

Q3,1(1.5)0.5132634, Q4,1(1.5) = 0.5104270

In a similarly manner, the approximation using quadrtic
polynomials are given by

Q2,2(1.5) = (1.5−1.0)(0.5102968)−(1.5−1.6)(0.5233449)
(1.6−1.0) = 0.5124715

Q3,2(1.5) = 0.5112857, Q4,2(1.5) = 0.5137361

The higher-degree approximations are generated in a simi-
lar manner and are shown in Table 3.5

• Divided Differences (Ï})

The zeroth divided difference of the function f with respect
to xi, f [xi], is simply the value of f at xi:

f [xi] = f(xi)

The remaining divided differences are defined inductively.
The first divided differences of f with respect to xi and
xi+1 is denoted f [xi, xi+1] and is defined as

f [xi, xi+1] = f [xi+1]−f [xi]
xi+1−xi

After the (k-1)st divided differences,

f [xi, xi+1, xi+2, ..., xi+k−1] and f [xi+1, xi+2, ..., xi+k−1, xi+k]

have been determined, the kth divided differences relative
to xi, xi+1, xi+2, ..., xi+k is

f [xi, xi+1, xi+2, ..., xi+k] = f [xi+1,xi+2,...,xi+k]−f [xi,xi+1,xi+2,...,xi+k−1]
xi+k−xi

With this notation , it can be shown that

Pn(x) = f [x0]+ f [x0, x1](x−x0)+ f [x0, x1, x2](x−x0)(x−
x1) + ... + f [x0, x1, ..., xn](x− x0)(x− x1)...(x− xn−1)
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(Ö_õ5œ �Ç�, Ä xi+k−xi �Î�×, FJ}‚.à

J n!)

(f ′′ vs. second divided diffences)

f(x0 − h) f(x0) f(x0 + h)

· · ·
x0 − h x0 x0 + h

f ′′ ≈
f(x0+h)−f(x0)

h
− f(x0)−f(x0−h)

h
x0+x0+h

2
−x0+x0−h

2

= f(x0+h)−2f(x0)+f(x0−h)
h2

divided difference: x0 = x0 − h, x1 = x0, x2 = x0 + h

f [x0, x1] = f(x0)−f(x0−h)
h

f [x1, x2] = f(x0+h)−f(x0)
h

⇒ f [x0, x1, x2] =
f(x0+h)−f(x0)

h
− f(x0)−f(x0−h)

h

2h

• Newton’s Interpolatory Divided-Difference Formula

P (x) = f [x0] +
n∑

k+1
f [x0, x1, ..., xk](x− x0)...(x− xk−1)

See P.75 Table 3.8, Example 1.

• Newton’s interpolatory divided-difference formula has a sim-
pler form when x0, x1, ..., xn are arranges consecutively with
equal spacing. In this case, we introduce the notation
h = xi+1−xi for each i = 0, 1, ..., n−1 and let x = x0 +sh.
Then the difference x−xi can be written as x−xi = (s−i)h,
and the divided-difference formula becomes

Pn(x) = Pn(x0 + sh)

= f [x0] + shf [x0, x1] + s(s− 1)h2f [x0, x1, x2]+

... + s(s− 1)...(s− n + 1)hnf [x0, x1, ..., xn]

= f [x0] +
n∑

k=1
s(s− 1)...(s− k + 1)hkf [x0, x1, ..., xk]
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Using a generalization of the binomial-coefficient notation,

(
s
k

)
=

s(s− 1)...(s− k + 1)

k!

• Newton Forward Divided-Difference Formula

Pn(x) = Pn(x0 + sh) = f [x0] +
n∑

k=1

(
s
k

)
k!hkf [x0, x1, ..., xk]

= f [x0] +
n∑

k=1

(
s
k

)
∆kf(x0) (∆fi = fi+1 − fi)

• backward Divided-Difference Formula. P.78

• P.78 Example 2. x Ô¡ x0, à forward divided difference,
x Ô¡ xn, à backward divided difference, J x Ê2È, s
¶·}�<ÏÏ, ¤vªZà centered-difference formula.

3.4 Hermite Interpolation
(Éb� f ′í’m, ¹ªà¤¶)

• Lagrange fits n+1 nodes ⇒ degree n, O Hermite Î7 fits
n+1 nodes, ´b fits F�5 f ′ (u n+1 _)⇒ ÛÖ‹ n+1
degree ⇒ u 2n+1 degree.

• Hermite Polynomial

Suppose that f ∈ C1[a, b] and that x0,..., xn in [a, b] are
distinct. The unique polynomial of least degree agreeing
with f and f ′ at x0,..., xn is the polynomial of degree at
most 2n+1 given by

H2n+1(x) =
n∑

j=0
f(xj)Hn,j(x) +

n∑
j=0

f ′(xj)Ĥn,j(x)
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where

Hn,j(x) = [1− 2(x− xj)L
′
n,j(xj)]L

2
n,j(x)

and

Ĥn,j(x) = (x− xj)L
2
n,j(x)

Here, Ln,j denotes the jth Lagrange coefficient polynomial
of degree n, and L′

n,j(xj) = L′
n,j(x)|x=xj

•
{

Hn,j(xj) = 1
Hn,j(xi) = 0

 Ĥn,j(xj) = 0

Ĥn,j(xi) = 0

 H ′
n,j(xj) = 0

H ′
n,j(xi) = 0

 Ĥ ′
n,j(xj) = 1

Ĥ ′
n,j(xi) = 0

given

{
Ln,j(xj) = 1
Ln,j(xi) = 0

• O¤¶',�, Î7b� Lagrange 5Õ, ´b� Lagrange 5
�}, ¤Õ, ¦�'Øø−©øõ5�}M.

• Divided-Difference Form of the Hermite Polynomial.

P.84 Table 3.11. P.85 Example 1.

• Hermite Polynomial Error Formula

If f ∈ C2n+2[a, b], then

f(x) = H2n+1(x) + f2n+2(ξ(x))
(2n+2)! (x− x0)

2...(x− xn)2

for some ξ(x) with a < ξ(x) < b
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3.5 Spline Interpolation

• 5‡àíj¶, ŸjØò7, � oscillatory drawback.

• [xi, xi+1] Jø− f(xi), f(xi+1) D f ′(xi), f ′(xi+1) †¤¨ª
à cubic Hermite V,:

H3(x) = ax3 + bx2 + cx + d (O'�.ø− f ′)

• Cubic Spline Interpolation

Given a function f defined on [a, b] and a set of nodes, a =
x0 < x1 < ... < xn = b, a cubic spline interpolant, S, for f
is a function that satisfies the following conditions:

(a) For each j = 0, 1, ..., n− 1, S(x) is a cubic polynomial,
denoted by Sj(x), on the subinterval [xj, xj+1)

(b) Sj(xj) = f(xj) for each j = 0, 1, ..., n

(c) Sj+1(xj+1) = Sj(xj+1) for each j = 0, 1, ..., n− 2

(d) S′
j+1(xj+1) = S′

j(xj+1) for each j = 0, 1, ..., n− 2

(wõ1.Ûböíø− f ′, S′ 6„.�k f ′)

(e) S′′
j+1(xj+1) = S′′

j (xj+1) for each j = 0, 1, ..., n− 2

(wõ1.Ûböíø− f ′′, S′′ 6„.�k f ′′)

(f) One of the following sets of boundary conditions is sat-
isfied:

(i) S′′(x0) = S′′(xn) = 0 (natural or free boundary)

(ii) S′(x0) = f ′(x0) and S′(xn) = f ′(xn)

(clamped boundary)
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(i)


f(x0) = a0x

3
0 + b0x

2
0 + c0x0 + d0

f(x1) = a0x
3
1 + b0x

2
1 + c0x1 + d1

f ′′(x0) = 6a0x0 + 2b0 = 0

(i)-(ii)

{
f ′(x1)ó�⇒ 3a0x

2
1 + 2b0x1 + c0 = 3a1x

2
1 + 2b1x1 + c1

f ′′(x1) ó�⇒ 6a0x1 + 2b0 = 6a1x1 + 2b1

(ii)

 f(x1) = a1x
3
1 + b1x

2
1 + c1x1 + d

f(x2) = a1x
3
2 + b1x

2
2 + c1x2 + d

(ii)-(iii)

{
f ′(x2) ó�⇒ 3a1x

2
2 + 2b1x2 + c1 = 3a2x

2
2 + 2b2x2 + c2

f ′′(x2) ó�⇒ 6a1x2 + 2b1 = 6a2x2 + 2b2

(iii)


f(x2) = a2x

3
2 + b2x

2
2 + c2x2 + d2

f(x3) = a2x
3
3 + b2x

2
3 + c2x3 + d2

f ′′(x3) = 6a2x3 + 2b2 = 0
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

x3
0 x2

0 x0 1 0 0 0 0 0 0 0 0
x3

1 x2
1 x1 1 0 0 0 0 0 0 0 0

6x0 2 0 0 0 0 0 0 0 0 0 0
3x2

1 2x1 1 0 −3x2
1 −2x1 −1 0 0 0 0 0

6x1 2 0 0 −6x1 −2 0 0 0 0 0 0





a0
b0
c0
d0
a1
b1
c1
d1
a2
b2
c2
d2



=


f(x0)
f(x1)

f ′′(x0) = 0
0
0



3.6 Parametric Curves
• Ä.uƒb, FJø x D y }Çõ, x, y }�u¡b t 5ƒb.

• P.100 EX1. Construct a pair of Lagrange polynomials to
approximate the curve shown in Figure 3.12, using the data
points shown on the curve.

There is flexibility in choosing the parameter, and we will
choose the points ti equally spaced in [0,1]. In this case, we
have the data in Table 3.16

i 0 1 2 3 4
ti 0 0.25 0.5 0.75 1
xi −1 0 1 0 1
yi 0 1 0.5 0 −1

• x(t) D y(t) ªà Lagrange polynomial V[ý.
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• Piecewise cubic Hermite Polynomial

We can simplify the process to one of determining a pair
of cubic Hermite polynomials in the parameter t, where
t0 = 0, t1 = 1, given the endpoint data (x(0), y(0)), and
(x(1), y(1)) and the derivatives dy/dx (at t = 0) and dy/dx
(at t = 1).

dy
dx (at t = 0) = y′(0)

x′(0) and dy
dx (at t = 1) = y′(1)

x′(1)

Ä
k0y

′(0)
k0x′(0) = y′(0)

x′(0) ,
k1y

′(1)
k1x′(1) = y′(1)

x′(1)

⇒ Ûcq desired tangent line (P.102 Figure 3.14, 3.15)

•

Advantages Disadvantage
Lagrange Convenient form; Hard to calculate by hand;

Easy to program ùi5š�‰“×,
.øÛàÖýõ’m,
àíÖ6„.ß
(fit „.ß, /ØµÆ) ⇒ fn

Newton l�¾ < Lagrange A difference or
(Divided /�hí data õv, divided difference table
Differences) Ÿtable ªyhyUà must be prepares;

b,íõbÊ¥<õí2È|ß;
�}M}�V�ü,
round off b·<

Hermite '�ü, ÄÑÖ5?7 Ûb f ′

f ′

Cubic spline ç’eõÖv, .} Ûbj:
j˙ ;
$Aò¼5ƒb; Ûcq boundary condition
fit 'ß;
/ø¼, ù¼�}©/

Parametric ªàkÝƒb5�(
Curves ø¨�, wF¨.�

CÉ�øõ
(piecewise cubic
Hermite 6ª®ƒ
éN^‹)
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