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Chapter 3 .

Interpolation and Polynomial Approx-
1mation



e Interpolation: determine the values at intermedia points.

o E—KH f HTE [a,b] FEHE, Al—E ] AE—LHAKH
p 2R approximate f.

e Taylor polynomial. P.61 Figure 3.1

o ZHEAKHZIFIE: Hido RS AGER L.

3.2 Lagrange Polynomials

e Given 3 pts (zo, f(x0)), (z1, f(x1)), (z2, f(22))
Yy = ax® +bx + ¢

P(@) = F(0) tremriroe () et e (P2 (e

.’EO—.’El)(.’L‘O—.TQ r1—XTo (.’El—xg

952—550)(562—501)

Lo Loy Lo

e Lagrange Polynomials

Consider the construction of a polynomial of degree at most
n that passes through the n+1 points

(z0, f(20)), (z1, f(21)), ., (20, f(2n))

In this case, we need to construct, for each k =0,1,...,n, a
function L,, j(z) with the property that L, j(z;) = 0 when
i # k and Ly, ;(z3) = 1. To satisfy L, p(x;) = 0 for each
i # k requires that the numerator of L, ,(x) contains the
terms

(x —x0)(x —x1)...(x — 2 1) (T — Tpy1)-.. (T — 2p)
To satisfy L, p(xr) = 1, the denominator of L, ;(x) must
be equal to this term evaluated at x = x;.. Thus,
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Ln,k(x) =1 (x=x0)(x—21)...(—2p—1) (T—Tpp1) ... (x—T,)

xp—xo)(x—x1). . (xp—xp_1) (Tp—Thy1)-.. (TR —2p)

e nth Lagrange Interpolation Polynomial

Pp(x) = f(x0) Lno(@)+...+ f(2n) Lpp(z) = éof(f%)Ln,k(x)

where

_ (z—zo)(x—x1)..(z—2) 1) (T—T)y1)...(x—2},)
Ln,k (x) T (wr—wo)(x—x1) . (T —Tp1) (X —Tpr1) - (T —T0)

for each £k =0,1,...,n
Ex 1. P.65 Using the numbers, or nodes, xg = 2, x1 = 2.5
and 9 = 4 to find the second interpolating polynomial

for f(x) = % require that we first determine the coefficient
polynomials Ly, L; and Lo. In nested form they are

Lo(z) = (352t5—1) = (= 6.5) + 10
(2

4x+24)x—32
Li(z) = (2( %(25 )4) = +3)
x r—2.5 r—4.5)x+5
Lo(w) = ((4 §§4 2.5)) = 3) .
Since f(z0) = f(2) = 0.5, f(@1) = F(2.5) = 0.4, f(us) =

f(4) = 0.25, we have

Py(z) = éo () Li(z) = (0.052 — 0.425)z + 1.15
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An appoximation to f(3) =
f(3) ~ P(3) = 0.325

e Lagrange Polynomial Error Formula

f(@) = Pa() + L (@ — o) (@ — 1)... (2 — )
for some number £(z) between z¢ , x1 ,..., T, and x.

%}.67 Example 2, AT EETZEE Lagrange #J error Z 43




o KINEEH L, (@E‘B‘*) BT, ATEERARZ error term HHY
£(x) RIRTREREEIR, BEWRHIH cadzek | REE A B (x —
ry) MBEMER AR (BRIFTIIARE, EREERR o RER),
error term H&HK.

e Lagrange ZikE:, THITFERZ VB EA, BME RS
AT, FET—Es SEE ZRIENEE reuse.

e Recursively Generated Lagrange Polynomials

Let f be defined at xg, 21, ..., } and z;, xj, be two numbers
in this set. 5—#& Lagrange FTnik:
P(SE’) — (l‘ ZU])Pol ..... j—1,54+1,..., (x)_($_xi)PO,1 ..... i—1,i+1,..., k(l‘)

then P(x) is the kth Lagrange Polynomial that interpolates
f at the k+1 points xg, 1, ... ,2%

Let Q= Ry, i-1,i+1,..k(7) and Q= Py1.. j-1j+1...k(T)
= P(a) = L)) r=0)Q()

(zi—x;)

()
Pl flon S &)
Table 3.4 Neville’s method

rg Py = Qoo = f (o)

r, P= Ql,o = f(l”l) PO,l = Ql,l

To P = QQ,O = f(332) P1,2 = Q2,1 P0,1,2 = Q2,2

r3 P3= Q3,0 = f($3) Py3 = Q3,1 Poz = Q3,2 Poi23= Q3,3

Ty Py= Q4,0 = f($4) P3,4 = Q471 P2,3,4 = Q472 P1,2,374 = Q4,3 P0,172,374 = Q4,4

P.70 Ex 4. Suppose that we want to use Neville’s method
to calculate the approximation to f(1.5). If z¢p = 1.0,
ry = 1.3, 29 = 1.6, 3 = 1.9, and x4 = 2.2, thenf(lO)—

Quo, f(13) = Qro, F(16) = Q20, f(1.9) = Q30 and
f(2.2) = Q4.0; so these are the five polynomials of degree



zero (constants) that approximate f(1.5). Calculating the
approximation ()1,1(1.5) gives

Q11(1.5) = (1.5—1.0)Q pe 51 5-1.3)Qoo _ 0.5(0.6200860)—0.2(0.7651977) _

(1.3—1.0) = 0.3
0.5233449
Similarly,
Q21(15) = (15-1.3)(0.4554022)~ (1.5-1.6)(0.6200860) __ 3 5109968

(1.6—1.3)
Q3.1(1.5)0.5132634, Q4.1(1.5) = 0.5104270

In a similarly manner, the approximation using quadrtic
polynomials are given by

_(1.5—1.0)(0.5102968)—(1.5—1.6)(0.5233449)
Qa2(1.5) = LE=LOOI0ER- A= LO) — 0.5124715

Q32(1.5) = 0.5112857, Q42(1.5) = 0.5137361

The higher-degree approximations are generated in a simi-
lar manner and are shown in Table 3.5

Divided Differences (Z473")

The zeroth divided difference of the function f with respect
to i, f[x;], is simply the value of f at ax;:

flzi] = f(z:)

The remaining divided differences are defined inductively.

The first divided differences of f with respect to x; and
x;iy1 is denoted f[x;, x;+1] and is defined as

flzi, xiv1] = W

After the (k-1)st divided differences,

flxis i1, Tiv2, s Tigp—1] and fig1, Tigo, oo Tigp1, Tivg]
have been determined, the kth divided differences relative
to xi, Tit1, Tiy2, .. o Litk is

] _ f$z+laxz+27 7x’b+k}} f[xiaxi+1axi+27"'axi+kfl]
xv—i—k Z;

flTi, Ti1, Tiva, oy Tigp
With this notation , it can be shown that

Py(x) = flzol + flwo, z1](z — 20) + flx0, 71, 2] (T — 20) (2 —
Qfl) + ot f[x07x17 7'1771](33 o 'CEO)(:Ij - 1'1)(l' o ZUn_l)

b}



&%1)%22%%%&%5& Ty — i BRI, LA BEAS FH 3
n!
(f" vs. second divided diffences)

f(zo —h) f (o) f(zo+ h)

xo— h s xo+h

f(zg+h)—f(x flzg)—f(zg—h
o T e f(aokh) =2 (o) 4] (w0—h)
~ I0+x0+h_10+107h - h2
2 2

divided difference: xg = xg — h, xr1 = xg, xo = 20+ h
| = f(l‘O)*Z(I‘O*h)

flzo, z1
f[xla 51]2] — f(%‘*‘h})L—f(xo)

Flag+h)—f(zg) _ f(wg)—f(zg—h)
= flzo,z1,22] = B R

Newton’s Interpolatory Divided-Difference Formula

mn
P(x) = flwo] + glf[xo,wh o ) (x = o). (T — Tp 1)
See P.75 Table 3.8, Example 1.

Newton’s interpolatory divided-difference formula has a sim-
pler form when zq, z1, ..., x,, are arranges consecutively with
equal spacing. In this case, we introduce the notation
h =xjy1 —x; foreachi1=0,1,...,n—1 and let x = 2o+ sh.
Then the difference x—z; can be written as x—x; = (s—i)h,
and the divided-difference formula becomes

P,(z) = Py(xo + sh)
= flzo] + shf[zo, 1] + s(s — 1)h? f[xo, x1, 12+
ot s(s=1)...(s=n+ VA" flxg, x1, ..., Ty)

= floo] + £ 5(5 = Dels — b+ DI oo, 1, ]
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Using a generalization of the binomial-coefficient notation,

(}z)_s(s—l).éf—k-l—l)

e Newton Forward Divided-Difference Formula

Po(2) = Pa(zo + sh) = flwo] + é ( ; ) KR fleo, 21, .., 2]

n

— flool + 3§ ) AR (ao) (Afi = fir1 — £)

k=1
e backward Divided-Difference Formula. P.78

e P.78 Example 2. x 5 xo, A forward divided difference,
x 58T x,, F backward divided difference, % x FEHH, W
EE B E, R A centered-difference formula.

3.4 Hermite Interpolation
(REF fREA, B HIE)

e Lagrange fits n+1 nodes = degree n, B Hermite BT fits
n+1 nodes, BE fits FrEZ [ (3 n+1 @)= TFL I n+1
degree = 3£ 2n+1 degree.

e Hermite Polynomial

Suppose that f € C'a,b] and that xg,..., 2, in [a,b] are
distinct. The unique polynomial of least degree agreeing
with f and f’ at xzq,..., x5, is the polynomial of degree at
most 2n+1 given by

o~

Hant1(z) = éof(xj)ﬂn,j(x) + = f(@) Hog(@)
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where

Hyj(r) = [1 = 2(x — x;) Ly, j(2)]L7 ()

n.j
and

Hyj(x) = (2 — xj)L3 (2)
Here, L, ;j denotes the jth Lagrange coefficient polynomial
of degree n, and Ly, ;(x;) = Ly, ;(2)]2=z,

n7
{ Hé,j(xj) =0 { }:[r'z,j(xj) =1
H,, (i) = 0 H;, i(zi) =0
ng(@j) =1
glven{ n’j(xl) _ 0

o EIIEIRMME, B TEHE Lagrange 24, BEHE Lagrange &
sy, WAk, BERENEET B2 MaE.

e Divided-Difference Form of the Hermite Polynomial.
P.84 Table 3.11. P.85 Example 1.

e Hermite Polynomial Error Formula
If f € C*""2[a,b], then

f(x) = Hapt1() + W(m —0)%... (2 — 2p)?
for some £(z) with a < £(z) < b




3.5 Spline Interpolation
o ZHNTHKAE, RAKET, B oscillatory drawback.

o [z, xip1] BEE f(x;), f(wipr) B8 f(x;), f(wip) RIERRA]
H cubic Hermite 2&fk:

H3(z) = ax® + ba? + cox +d (BIRETRIGE )

e Cubic Spline Interpolation

Given a function f defined on [a, b] and a set of nodes, a =
rg < x1 < ... <z, = b, a cubic spline interpolant, S, for f
is a function that satisfies the following conditions:

(a) For each j =0,1,....,n — 1, S(x) is a cubic polynomial,
denoted by S;(z), on the subinterval [z, 2;41)

(b) Sj(z;) = f(xj) for each 7 =0,1,...,n

(c) Sj+1(xj41) = Sj(zj41) for each j =0,1,...,n — 2

(d) j+1(:€]+1) Si(xjy1) for each j =0,1,...,n —2
(HEMEAFEENAE f, 8" WRAEFR )

(e) S” +1(l‘]+1) S¥(xj11) for each j =0,1,...,n — 2
(HE
(

EL—E’ﬁﬂi‘_ f7, 8" WRAFER f”)

(1) S"(x¢) = S”(xy,) = 0 (natural or free boundary)
(i) §'(z0) = f'(wo) and S'(zn) = f'(xn)
(clamped boundary)



'_Z;Z(_I.lr -l-f)ll +c1x +dy

y = apx” + bpx” + cox + dy y = aox® + box? + cox + do

X
(20, f(20))

|

( )_( ) { f/ xl)*ﬁ% = 3&0:13% + 2bpx1 + ¢ = 3a1$% + 2011 + 1
f”( ) HE = 6agr + 2bg = 6ajxr + 2b;

given f"(zg) = ["(x3) =0 (23, f(x3))

(xo) = aox% + bow% 4+ coxg + dp
(:13 ) = a0$i{’ + box% + cox1 + dy
"(20) = 6agxo+ 200 =0

s

(ii) f(xl) = alx‘i’ + blx% +cixy +d
flxg) = alx% + blx% +ciro +d

(i)~ (i) { f/(w2) ME = 3ar23 + 2b122 + ¢1 = 3aga3 + 2bawy + 2
f”( ) HE = 6aizro + 2b; = 6asxs + 2bg

(z2) = asad + bow3 + coxo + do
(5133) = agxg + bQZE% + cox3 + do
3

/
(111){ f
f”(x ) = 6Gagxs + 2bs =0
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o
bo
€0

a2 w1 0 0 0 00000]|%
w2 w1l 0 0 0 00000y
6zg 2 0 0 0 0 000000/,
303 201 1 0 =32} —201 10000 0|
(621 2 0 0 6z -2 0 0000 0]
b2
C2
| d2 |
f(zo)
f(z1)
— f//(xo)zo
0
0

3.6 Parametric Curves
o AN, Filits » & y 2FE, x, y DBIRBE t ZEHHL

e P.100 EX1. Construct a pair of Lagrange polynomials to
approximate the curve shown in Figure 3.12, using the data
points shown on the curve.

There is flexibility in choosing the parameter, and we will
choose the points ¢; equally spaced in [0,1]. In this case, we
have the data in Table 3.16

i 0 1 2 3 4
t; 0 025 05 075 1
z -1 0 1 0 1
v, 0 1 05 0 -1

o z(t) B y(¢) " H Lagrange polynomial 2RF&R.
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e Piecewise cubic Hermite Polynomial

We can simplify the process to one of determining a pair
of cubic Hermite polynomials in the parameter ¢, where
to = 0, t; = 1, given the endpoint data (z(0),y(0)), and
(z(1),y(1)) and the derivatives dy/dz (at t = 0) and dy/dx
(at t =1).

W (att =0) =

by ©) _ /0 k1y<>_y'<1>
(0] = 2(0) Fa(D) = w(])

= ﬁﬁfﬁxux desired tangent line (P.102 Figure 3.14, 3.15)

Advantages Disadvantage
Lagrange Convenient form; Hard to calculate by hand;
Easy to program :i%Z?E@jJﬁftji
NTHE V&
R Z MR DIEF
(fit RILEF, HAKERE) = BAE
Newton iTHE < Lagrange A difference or

(Divided HAE#HH data B,  divided difference table
Differences) [Rtable RIBEFHT M A must be prepares;

ﬁﬁﬁﬁﬁﬁﬁiﬁb%lﬁ’ﬂﬁlﬂ%ﬁ%ﬁ;

T B & RN,
round off BFE
Hermite fﬁ/%ﬁﬁ, KELEET FTE f

f
Cubic spline EEREZER, g  FEMELGEMH;
R E R 2 R E{RE boundary condition
fit 1REF;
H—F&, &t EiE
Parametric —JFHB/\?[E?%ZZ@,{?(
Curves — B, HAEH)
B B —E,
(piecewise cubic
Hermite thR]3ZEF]
FER)
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