
Ch7. Multiperiod Securities Markets I:
Equilibrium Valuation

• Ês‚í_�, É�t = 0�>q, OÖ‚5_�Û5?5(6ª>q5ª?4,
Ä¤Ì©2Û¨�_Aú„Vg�í‚�, à¤5Ì©6ª˚Ñ rational expec-
tation equilibrium (9õ,, ¤‚�5g�øV}õÛ)

• ÊÖ‚_�-, b complete market FÛ5„‰íbñ, øO (±) ük state
of nature 5bñ, ÄÑ state contingent claims ª%â long-lived complex
securities í dynamically trading 7`¨|V

• ÄÑ state contingent claims íª\`¨, 
Ò complete, /Ì©5}ºÑ

Pareto optimal (φat

φ0
DiÌÉ), Ä¤, ªéN Ch5�
ø_ representative agent

economy VjZl�Ì©g�

• sign{risk premium}=sign{Cov(r̃, C̃)}, 1.ds‚í_�, É�Ê'Ôyí8

”-, C̃n}�kM̃

• There are trading dates t = 0, 1, · · · , T for a single perishable consumption
good. Any possibly complete history of the exogenous uncertain environ-
ment from 0 to T is a state of nature and denoted by ω.

• Event tree or information structure
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• Information set

t = 0, {{ω1, ω2, ω3, ω4, ω5}} = {Ω} = F0

t = 1, {{ω1, ω2, ω3} , {ω4, ω5}} = F1

t = 2, {{ω1}, {ω2}, {ω3}, {ω4}, {ω5}} = F2

(the true state of nature is completely revealed)

• An event is a subset of Ω, for example, at = {ω1, ω2, ω3} is an event.

• A particition of Ω is a collection of events {a1, a2, · · · , an} such that the
union of these events is equal to Ω and pairwise intersections of these events
are empty.

• The information revolation represented by an event tree can be described
by a family of particitions of Ω, indexed by time, that become finer an
finer.

• F = {Ft; t = 0, 1, · · · , T}: information structure or filtration, where each
Ft is a particition of Ω and Ft is finer than Fs if t ≥ s

• A time-event contingent claim is a security that pays one unit of consump-
tion at trading date t ≥ 1 in an event at ∈ Ft and nothing otherwise (•ƒ

tree ,í/_ node (óúk/_ time event êÞ), ÿ)1ÀP consumption,
ƒwF node †³�)

• cq



homogeneous beliefs πw (πat ≡
∑

w∈at

πw)

(7.3ƒ7.14�5!‹, ú heterogeneous beliefs πi
w > 06A
)

time-additive and state independent von Neumann-Morgenstern

utility functions: ui0(z0) +
T∑

t=1

∑
at∈Ft

πatuit(zat)(u
′
i ≥ 0, u′′i < 0)
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• cq{ci
0, ci

at
, at ∈ Ft, t = 1, ..., T, i = 1, ..., I}Ñ Pareto optimal alloca-

tion for a pure exchange economy with complete time-event contingent
claims (ci

0Ñ time-0 consumption and ci
at

Ñ at-contingent claim 5"b, ²

ì7{ci
0, ci

at
}, ¹²ì7ø_Ö‚í consumption plan)

• max{
zi
0,z

i
at

,at∈Ft

t=1,...,T,i=1,...,I

} I∑
i=1

λi(ui0(z
i
0) +

T∑
t=1

∑
at∈Ft

πat
uit(z

i
at

))

s.t.
I∑

i=1
zi
0 =

I∑
i=1

ei
0

I∑
i=1

zi
at

=
I∑

i=1
ei
at
∀at ∈ Ft for∀t

(w2{ei
0, e

i
at

, at ∈ Ft, t = 1, . . . , T} Ñ endowment, w2ei
0íÀPÑ time-

0 consumption, 7ei
at

Ñ��"at-contingent claim)(fn¢“, cqBý�ø

_ei
at

> 0)

• FOC ‹,cq {ci
0, c

i
at
} Ñ,H½æ5j

⇒
{

λiu
′
i0(c

i
0) = φ0 ∀i

λiπat
u′it(c

i
at

) = φat
∀i,∀at ∈ Ft for ∀t

(w2φ0Dφat
Ñ Lagrangian multipliers)

s�óÎ⇒ πat
u′it(c

i
at

)
u′i0(ci

0)
=

φat

φ0
∀i,∀at ∈ Ft for ∀t

(<¹, Ê PO v, the ratios of marginal utilities between at-consumption
and time-0 consumption are equal across individuals)
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• „p complete market competitive equilibrium (CMCE)⇒ PO(with a spot
markets of time-0 consumption and complete time-event contingent claims
at time 0)

max
{zi

0,z
i
at
}

ui0(z
i
0) +

T∑
t=1

∑
at∈Ft

πat
uit(z

i
at

)

s.t. φ0z
i
0 +

T∑
t=1

∑
at∈Ft

φat
zi
at

= φ0e
i
0 +

T∑
t=1

∑
at∈Ft

φat
ei
at

FOC⇒
{

u′i0(c
i
0) = γiφ0

πat
u′it(c

i
at

) = γiφat
∀at ∈ Ft for any t

(w2{ci
0, c

i
at
}Ñ optimal solution, γi is the Lagrangian multiplier, φ0 D φat

ÑDn5 consumption D time-event contingent claims ÊDn spot market
5g�)

In equilibrium, ÄÑ market clear, FJ
I∑

i=1
ci
0 =

I∑
i=1

ei
0,

I∑
i=1

ci
at

=
I∑

i=1
ei
at

(DÙcñ5¾‘=cñ time-0 consumption 5 endowment; at-event v, c

ñ5¾‘=Dncñat time-event contingent claim5 endowment ��")

‹, FOC s�óÎ⇒ πat
u′it(c

i
at

)
ui0(ci

0)
=

φat

φ0
, Ä¤ª)¤�Ì© (CMCE)=PO

• J markets for the time-event contingent claims reopen at each trading
date, †Ì©2Î7{ci

0, c
i
at
}5Õ, ´Û individuals’ expectation about prices

for time-event contingent claims at each trading data φas
(at) (* at 5

time-event, õas time-event contingent claim 5g�, if t < s and as ⊆ at)

• ¤�5?
Òª reopen 5Ì©˚Ñ rational expectations equilibrium, 5(

}„p CMREE=CMCE, /¹U
Ò reopen, there is no trading in equi-
librium after time 0
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• For t < s, define πas
(at) to be the probabilities of as at the event at.

πas
(at) =

{
0 if as * at
πas

πat
if as ⊆ at

• Define φas
(at) to be the ex-dividend price at time t in the event at for the

time-event contingent claim paying off at time s in event as.

φas
(at) =


0 if t ≥ s
0 if t < s and as * at
φas

φat
if t < s and as ⊆ at

(⇒ φat
(at) = 1)

(Individuals have rational expectation in the sense that they believe the
prices and probabilities will evolve according toπas

(at) andφas
(at))

• „p CMREE=CMCE, ?¹„p CMCE 2í{ci
as

, as ∈ Fs, as ⊆ at, s ≥
t}Ñ-Þ½æ5j: For any at∈ Ft

max
{ zi

as
,as∈Fs

as⊆at,s≥t}
uit(z

i
at

) +
T∑

s=t+1

∑{
as∈Ft
as⊆at

} πas
(at)uis(z

i
as

)

s.t. zi
at

+
T∑

s=t+1

∑{
as∈Fs
as⊆at

} φas
(at)z

i
as

= ci
at

+
T∑

s=t+1

∑{
as∈Fs
as⊆at

} φas
(at)c

i
as

(¹ÊvÈt, Ê givenπas
(at)Dφas

(at)-, _A}b²M�D CMCE ó°5 con-
sumption plan)

FOC⇒

 u′it(c
i
at) = γi

at

πas
(at)u

′
is(c

i
as

) = γi
at

φas
(at)

if let γi
at

= γi
φat

πat
, ‹, CMCE í {ci

as
} Ÿ…ÿÅ—,H5ã�Ì„� ((7.5.4)vs.(7.3.5))

⇒CMREE5 FOC }�k CMCE 5 FOC, <¹ CMCE 5 {ci
as
} ?Ñ CMREE

5j (¤vπas
(at)u

′
is(c

i
as

) = γi
at

φas
(at)⇒ πas

πat
u′is(c

i
as

) = γi
φat

πat

φas

πat
⇒ πas

·u′is(ci
as

) =

γiφas
)
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• ,H5�Z„p7æÊø_ CMREE=CMCE, Ä¤Ê¤� CMREE 2ÖÍ� re-
trade 5œ}, _A}Ê time=0>q time-0 consumption D time-event contin-
gent claims, J×) consumption plan {ci

0, c
i
at
}, /5(í|7 consumption allo-

cation6}�k {ci
at
}, ]_AÊt = 05(ø.yÛb>q

• Oç³� complete set of time-event contingent claims, retrade 5œ}ígMø

ªéÛ, the market can be completed by dynamically managing a portfolio of
long-lived securities, whose number is far fewer than the number of time-events.∥∥∥∥∥∥∥∥∥∥∥∥

A complex security is composed of time-0 consumption good and
a bundle of time-event contingent claims and is represented by
x = {x0, xat

}, where x0 and xat
are devidends paid at time 0 and

at event at

A long-lived security is a complex security that is available for trad
-ing at all trading dates

• θ̄j(0) denotes the number of shares of security j with which individual is en-

dowed, and
I∑

i=1
θ̄j(0) = 1, for j = 0, 1, . . . , N(N ±ük time event 5bñ)

• Sj(t) denotes the ex-dividend price of security j at time t,and represents the
value of the future dividend process xj at t(Sj(T ) = 0)

Sj(t)’s realizations do not vary across states in an event at ∈ Ft(Sj(t)ÉD
event atí evolution �É, 1³�Ÿ¶}<at2í®_ state), and this property
is termed that Sj(t) is measurable with respect to Ft∥∥∥∥∥∥∥∥

A process is a collection of random variables indexed by t
If a process is measurable with respect to Ft for all t, we say that

the process is adapted to F. (For example, a long-lived security
is represented by a dividend process adapted to F)
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• A trading strategy θ is an (N + 1)-dimensional process

θ = {θj(t); j = 0, 1, ..., T}

(w2θj(t)ÑM� security j in the time period [t−1, t]), <¹θj(t)uÊ time t−1
²ì, ¤v process θj is said to be measurable with respect to Ft+1 or predictable
with respect to F)

θ(t) =


θ0(t)
θ1(t)

...
θN (t)


• Individual i’s problem

max
θ

ui0(c(0)) + E[
T∑

t=1
uit(c(t))]

s.t. θ(0) = θ̄i(0)

θ(t + 1)TS(t) = θ(t)T (S(t) + X(t))− c(t) for t = 0, 1, ..., T − 1

0 = θ(T )TX(T )− c(T )(øO·ÉŸ,�, 1cq t = T v, Ä S(T)=0, �

U˝iÑ0, ¹Ñ¤�)

(w2S(t) = (S1(t), ..., SN (t))TX(t) = (x0(t), · · · , xN (t))T Ñ dividend process)

(,HíÌ„�[ý:The consumption plan c(t) is “financed” by the “admissible”
strategy θ(t).)

• A rational expectations equilibrium for the securities markets (SMREE) is

{θi(t), ci(t)} for i = 1, · · · , I and the price process {S(t)}, and markets clear

at all times:

I∑
i=1

θi
j(t) = 1

I∑
i=1

ci(t) =
N∑

j=0

xj(t) (at time t, c_%Èñí,¾‘=c_%Èñ,dividend)

7



• „p¹U5(� retrade 5œ}, YÍ}OÎt = 05 optimal strategy ªW, 1³

�ø_hí consumption planªJÓ‹F�_A5 welfare

• ¥„¶: cqæÊø�ª improve expected utility 5µIθ′(t) at time t > 1(Êt5

‡5>qµIθ′ = θi), ı�„p the expected utility of “life-time”

consumption at time 06\ improve, à¤†)ƒpe (ÄÊ time 0F°)

5θi(t)Dci(t)˛%”×“ 0 ∼ T5 expected utility ,¯)

θ′(t + 1)TS(t) = θi(t)T (S(t) + X(t))− c′(t)

θ′(t + k + 1)TS(t + k) = θ′(t + k)T (S(t + k) + X(t + k))− c′(t + k)

for k = 1, · · · , T − t

U)
T∑

s=t

∑
as≤at

πas
(at)uis(c

′
as

) >
T∑

s=t

∑
as≤at

πas
(at)uis(c

i
as

)

Define a trading strategy and a consumption plan starting at time 0:

θ̂(s) =

 θi(s) if s ≤ t
θi(s) if s > t and in the event as * at

θ′(s) if s > t and in the event as ⊆ at

ĉ(s) =

 ci(s) if s < t
ci(s) if s ≥ t and in the event as * at

c′(s) if s ≥ t and in the event as ⊆ at

â
T∑

s=t

∑
as≤at

πas
(at)uis(c

′
as

) >
T∑

s=t

∑
as≤at

πas
(at)uis(c

i
as

)

⇒ E[
T∑

s=t
uis(ĉ(s))|Ft] ≥ E[

T∑
s=t

uis(c
i(s))|Ft]
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(,H.��, Êatvu>, OÊFt2íw… events, †u=)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

cqω1, ω2, ω3, ω4, ω5�œ0|Û⇒ π{ω1} = π{ω2} = · · · = π{ω5} = 1
5

(i) for node A: πa11(a0) = πa11

πa0
= 3/5

1 = 3/5

πa12(a0) = 2
5

π{ω1}(a0) = · · · = π{ω5}(a0) = 1
5

for node B: π{ω1}(a11) =
π{ω1}
πa11

= 1/5
3/5 = 1

3
π{ω2}(a11) = π{ω3}(a11) = 1

3

for node C: π{ω4}(a12) = π{ω5}(a12) = 1
2

(ii) for node B: E[y|F1] = (1/5)·1+(1/5)·2+(1/5)·3
3/5 = 2

(or (1/3) · 1 + (1/3) · 2 + (1/3) · 3 = 2)

for node C: E[y|F1] = (1/5)·4+(1/5)·5
2/5 = 4.5

(or (1/2) · 4 + (1/2) · 5 = 4.5)
(conditional expectation is at time t a random variable measurable
with respect to Ft)

for node A: E[y|F0] = E[y] = (3/5) · 2 + (2/5) · 4.5 = 3
(or (1/5) · 1 + (1/5) · 2 + (1/5) · 3 + (1/5) · 4 + (1/5) · 5 = 3)
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⇒ E[E[
T∑

s=t
uis(ĉ(s))|Ft]] > E[E[

T∑
s=t

uis(c
i(s))|Ft]]

(Ä�í event u>, �< event u=, ¦‚�M (ª;A weighted average) (, â≥
‰A >)

⇒ E[
T∑

s=t
uis(ĉ(s))] > E[

T∑
s=t

uis(c
i(s))]

∥∥∥∥∥∥
By definition

E[
t−1∑
s=0

uis(ĉ(s))] = E[
t−1∑
s=0

uis(c
i(s))]

⇒ E[
T∑

s=0
uis(ĉ(s))] > E[

T∑
s=0

uis(c
i(s))] (→←)

(Therefore, in a rational expectations equilibrium, there is no incentive for
individuals to deriate from the stategies chosen at time 0)
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• Dynamic programming

(i) at T − 1, cq θ(T − 1), S(T − 1), X(T − 1)˛ø (S(T − 1), X(T − 1)

¥@.°5 aT−1 ∈ FT−1, θ(T − 1)Ñ augmented state variable)

(à θ (T − 1), S(T − 1), X(T − 1)�|ú�˛È)

max
{c(T−1),θ(T )}

uT−1(c(T − 1)) + E[uT (c(T ))|FT−1]

s.t. c(T − 1) + θ(T )TS(T − 1) = θ(T − 1)T (S(T − 1) + X(T − 1))

c(T ) = θ(T )TX(T )

(w2‚�MuúX(T )d, / c(T − 1) and θ(T )are random variables measurable
with respect to FT−1) (θ(T )Ñθ(T − 1), S(T − 1), X(T − 1)5ƒb, °v value
function?Ñ θ(T − 1), S(T − 1), X(T − 1)5ƒb)

(ii) at T − 2cq θ(T − 2), S(T − 2), X(T − 2)˛ø (S(T − 2), X(T − 2)¥@.

°5 aT−2 ∈ FT−2, θ(T − 2)Ñ augmented state variable)

max{
c(T−1),θ(T )

c(T−2),θ(T−1)

} uT−2(C(T − 2)) + E[
T∑

t=T−1
ut(C(t))|FT−2]

s.t. c(t− 1) + θ(t)TS(t− 1) = θ(t− 1)T (S(t− 1) + X(t− 1)), t = T − 1, T

c(T ) = θ(T )TX(T )

�°k

max
{c(T−2),θ(T−1)}

uT−2(c(T − 2)) + E[v(θ(T − 1);FT−1)|FT−2]

s.t. c(T − 2) + θ(T − 1)TS(T − 2) = θ(T − 2)T (S(T − 2) + X(T − 2))

(w2(v(θ(T − 1));FT−1)Ñ T − 15 value function, ‚�MÑÊ given S(T −
2), X(T − 2)-, ú S(T − 1)DX(T − 1)d)
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• for t = 0, 1, ..., T − 1

the dynamic programmig problem is equivalent to a sequence of two-period
problems

max
{c(t),θ(t+1)}

ut(c(t)) + E[v(θ(t + 1);Ft+1)|Ft]

s.t. c(t) + θ(t + 1)TS(t) = θ(t)T (S(t) + X(t)) = W (t)∥∥∥∥∥∥∥∥∥∥
_AÊtime t v, ²Ï c(t)Dθ(t + 1)C6zuW (t + 1) = θ(t + 1)T (S(t + 1) + X(t + 1))
V”×“wexpected utility. ¤Õ, ÄÑÊ rational expectations equilibrium 2

,based onFt, F�A·úS(t + 1)�£üí‚�, ‹,S(t+1)DX(t+1)íevolution
·¿RÊFt+12, FJ;W„V5‹ó W (t + 1)F)ƒ5value function 2, õN

DS(t + 1)¸X(t + 1)ÌÉÉD θ(t + 1)�É

• (7.10�) „p c(t)DW (t)æÊø_úø5É[

â,H5s‚í problem ⇒ V (W (t);Ft) = ut(c(t)) + E[V (W (t + 1);Ft+1)|Ft]

(w2c(t) + θ(t + 1)TS(t) = θ(t)T (S(t) + X(t)) = W (t))

‹, Vw > 0 andVww < 0

†,H�äsiú W (t)�}ª) VW (W (t); Ft) = u′t(c(t))

(I¥øÀP‹ó5 utility ¸Ü=¾‘øÀPF�V5 utility Ó‹, ¤˚Ñ envelope
condition)

JVww < 0¸u′′t < 0, †W (t) ↑, c(t) ↑, /æÊø strictly increasing function g
such that c(t) = g(W (t);Ft)

(M)·<íu, ÿd conditional on Ft 5 expectation, c(t)?ÑÓœíƒb on
W (t))

• (7.11)∼(7.13) àbåWä„pÉb securities number > max branch number, 


Òªâ dynamically trading V complete, U)¹U
Ò, securities number(3)
±ük tiem event 5 number(7), YÍª®ƒ PO
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• An example of a securities markets economy

ú�securities, /·Êt = 2vnê dividend, FJÇ2t = 0Dt = 1í ( ) 2, ·u

securities prices, t = 2í ( ) 2, ·u dividend

• „p any time-event contingent claim can be created by dynamially managing
a portfolio of the three long-lived securities (W: àSd|φω1

)

(i) for node B, I’ (x, y1, y2)ƒ�0, 1, 2_ securities x + 3y1 + 2y2 = 1
x + 4y1 + 3y2 = 0
x + 8y1 + 4y2 = 0

⇒ (x, y1, y2) = (
8

3
,
1

3
,−4

3
)

(¤v, �ZI’ ¯íA…Ñ 8
3 · 1 + 1

3 · 5−
4
3 · 3 = 1

3)

(ii) for node C,

.d9, A…?Ñ0

(iii) for node A,{
x + 5y1 + 3y2 = 1

3
x + 7y1 + 4.5y2 = 0

⇒ �ÌÌÖj, w2ø_Ñ (x, y1, y2) = (
7

6
,−1

6
, 0)

(¤v�Z¤I’ ¯íA…Ñ 7
6 · 1−

1
6 · 6 = 1

6 = φω1
, wõÌ�µ_j, A…Ì

ó°)
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• the number of long-lived securities ≥ the number of max branches is a necessary
but not sufficient condition, WàNø securities prices Ê/_ node $A linear
dependent, †}U) dynamical strategy j.|V (Ö‚_�DÀ‚_�5.°Ë

j6Ê¤, À‚_�ÉÛ payoff Ñ(4Ö
¹ª, 7Ö‚_�´ÛqÞ²ìí long-
lived securities 5g�?Ñ(4Ö
, n?�G complete market)

• In CMREE, long-lived securities 5g�ªâw payoff D prices of time-event
contingent claim 5g�)|

Sx(at, t) =
T∑

s=t+1

∑
as∈Fs
as⊆at

φas
(at)xas

∥∥∥∥∥∥
â(7.5.5) �{

u′it(c
i
at

) = ri
at

πas
(at)u

′
is(c

i
as

) = ri
at

φas
(at)

⇒ φas
(at) =

πas(at)u′is(c
i
as

)
u′it(ci

at
)

=
T∑

s=t+1

∑
as∈Fs
as⊆at

πas(at)u′is(c
i
as

)
u′it(ci

at
) xas

=
∑

at+1∈Ft+1

at+1⊆at

πas(at)u′is(c
i
as

)
u′it(ci

at
) (xat+1

+ Sx(at+1, t + 1)

⇒ Sx(t) = E[
T∑

s=t+1

u′is(c
i(s))

u′it(ci(t)) x(s)|Ft]

= E[
u′i,t+1(c

i(t+1))
u′it(ci(t)) (x(t + 1) + S(t + 1))|Ft]

(‚�M·uú„Vª?5 events asCuat+15êÞœ0Vd)

• SMREE implements CMREE if

(i) SMREE2íS(t)bD CMREE 2àxas
Dφas

(at)E|Víø_

(ii) SMREE ª dynamically complete market

(iii) SMREE 5 optimal allocation ci
at
D CMREE 2íø_
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• Fix a CMREE, †Bbª random ²¦N_ securities, 1cqw securities prices
¯¯ CMREE F°)í, †¤N_ securities ª dynamically complete markets,
/ optimal allocation ci

at
6}D CMREE 2íø_ (CMREE can be implemented

in SMREE by randomly selecting N long-lived seurities)

• ú©_ª dynamically complete market 5 SMREE 7k, ÄÑ©_ time-event
contingent claims ·ªâ dynamically trading)|, FJøìúøƒ/_ CM-
REE (The proof for the above generic implementability is rather technical, and
it can be referred to Kreps(1982)for complete details.)

• (7.15�) ’m reveal M (branch bœý), Ûœý5 securities, ¹ª dynamically
complete market, 7’m reveal '0v, ÛœÖ5 securities V dynamically com-
plete market (the minimum number of long-lived securities is determined by the
temporal resolution of uncertainty)

• à°5.10∼5.19� (homogeneous belief + time-additive utility⇒PO sharing rule
⇒ aggregate consumption Ññø5 aggregate shock⇒.Û5?F� state of na-
ture, *Ω→R+¹ª), Ê multiperiod economy 6ªJ„p PO 5 individual con-
sumption Ñ aggregate consumption5 strictly increasing function (¹æÊ PO
sharing rule fi,at

/f ′i,at
>0), Ä¤Éb SMREE ª dynamically complete with

the “aggregate consumption events”, †ª®ƒø_ PO

• à°5.21∼5.23� (homogeneous belief+time-additive utility, æÊø_ represen-
tative agent, ¾‘F� aggregate endowment, ª)ƒ°š5Ì©g�), SMREE
6æÊø_ representative agent endowed with all long-lived securities, /w op-
timal trading strategy and consumption plan Ñ¯±M� long-lived securities,
1¾‘©_ time event 5 aggregate dividends
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• ¤v, securities 5Ì©g�ªâ representative agent 5 utility D aggregate con-
sumption )|

Sj(t− 1) = E[ u′t(C̃t)
u′t−1(C̃t−1)

(xj(t) + Sj(t))|Ft−1], (7.16.2�)(â (7.14.5) 7V)

where C̃t ≡
I∑

i=1
ci(t) =

N∑
j=0

xj(t)

∥∥∥∥∥∥∥∥∥∥∥

representative agent 5 utility ÛÅ—

ut(z) ≡ max
(zi)I

i=1

I∑
i=1

λiuit(zi)

s.t.
I∑

i=1
zi = z

• Define r̃jt ≡ xj(t)+Sj(t)
Sj(t−1) − 1

⇒ 1 = E[ u′t(C̃t)
u′t−1(C̃t−1)

(1 + r̃jt)|Ft−1]

= Cov( u′t(C̃t)
u′t−1(C̃t−1)

, r̃jt|Ft−1) + E[ u′t(C̃t)
u′t−1(C̃t−1)

|Ft−1]E[1 + r̃jt|Ft−1]∥∥∥∥∥∥∥∥∥∥∥

cq0-th long-lived riskless security 5�ág�Ñ1, /øòƒTvn

øŸ´…‚¸x0(T ) = ΠT
s=1(1 + rfs

), †w price at t < TÑ

S0(t) = Πt
s=1(1 + rfs

)
Hp(7.16.2)

⇒ E[ u′t(C̃t)
u′t−1(C̃t−1)

|Ft−1] = 1
1+rft

⇒ E[r̃jt|Ft−1]− rft
= −(1 + rft

)Covt−1(r̃jt,
u′t(C̃t)

u′t−1(C̃t−1)
|Ft−1) (7.16.5)

(C̃t ↑, u′t(C̃t) ↓, ]Cov(r̃jt, C̃t) > 0⇒ risk premium> 0, <¹Ñ{D¾‘°²‰�

5 security, Äw.?àV smooth consumption, FJøOA.¿¡, ]g�-±,
risk premium↑)

• (7.17) D (7.18) �às�j�û consumption CAPM(CCAPM), (7.17) �uc

q quadratic utility, 7 (7.18) �uû Breeden (1979) 5!‹, ø t− 1→ t, �A

t−∆→t (local approximation argument), /uà‹,íj�°| aggregate

consumption, 7Ý* representative agent |ê
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• cq representative agent 5 utility Ñut(z) = ρt(atz − bt

2 z2), † (7.16.5) �‰A

E[γ̃jt|Ft−1]− rft
= −(1 + rft

)Covt−1(r̃jt,
ρt(at−btC̃t)

ρt−1(at−1−bt−1C̃t−1)
)

= −(1 + rft
) −ρbt

at−1−bt−1C̃t−1

· Covt−1(r̃jt, C̃t)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ø‚_�'ñqvƒmarket portfolio D C̃êróÉ, 5(Z?l�

|D
ÒóÉ5β, OÊÖ‚5_�³� portfolio 5 payoff D aggre
-gate consumption êróÉ (ÄÊÌ©2,market portfolio FßÞ©‚5

aggregate dividends D aggregate consumption ó�, ?¹ market portfolio
5 dividends payoff D aggregate consumption uêr£óÉ, Oª?Ä

rmtÎ7D aggregate dividends �É, D-‚5g�6�É,
FJrmtD aggregate consumption ª?1Ýêr£óÉ), Ä¤cq

r̃ctÑø dynamically rebalanced portfolio, DC̃t�|ò5 correlation

E[r̃ct|Ft−1]− rft
= −(1 + rft

) −ρbt

at−1−bt−1C̃t−1

Covt−1(r̃ct, C̃t)

⇒ −(1 + rft
) −ρbt

at−1−bt−1C̃t−1

=
E[r̃ct|Ft−1]−rft

Covt−1(r̃ct,C̃t)

⇒E[r̃jt|Ft−1]− rft
=

Covt−1(r̃jt,C̃t)
Covt−1(r̃ct,C̃t)

(E[r̃ct|Ft−1]− rft
)

=
Covt−1(r̃jt,C̃t)/Vart−1(C̃t)
Covt−1(r̃ct,C̃t)/Vart−1(C̃t)

(E [̃rct|Ft−1]− rft
)

=
βjct−1

βcct−1
(E[r̃ct|Ft−1]−rft

)(Consumption CAPM or CCAPM)

• Rubinstein (1976) û|À‚5 Consumption-based asset pricing model. Breeden
and Litzenberger (1978) û| CCAPM in CMCE.Breeden (1979) „p CCAPM
Ê continuous time securities market economy 6A
 (when local changes of
prices of long-lived securities and the optimal individual consumption are small)
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• (Breeden (1979)) â Taylor expansion series ª)

u′it(c
i(t)) ≈ u′it(c

i(t−∆)) + u′′it(c
i(t−∆)∆ci(t),

where ∆ci(t) ≡ ci(t)− ci(t−∆t)∥∥∥∥ ı�â(7.14.5) �‹,éN (7.16.5) �5û„(í_AíÌ©g�É[�,
6ªû|éNCCPAM 5�ä

E[r̃jt|Ft−∆]− rft
= −(1 + rft

)Covt−∆(r̃jt,
u′it(c

i(t))
u′it−∆(ci(t−∆)))

≈ −(1 + rft
)Covt−∆(r̃jt,

u′it(c
i(t−∆))+u′′i (c

i(t−∆))∆ci(t−∆)
u′it−∆(ci(t−∆)) )

= −(1 + rft
) u′′it(c

i(t−∆))
u′it−∆(ci(t−∆))Covt−∆(r̃jt, ∆ci(t))

I − u′′it(c
i(t−∆))

u′it−∆(ci(t−∆)) = θi

⇒ θ−1
i (E[r̃jt|Ft−∆]− rft

) ≈ (1 + rft
)Covt−∆(r̃jt, ∆ci(t))∑

i⇒
I∑

i=1
θ−1
i (E[r̃jt|Ft−∆]− rft

) ≈ (1 + rft
)Covt−∆(r̃jt, ∆ct)

⇒ E[r̃jt|Ft−∆]− rft
≈ (

I∑
i=1

θ−1
i )−1(1 + rft

)Covt−∆(r̃jt, ∆C̃t)

= (
I∑

i=1
θ−1
i )−1(1 + rft

)Covt−∆(r̃jt, C̃t)

where ∆C̃t ≡
I∑

i=1
∆ci(t) = C̃t − C̃t−∆

E[r̃ct|Ft−∆]− rft
≈ (

I∑
i=1

θ−1
i )−1(1 + rft

)Covt−∆(r̃ct, C̃t)

H� r̃jtt�, ª)

E[r̃jt|Ft−∆]− rft
≈ βjct−∆

βcct−∆

(E[r̃ct|Ft−∆]− rft
)

⇒ CCAPM Ê'sívÈ[t−∆, t]È approximately hold

(õÒ, Breeden (1979) u„p,H�ä exactly hold, ÄwUà stochastic calcu-
lus, w2�(dt)2 → 056Œ, U)øÇá5 Taylor expansion “=” A
)
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• Êø‚_�2, C̃1=M̃ , OÊÖ‚_�2, É�|(ø‚ C̃T=M̃T , úwìvÈõ7

k, M̃t =
I∑

i=1
Wit =

N∑
j=0

xj (or
I∑

i=1
ci(t)) +

N∑
j=0

Sj(t), <¹©‚ representative

agent 5¾‘, É2 aggregate wealth (market) íø¶M, ‹,5‡í dynamic pro-
grammingF)5_A5 consumption D wealth æÊÉ[ c(t)=g(W (t);Ft), ªR

) C̃tD M̃t26æÊOÉ[,C̃t=g(M̃t;Ft), OÄgÑ stochastic function, /Ì¶ü

w C̃tD M̃tÑøúøúø, FJ-Þ�ä2í risk premiumí£ŠU, ³¶â

Covt−1(r̃jt, M̃t) 5£ŠU°)

E[r̃jt|Ft−1]− rft
= −(1 + rft

)Covt−1(r̃jt,
u′t(g(M̃t;Ft))

u′t−1(g(M̃t;Ft))
)

(7.22)�}T|kM‘K, U),H�äy�‰A market-based asset pricing model,
¹ risk premium 5£ŠD×ü, DCov(r̃jt, M̃t)5£ŠD×ü�É

• à‹ aggregate consumption D aggregate wealth 5É[Ñ nonstochastic and
one-to-one, †ª$ADø‚_�éN5!‹, ¹ risk premium ¦°kr̃jDr̃m5Óœ

4”,7Ýà°ñ‡í asset pricing relations for r̃juD aggregate consumption�

É

• (7.20) �ùª Markov state variable, (7.21) �û| Merton (1973) 5 multi-beta
asset pricing model (.¬ø continuous time ZA discrete time), (7.22) �zpç

state variables5 evolution Ñ independent v, ªJ)ƒC̃tDM̃tÑ nonstochastic
/ one-to-one 5É[

• Let Y (t) denote an M-vector of random variables that are observable at time
t.(cqhôY (t)5 realization ªø−µ_ state of nature ω´�ª?, µ<ω˛%.

ª?êÞ, †Y (t)˚Ñ vector of state variables at time t , / all the possible

realizations of Y from time 0 to any time t generate a partition Ft)
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• Markov property(or memorylessness property): ø− {Y (0), · · · , Y (t)}�°kø−Y (t),
¹¬ í historical realizationsÌÉ

E[z|Ft] = E[z|Y (t)]

• úk representative agent 7k, the aggregate consumption

C(Y (t), t) =
N∑

j=0

xj(Y (t), t)

⇒ Sj(Y (t), t) ≡ E[
T∑

s=t+1

u′s(C(Y (s),s))
u′t(C(Y (t),t)) xj(Y (s), s)|Ft]

= E[
T∑

s=t+1

u′s(C(Y (s),s))
u′t(C(Y (t),t)) xj(Y (s), s)|Y (t)]

• Ê given Y (t)Ñ state variables /Ñ Markov 58”-, (7.18) � Breeden(1979)
í local approximation argumentªJ½ûøŸ, )|ø_hí linear asset pricing
relation (holds approximately), w2�Ö_ beta.
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• cqC(Y (t), t)úY (t)Dtª�, 15? representative agent 5 ut(·){
C(t) ≈ C(t−∆) + CY (t−∆)T∆Y (t) + Ct−∆(t−∆)∆t
u′t(C(t)) ≈ u′t(C(t−∆)) + u′′t (C(t−∆))∆C(t)

where ∆Y (t) ≡ Y (t)− Y (t−∆) (∆Y (t)ÑM × 1 vector)

∆C(t) ≡ C(t)− C(t−∆)

ø ∆C(t)H²¥

⇒ u′t(C(t)) ≈ u′t(C(t−∆))+u′′t (C(t−∆))(CY (t−∆)T∆Y (t)+Ct−∆(t−∆)∆t)

Hp (7.16.5) �+Markov property+ ²¥ (7.16.5) �2í u’t(c̃t)

⇒ E[r̃t|Y (t−∆)]− rft
≈ −(1 + rft

)u′′t (C(t−∆))CY (t−∆)T

u′t(C(t−∆)) Covt−∆(r̃jt, ∆Y (t)) ∀j
àä³[ýN_ securities 5 linear pricing relation

⇒ E[r̃t|Y (t−∆)]− rft
1N ≈ −(1 + rft

) u′′t (C(t−∆))
u′t−∆(C(t−∆))Vxy(t−∆)CY (t−∆)

∥∥∥∥∥∥∥∥∥∥∥∥
where Vxy(t−∆) =


σr1Y1

σr1Y2
· · · σr1YM

σr2Y1
σr2Y2

· · · σr2YM
... . . . ...

σrNY1
σrNY2

· · · σrNYM


N×M

is the covariance matrix of r̃t and Y (t) conditional on Y (t−∆)

Define r̃zktD yk �|ò5 correlation

E[r̃zt|Y (t−∆)]− rft
1M ≈ −(1 + rft)

u′′t (C(t−∆))
u′t−∆(C(t−∆))Vzy(t−∆)CY (t−∆)

∥∥∥∥∥∥∥∥∥∥∥∥
where Vzy(t−∆) =


σz1Y1

σz1Y2
· · · σz1YM

σz2Y1
σz2Y2

· · · σz2YM
... . . . ...

σzNY1
σzNY2

· · · σzNYM


M×M

is the covariance matrix of r̃zt and Y (t) conditional on Y (t−∆)
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• ø−(1 + rft
)u′′t (C(t−∆))

u′t(C(t−∆))DCY (t−∆) ²¥

⇒ E[rt|Y (t−∆)]− rft
1N

≈ Vxy(t−∆)Vzy(t−∆)−1(E[rzt|Y (t−∆)]− rft
1M )

≈ Vxy(t−∆)Vyy(t−∆)−1(Vzy(t−∆)Vyy(t−∆)−1)−1(E[rzt|Y (t−∆)]−rft
1M )

≡ Bxy(t−∆)Bzy(t−∆)(E[rzt|Y (t−∆)]− rft
1M )∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

• Aggregate wealth W (t) = W (Y (t), t) =
N∑

j=0
(Sj(Y (t), t) + xj(Y (t), t))

∥∥∥∥∥ define η((Y (t), t) ≡ C(Y (t),t)
W (Y (t),t) ( ÊvÈt, the aggregate consumption is a

stochastic fraction of the aggregate wealth)

¤v (7.16.5) ‰A

E[r̃jt|Ft−1]− rft
= −(1 + rft

)Cov(r̃jt,
u′t(η(Y (t),t)W (t))

u′t−1(η(Y (t−1),t−1)W (t)))

(equity premium �k� aggregate wealth, ¹ market portfolio ˆ,É[)

(¤vCovt−1(r̃jt, W (t))DCovt−1(r̃jt, η(Y (t)) u°²ì risk premium)
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• à‹ {Y (1), Y (2), · · · , Y (T )} is a sequence of independent random variables,

†Covt−1(r̃jt, W (t)) = Covt−1(r̃jt, M̃t)ªÀÖ²ì risk premium

• Sj(t) ≡ E[
T∑

s=t+1

u′s(C(Y (s),s))
u′t(C(Y (t),t)) xj(Y (s), s)|Ft]

∥∥∥∥∥∥
E[z|Ft] = E[z|Y (t)]
OÄzÉDY (t + 1), · · · , Y (T ) �É, ‹,Y (t) DY (t + 1), · · · , Y (T ) Ö


⇒ E[z|Y (t)] = E[z]

=
E[

∑T

s=t+1 u′s(C(Y (s),s)xj(Y (s),s))]
u′t(C(Y (t),t))

Ä0u”<0, ⇒ C(t)↑,u’t(C(t))↓ }‚‰ü, Sj(t)↑, Äø_C(t).}úƒ2_Sj(t)5
M, FJªŸASj(C(t), t)

• ¤v aggregate wealth ªŸA

W (t) =
N∑

j=0
(Sj(Y (t), t) + xj(Y (t), t))

=
N∑

j=0
Sj(C(t), t) +

N∑
j=0

xj(Y (t), t)

=
N∑

j=0
Sj(C(t), t) + C(Y (t), t)(C(t) ↑, Sj(C(t), t) ↑, W (t) ↑)

(W (t) is a strictly increasing function of C(t), Ä¤æÊg(W (t), t) = C(t) and g′ >
0)

• Linear pricing relation for r̃jt

E[r̃jt|Y (t− 1)]− rft
= −(1 + rft

)Covt−1(r̃jt,
u′t(g(W (t),t))

u′t−1(g(W (t−1),t−1)))

(à‹ r̃jt DW (t) Ñ£óÉ, †r̃jt ↑, W (t) ↑, g(W (t), t) ↑, u′t(g(W (t), t)) ↓, ¤v

risk premium Ñ£)
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• {Y (1), Y (2), · · · , Y (T )}cqÑÖ
, óçkø multiperiod problem }’A a se-
quence of disconnected single period problems in the sense that the realization
of the state variables before time t conveys no information about the stochastic
properties of y after t

• â C(t) = g(W (t), t), ª) C(t) ≈ C(t − ∆) + gW (W (t − ∆), t − ∆)∆W (t) +
gt−∆(W (t−∆), t−∆)∆t , ªOÎ (7.21) �, û| single-beta linear asset pricing
relation with r̃M as the pivotal variable
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