Ch7. Multiperiod Securities Markets I:
Equilibrium Valuation

o EMMINEAL, HAt = 065, BLHCEMTEFRZBMAIZ S Z AR,
Rt T A A A B AR ERS YA, W2 35 Al #BES rational expec-
tation equilibrium (FE b, WIALE ZERERKGER)

o ELHIKAIT, & complete market FIEZESNEE, —ik (&) /P state
of nature Z#H, A state contingent claims A& long-lived complex
securities Y dynamically trading I #45& H 2R

o KI5 state contmgent claims WA ELE ) T complete, HEFHZ HHE
Pareto optimal ( (;*Eﬁizﬁ%ﬁ) KR, ARl Chb 237 —{F representative agent

economy R 7 T B ERE

e sign{risk premium}=sign{Cov (7, O}, LA ERMHARIBREL, RGBSR
WF, CFEgEBM

e There are trading datest =0, 1,---, T for a single perishable consumption
good. Any possibly complete history of the exogenous uncertain environ-
ment from 0 to T' is a state of nature and denoted by w.

e Event tree or information structure



e Information set
t =0, {{w1, wa, w3, wy, ws}} = {02} = Foy
=1, {{w1, wo, w3}, {wy, ws}} = F1
t =2, {{w}, {w2}, {ws}, {ws}, {ws}} = F2

(the true state of nature is completely revealed)
e An event is a subset of €2, for example, a; = {w1, w2, w3} is an event.

e A particition of Q2 is a collection of events {ai, a2, -+, a,} such that the
union of these events is equal to 2 and pairwise intersections of these events
are empty.

e The information revolation represented by an event tree can be described
by a family of particitions of €2, indexed by time, that become finer an
finer.

o F={F;t=0,1,---, T}: information structure or filtration, where each
F; is a particition of €2 and F; is finer than Fg if t > s

e A time-event contingent claim is a security that pays one unit of consump-
tion at trading date t > 1 in an event a; € F; and nothing otherwise (& |
tree LAYFEME node (FHEPF(E time event #4E), #i% 1 B L consumption,
F|HAM node HIEA)

( .
homogeneous beliefs my, (1t = > my)
weay

(7.3F7. 14z AER, ¥ heterogeneous beliefs 7Tfu > OtEar)

. (E&&

time-additive and state independent von Neumann-Morgenstern
T

utility functions: wio(z0) + Y. > martit(zar)(u; > 0,u < 0)
t=1a,eF,




o [BF%{c), ¢ Corat € Fy,t = 1,...,T,i = 1,..., I}[% Pareto optimal alloca-
tion for a pure exchange economy with complete time-event contingent
claims (¢, & time-0 consumption and czt)f.% a;-contingent claim ZiRE, &
ET{ch, ¢}, BIE T —{EZ%#H consumption plan)

I
° IiIlaX Z/\z(uzo(zo) + 2 Z Watu%t( af))
{ zh,2h € F, } =1 =1 €F,
t=1,....7,i=1,....1
I

st > 2
?

=1

N

I
2 €
i=1

I

I .

> 2y, = > ey, Yay € Fyforvt
1=1 1=1

(ﬁtﬁ{eg,ezt,at € Fi,t =1,...,T} 5 endowment, He, WM time-

0 consumption, e, B #ikas-contingent claim) (BRI, BEXESH—

el > 0)

o FOC MEREE {c, ¢, } B LR

N { /\iugo(cﬁ) = o Vi
Aiﬂ-atuit(czat) = ¢q, Vi,Va; € Fy for Yy

(EH¢pdilep,, B Lagrangian multipliers)

st i) — du v, vy, € F for v,

(BRI, £ PO K}, the ratios of marginal utilities between a;-consumption
and time-0 consumption are equal across individuals)



728 complete market competitive equilibrium (CMCE) = PO (with a spot
markets of time-0 consumption and complete time-event contingent claims
at time 0)

T
max UZO(Z()) + Z > Watuzt( at)
{ZO7 at} =1 ateft
, T , , T .
s.t. @ozy + >y ¢at22t = ¢oey + > D ¢at62t
t=1a,€F, t=1a,€F;

! )
uip(ch) = vido
FOC = { Ta, Wy (€l ) Yita, Var € Fy for any t

(HF{c, c’ﬁlt}% optimal solution, v; is the Lagrangian multiplier, ¢g 52 ¢,
B4 HZ consumption 8 time-event contingent claims #£4 H spot market

ZfE1%)

I
In equilibrium, K& market clear, }5}?1/,(2 ch = Z eb, z o= el
=1 i=1

(GREEZEE=2H time-0 consumption & endowment; as-event FF, ¥
B BE=5HEE e time-event contingent claimZ endowment A #iR)

Mk FOC Mistifi= ™) — % gy AT ALt (CMCE)=PO

# markets for the time-event contingent claims reopen at each trading
date, HIFHEHERT {c), ¢! Cy, } 254, BT individuals’ expectation about prlces
for time-event contingent claims at each trading data ¢, (a;) (7€ ay

time-event, Has time-event contingent claim Z{E, if t < s andas C at)

BAEE E TS reopen Z¥FHEIHEE rational expectations equilibrium, Z#
&= CMREE=CMCE, HEM#ET# reopen, there is no trading in equi-
librium after time 0



e For t < s, define m,_(a¢)to be the probabilities of ag at the event ay.

0 if as € ar
Ta,(ar) = { Toe if qy C ay
at

e Define ¢, (at) to be the ex-dividend price at time ¢ in the event a; for the
time-event contingent claim paying off at time s in event a.

0 if t>s
Ga.(at) = 0 if t<s and asgat
% if t<s and as C ay
(:> ¢at(at) - 1)

(Individuals have rational expectation in the sense that they believe the
prices and probabilities will evolve according to m,_(at) and ¢q_(at))

e 58 CMREE=CMCE, J/REIEEEH CMCE EPEI"J{cés,as c Fs,as C a, s >
YR THMEEZ#: For any a; € Fy

. T .
max_ Wit(2g,) + D > Ta(an)uis(zg,)
{zfls,asefs s=t+1 { as€Fy }
a,Ca;,s>t asCay

. T : : T .
s.t. zczzt + > > ¢as(at)zés = Czt + > > ¢as(at)025
s=t+1 {598}; } s=t+1 {ggec.zg }
(BNTERERIE, 18 given g, (ar) ¥, (ar) T, BAGERFEE CMCE #HFZ con-
sumption plan)
uly(ch) = ’Yét
FOC = . .
ma, (at)ujg(co,) = va,0a,(ar)

if let 77, = %%’ ik CMCE #9 {c, } RAREE Btz HERHR ((7.5.4)vs.(7.3.5))
= CMREEZ FOC g%» CMCE & FOC, BHl CMCE 2 {c, } 7% CMREE

L (I, ()] (ch,) = 7, G (ar) = Tl (ch,) = piles e =y () =
’Vz'(bas)



o iy EREFHEA T FE—@ CMREE=CMCE, FtENE CMREE F#AE re-
trade ZH®, EAGLE time=0%% time-0 consumption B time-event contin-
gent claims, DUEf consumption plan {c{, ¢, }, HZB&HIERE consumption allo-

cationth &% {c. }, MIEANTEL = 0BT BRERS

o [HEH complete set of time-event contingent claims, retrade Z ¥ &HEERF
AJEAIR, the market can be completed by dynamically managing a portfolio of
long-lived securities, whose number is far fewer than the number of time-events.

A complex security is composed of time-0 consumption good and
a bundle of time-event contingent claims and is represented by
x = {x0, x4, }, where zg and z,, are devidends paid at time 0 and
at event at

A long-lived security is a complex security that is available for trad
-ing at all trading dates

e 0;(0) denotes the number of shares of security j with which individual is en-
I
dowed, and 3~ 0;(0) =1, for j =0,1,..., N(N &E/MP time event ZEH)
1=1

e S;(t) denotes the ex-dividend price of security j at time ¢,and represents the
value of the future dividend process x; at ¢(S;(T") = 0)

S;j(t)’s realizations do not vary across states in an event a; € F3(S;(t)HREd
event a:fJ evolution BR, W EHHE D Ha,FHILE state), and this property
is termed that S;(t) is measurable with respect to F;

A process is a collection of random variables indexed by t

If a process is measurable with respect to F; for all ¢, we say that
the process is adapted to F. (For example, a long-lived security
is represented by a dividend process adapted to F)



e A trading strategy 6 is an (N + 1)-dimensional process

0= {0,(t):j = 0,1,..., T}

(EHR0;(t)BHFA security j in the time period [t—1,¢]), EE10;(t)27E time t —1
IRTE, I process 6, is said to be measurable with respect to Fiy1 or predictable
with respect to F)

Oo(t)
01 (t)

QN.(t)

o(t) =

e Individual ¢’s problem
T
max uio(c(0)) + E[Zl uit(c(t))]
t—
s.t. 6(0) = 6°(0)
Ot +1)TS(t) = 0(t)T(S(t) + X (1)) — c(t) for t=0,1,....,7T -1
0=0(T)TX(T) — o(T)(—#MARE LR, WEHt = TH, H S(T)=0, %
A 0, A )
(HFS@t) = (S1(t), ..., SN)TX(t) = (xo(t),-- -, xn(t))T £ dividend process)
(ERIBR HI3X 57~ The consumption plan ¢(t) is “financed” by the “admissible”
strategy 0(t).)

e A rational expectations equilibrium for the securities markets (SMREE) is

{6°(t),c(t)} for i = 1,---, I and the price process {S(¢)}, and markets clear
at all times:
I

> oty =1
1=1
I N
ZCZ z;(t) (at timet, BEREBHIFIAE=2MEKEERdividend)
1=1 3=0



o FEHHAEZEE retrade 2B G, KA GIEIRL = 02 optimal strategy FETT, W&
B —EHH consumption plan®] LIEMFTE EAZ welfare

o Rk REXFAE—ME A improve expected utility Z K&’ (t) at time t > 1(TEtZ
NIZ R 5RO = '), 75 the expected utility of “life-time”
consumption at time 0 improve, ZHAIBEIFE (KFE time 0FTKE
20 (t) R () ERBAIL 0 ~ TZ expected utility #84)

0'(t 4+ 1)TS(t) = 0/ ()T (S(t) + X(t)) — (t)
Ot +k+1D)TSt+k)=0t+k)T(SEt+k)+X({t+k)—(t+k)
fork=1,---,T -1t

T T )
R > ma(a)uis(cn,) > 32 >0 ma,(ar)uis(ch,)

s=tas<ay s=tas;<ay

Define a trading strategy and a consumption plan starting at time O:

) ( HZ:(S) if s <t
0(s) =< 0'(s) if s>t and in the event a5 € a
| &'(s) if s>t and in the event a, C a

VAl
~—

J' CZ:(S) if s<t

¢(s) =q c'(s) if s>t andin the event as € a
| d(s) if s>t and in the event as C a
T T
HY > 7a (at)UZS(CZLS) > > > Ta(ar)uis(cy,)
s=t a,<a s=t a,<ay
T T
= E[Zt uis(¢(s))Ft] = E[Zt uis(c'(s))|Ft]
S= S=



(LATER, o>, BERFHEE events, A=)

= & N = = = =1
/TEXFIX Wi, w2, w3, W4, Ws éﬁé‘é‘ﬁfﬁ = W{wl} — 7T{w2} - 7T{w5} o S
o 1
/
N
B B, 2
..-"//. e "’/\
:H/A \-k{f/ a, ={o. 0, 0} 0, 3
.\.--—/I ""-\.HK‘H—
a, =@, 0,,0,,0,, 6;} xﬁ.-/;_-\'. - P i
\ /
e _/\
a, ={o..a;} @ 5
5 £

(i) for node A:7mg11(ag) = 2et = % =3/5

Ta12(a0) =
Ty (a0) = =7, (a0) = 3

OTI[\D:‘

. T{w 1/5 1
for node B: 7y, y(a11) = #111} = ?)/L5 =1
1

Tupp(a11) = Ty (an1) = 3
for node C: 7T{w4}(a12) = W{w5}(a12) = %
(ii) for node B: E[y|F1] = (1/5)'1+(1?{?5)'2+(1/5>'3 =2
(or(1/3)-1+(1/3)-24(1/3)-3=2)
for node C: Ey|F1] = (1/5)'45/?1/5)'5 =4.5
(or(1/2) -4+ (1/2)-5=4.5)
(conditional expectation is at time ¢ a random variable measurable

with respect to F)
for node A: E|y|Fo] = Ely] = (3/5) -2+ (2/5) -4.5=3
(or(1/5)-1+4+(1/5)-2+(1/5) -3+ (1/5)-4+(1/5)-5=3)




S E[Eéuw(ew))mn > BIELY: uis(¢i(s))| 7]

s=t
(REH event &>, HLE event E=, BUHLE(E (A8 weighted average) £, H>
AR >)

T T .
= BIY uin(e(s))] > B3 uis(c'(5))]

s=t s=t

By definition

E[z: uin(é(s))] = E@: 4is((5))]
T T )
= ELY uile(s))] > E[X ual)] (+)

(Therefore, in a rational expectations equilibrium, there is no incentive for
individuals to deriate from the stategies chosen at time 0)

10



e Dynamic programming
(at T —1,B&OT —1),5(T - 1), X(T—-1)EH(S(T-1),X(T-1)
RIEAREZ ar_1 € Fr_1,0(T — 1)5 augmented state variable)
(BO(T —1),S(T —-1), X(T - 1)BH=EZ%M)

iy AT T D) Bl ]

st. (T —1)+0D)"'S(T—1)=6(T—1)1(S(T—-1)+X(T—1))
o(T) = 0(T)" X(T)
(HAPHAEERH X (T), B (T — 1) and §(T)are random variables measurable
with respect to Fr_1) (0(T)BO(T —1),S(T — 1), X(T — 1)ZEH, FFF value
functiony’E O(T — 1), S(T — 1), X(T — 1)Z&K#)

(ii)at T — 2B O(T — 2), S(T — 2), X(T — 2)BH1 (S(T — 2), X(T — 2) R FER
[FlZ ar_9 € Fr_o,0(T — 2)F% augmented state variable)

max  ura(C(T—2)+ B S w(C(H)Fr)
e(T—-1),0(T) t=T-1
{C(T—2> o(T—1) }
st ct—1)+00)TSt-1)=0t-D)T(SEt-1)+X({t—-1),t=T-1,T
o(T) =0(T)"X(T)
SR
max ur—2(c(T" = 2)) + E[w(0(T — 1); Fr-1)|Fr-o

{e(T—2),0(T—-1)}
st. e(T—2)+60(T —1)TS(T —2) =0(T —2)T(S(T — 2) + X(T — 2))

(HEAFRWO(T —1)); Fr1)BT — 1.2 value function, HiZ{ERBTE given S(T —
2), X (T —2)TF, 8 S(T — 1)8E X(T — 1)f%)

11



o for t=0,1,.... T — 1

the dynamic programmig problem is equivalent to a sequence of two-period
problems
max ue(c(t)) + Elo0(t + 1); F F
L ule(t) + E(6(t+ 1) Fe)| 7
st oc(t) +0(t+1DTSEH) =0)T(S(t) + X(t)) = W(t)

{EAAEtime t B, I c()BO(t + DRFREW(E+ 1) =0+ DTSt + 1)+ X(t+1))
R At Eexpected utility. M4, KB rational expectations equilibrium H

Jbased onFy, FIEANEHS (¢t + 1) B IEMRMIE, 1 ES(t+1)8X (t+1)HJevolution
HFEHAEF 1, FTLURBAR R I E W (t + 1) R Elz value function F, FL
HS(t+ DX+ 1D)EFREN + 1)ERH

o (7.1080) B c(t) W () FAE—E S & Bl 7%
H B Z AR problem = V(W (t); F) = ue(c(t)) + E[V(W(t + 1); Fry1)| F
(Hehe@t) + 0+ 1)TS@) =0@)1(S(t) + X (1) = W (1))
EVy, > 0and Vi, <0
A B FRGEE W (¢) 5 RIS Vip (W (8); Fy) = wj(c(t))
(Tt HE—BEAME 2 utility BR=1E—EMHRZ utility 350, b envelope
condition)
H Vpw < 0wy < 0, BIW(¢) 1,¢(t) 1, BFFEE— strictly increasing function g
such that ¢(t) = g(W(t); F1)

(EBEERRZ, B conditional on F; & expectation, c(t) INEFEEITEE on
W(t))

o (7.11)~(7.13) AEFHIFFEHHE securities number > max branch number, T
%Al dynamically trading 2R complete, ERME T £ securities number(3)
/NP tiem event Z number(7), KATZEE PO

12



e An example of a securities markets economy

=0 =1 t=3

=fsecurities, HEBTEL = 20 ¥ & dividend, FTLAEIHt = 08t = 189 () 1, &2
securities prices, t = 289 () #, &= dividend

e FFHH any time-event contingent claim can be created by dynamially managing
a portfolio of the three long-lived securities (B: A H¢,,,)

(i) for node B, & (z, 31, y2)EIZ 0, 1, 218 securities

8 1
r+4y1 +32 =0 = (z,y1,y2) = (5757—5)
x4+ 8y +4y2 =0

(B, R AHORARS S 141 5 1.3 =
(ii) for node C,

MG, BATRE0
(iii) for node A,

)

wl—

r+5y1 + 3y2 = % - " X 71
= HA , HP—ME (v,y1,92) = (%, — =, 0
{ T+ Ty1 + 4.5y2 = 0 BIRZ M, A — (2.91.92) = (5, —5.0)

(HE R ARAS 11— 1.6 = 1 = o, HEMRIER RAY
FAA)



e the number of long-lived securities > the number of max branches is a necessary
but not sufficient condition, FIAE — securities prices FEXAE node FAX linear
dependent, HI& {5 dynamical strategy S HIZR (2% AR E EL B AR AL 2 N [E] i
JithAE R, BIARAIHTE payoff R MEEILENRT, % IEALEFNERER long-
lived securities Z B INEMIERIL, FREEIRE complete market)

e In CMREE, long-lived securities ZfE#&AJHH payoff B prices of time-event
contingent clalm BB

z(at,t Z > Galar)za,

s=t+1 a,cF,
asgat

5
2 = Tas (ac)ul, (ch)

H(7.5.
iy _m
{ o, (at)uj )=rét¢as(at) = a,(01) = ()

b

_ i R AUACH)

i La,
8:t+1 QQEFQ ult(cat)
asCay
_ Tas (@) uiy (Ca,)
= X WL (e ) (Tary, + Szlar1,t+1)
a1€F 4
a1 Cay

i

L u(c(s))
= S:{t) = B 3 HEGHe()l A

_ E[%ﬁ%l))(m(t + 1)+ S(t+1))|F

(B EET R EIARIRATBEZ events asBliBay 1L A BEERZRIN)

e SMREE implements CMREE if
(i) SMREEH#S(¢t) EE CMREE F1Hx, Be, (a;)EHR—3
(i) SMREE #] dynamically complete market
(iii) SMREE 2 optimal allocation ¢, # CMREE i) —%(

14



e Fix a CMREE, RJE(0] random ZEHN{# securities, Wi RE%H securities prices
& CMREE FrkBrY, Bt N{E securities HJ dynamically complete markets,
H optimal allocation ¢}, 1 &8 CMREE H1#)—3({ (CMREE can be implemented
in SMREE by randomly selecting N long-lived seurities)

o HEA] dynamically complete market 2 SMREE &, R&&ME time-event
contingent claims #SFH dynamically tradingfSH, Frll—EBBLEFME CM-
REE (The proof for the above generic implementability is rather technical, and
it can be referred to Kreps(1982)for complete details.)

o (7.15&i1) B reveal 18 (branch B, T2 securities, AIA] dynamically
complete market, ME&E reveal {RHREF, % Z securities 28 dynamically com-
plete market (the minimum number of long-lived securities is determined by the
temporal resolution of uncertainty)

o 1A 5.10~5.19&F (homogeneous belief + time-additive utility = PO sharing rule
= aggregate consumption BHE—Z aggregate shock="TEHEFTH state of na-
ture, #£Q—RTEIT]), ZE multiperiod economy WA LAZEBH PO & individual con-
sumption £ aggregate consumptioniZ strictly increasing function (BIfE#E PO
sharing rule f;q, Hf],>0), AKRE SMREE A dynamically complete with
the “aggregate consumption events”, RI[A]Z ]| —{& PO

o 17 5.21~5.23 & (homogeneous belief+time-additive utility, 7#ZE—1@ represen-
tative agent, JHEFTE aggregate endowment, FIEE|[FRZ 5% EKE), SMREE
WEE—E representative agent endowed with all long-lived securities, H¥ op-
timal trading strategy and consumption plan E7K=EFFE long-lived securities,
1 EE M time event & aggregate dividends

15



o [LEE, securities Z¥FHTEISAIH representative agent Z utility #2 aggregate con-
sumption &H

Si(t—1)=E| Aeh) (z;(t) + S;(8)|Fe-1], (7.16.25X) (H (7.14.5) TzK)

~ : N
where Cy = 3 ¢'(t) = Zoxj(t)
j:

representative agent Z utility T2
ut(z) = gl)&}i Z itz (2;)
=1

1
st. Y. zi=2
1=1

® Deﬁne 7”] ];S(Tl) —1

= 1= E[%(l + 7t ) | Fe—1]

— Cov( MO 7| Fi 1) + B £ B+ 7l Fi]
RE%0-th long-lived riskless security Z #J4a{EMRE 1, H—EZ|TH ¥
—RBERMFzo(T) = TIL_ (1 +rp), AIE price at t < TH

So(t) =y (1 +7y,)

RA(7.16.2)

Ut Ct
= E[Ut 1(Ct 1)

\ft 1] =

1
1—|—Tf

= E[fjt|Fi-1] —ry = —(1 +rp,)Covi1(7)t, - |]-‘ 1) (7.16.5)

f 1

(Cy 1,ub(Cy) |, #Cov(7j, Ct) > 0 = risk premium> O, = AR B 2 ] e BB
Z security, HETEERK smooth consumption, FTA—& ATNEZE, HER TRE,

risk premiumt)

o (7.17) # (7.18) €M SR E consumption CAPM (CCAPM), (7.17) &iRfR
& quadratic utility, M (7.18) €i/2E Breeden (1979) Z#&EHR, # ¢t — 1 — ¢, B
t—A —t (local approximation argument), &R A K aggregate

consumption, MFEHR representative agent %

16



o B#% representative agent & utility Bu(2) = p'(az — %22), A (7.16.5) EEK

- a;—,Cy
E[’Vjt‘ft—l] - T = —(1+ Tft)COVt 1(7’]15, pi= 1(a( 1_btclét1)

() San  Covealine O

— AR 53 Flmarket portfolio B CE2 M, K BEEFHE

HEETH MR 2 3, BEESHIZEENZE portfolio Z payoff # aggre

-gate consumption TEME (KRESHH market portfolio FTE£EFHZ
aggregate dividends #2 aggregate consumption ¥%, 7REl market portfolio
Z dividends payoff B8 aggregate consumption y&5¢ 2 MR, {ER]REH
rmthR T EE aggregate dividends BR, B Tz BERMER,

FirLAr 82 aggregate consumption AJRENEFESC 2 IEFERA), KRILERER

TetF5— dynamically rebalanced portfolio, BICEREZ correlation

E[fctlft_l] - Tft = —(1 + Tft)#%HCOVt 1(7"ct, Ct)

B —pb; _ _ E[rg|F]- T'fe
(1+ Tft)at_l_bt_lct v Covy (7, Cy)

- C t—1 /thaét >4
=E[7j|Fi-a] =1y, = CSXEC§< [rctlft—ﬂ ~T8)
(7.C)
(7

e Rubinstein (1976) EHE A2 Consumption-based asset pricing model. Breeden
and Litzenberger (1978) EH CCAPM in CMCE. Breeden (1979) #&H CCAPM
£ continuous time securities market economy K37 (when local changes of
prices of long-lived securities and the optimal individual consumption are small)

17



e (Breeden (1979)) B Taylor expansion series AJ {5
ujy (' (1) &y (c'(t = A)) + ujy(c'(t — A)Ac (1),
where AC(t) = c'(t) — c'(t — At)

AL (7.14.5) 0 EHEM (7.16.5) iz BFERAEARIEERBEH R,
WA BN CCPAM 2 F

E[fjt‘ft—A] —Tf = —(1 + T’ft)COVt—A(fjta ~ ((C((tt))A)))
- A))+ul (¢ (t—A))Act (t—A
~ —(1+1y,)Covi_a(Tjt, ”( i L):FA(( (g_A)))) (t ))

—(1+ 1) LB Covy A (Fji, A (1)

o up(cd(t=4A) g,

Rl I iy

= 0. 1(E[r]t|.7:t Al — Tft) ~ (1+ rft)Covt_A(fjt,Aci(t))

= > 0. (E[fj|Fi—a] — 1) = (1 +15,)Covi_a(Tjt, Acy)
i=1

I ~
= E[jt|Froal = rg, = (3 071711+ 1) Coveoa (7, ACY)
1=1
I 1 B
= (X 0; ) (1 +7p)Covia(Fje, Ct)
=1
where AC; = Z A (t) = Cy — Cy_p

I -
E[fct|ft—A] — TR (Z 92._1)_1(1 + Tft)COVt_A(fct, Ct)
1=1
RIE 7/A5, 178
N Bie, N
Bl Fr-al = g, ~ B (Blf | Fial - 77)

= CCAPM 7EREMRER [t — A, t]f approximately hold

(BFE L Breeden (1979) Z&8HH_LiuliXF exactly hold, RIEB A stochastic calcu-
lus, B (dt)? — 02 BB, 5 —FihZ Taylor expansion “=" HAT)
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H;ﬁi“* EP Ci=M 1BY£%E’§7F%£EP HE R ?ﬁ HA Cp=Mrp, S ELERIFRI BT

Ef = Z Wit = Z ; (or Z “t)) + Z S;(t), ERIEH representative
7=0 =1

agent ZIHE. /\1;5 aggregate wealth (market) E’J—*WJ\ hi_EZ §i#Y dynamic pro-

grammingfi§Z HAZ consumption B wealth FEFERAGR c(t)=g(W (¢);F), FIH#E

1? C’t Mﬁlﬂiﬁfﬁ%@% Ci=g(My: Fy), 1B ¢E stochastic function, HIEHERE

R CLHL M B —$—3e BT T E R T8 risk premiumf9IE & 5%, Wik

COVt_l (fjt, Mt) ZIE,%\’?}E*T%"

#&

uy(g(My; 7))

(g 7))

E[fjt‘ft—l] —Trf = —(1 + Tft)COVt—l(fjty

(7.22) g R RM, (H5 Bt =X FHE R market-based asset pricing model,
Bl risk premium ZIE&EK/N, B Cov (7, My)Z IE BB KNG

IR aggregate consumption 2 aggregate wealth ZF#fRE nonstochastic and
one-to-one, Bl AT A B — MR EUAR L 45 5, Bl risk premium BUGKFST 87, & BERE
A, MFEARE ERIRY asset pricing relations for 77282 aggregate consumption’

=

[

(7.20) &5 [ Markov state variable, (7.21) & H Merton (1973) & multi-beta
asset pricing model (‘N3 continuous time B discrete time), (7.22) EiFREHE
state variablesZ evolution & independent B, A LAEFIC, B2 M, B nonstochastic
H. one-to-one ZFAfR

Let Y (t) denote an M-vector of random variables that are observable at time

t. (X ERERY (t)Z realization ] HEEHE state of nature wiEH AIRE, HLEWERT
AR, HIY (1)#85 vector of state variables at time ¢ , H. all the possible

realizations of Y from time 0 to any time ¢ generate a partition J;)
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e Markov property(or memorylessness property): 138 {Y (0),---, Y (¢) }FRRFEY (¢),
AliEZHY historical realizationsfERd

Elz|Fi] = Elz]Y (t)]

o ¥ representative agent M5, the aggregate consumption

= S(Y(t),t) = Bl X SN (v (s), 5)| 7

= B[ 3 oY () 9y @)

o 7E given Y (¢)5 state variables B Markov ZI&¥ T, (7.18) i Breeden(1979)
i local approximation argument /] LAEE & —R, 15 —{E#THY linear asset pricing
relation (holds approximately), EHHEZ{H beta.
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o BRC(Y(t), )Y ()8R f, MFE representative agent & ()

{ Ct) = C(t—A)+Cy(t —A)TAY (t) + Cr_a(t — A)AL
u(C) = uy(C(t — A)) + 4/ (C(t — A)AC(?)

where AY(t)=Y(t) =Y (t —A) (AY ()FBM x 1 vector)
ACt)=C(t) —C(t—A)

1 AC (¢) s

= ul(C(t)) = ub(C(t—A))+u)(C(t—A))(Cy(t—A)TAY (1) +Cy_a(t — A)At)

KA (7.16.5) +Markov property+ #a# (7.16.5) FHFH w’¢(¢)

= B[[Y (t— A)] =g, & —(1+ 1y, SLACBIOUS) Cov, £ (70, AY (1) Y

FI%ERE 2R~ N{E securities & linear pricing relation

_a(C(t=A))
OrYy OnY, *°° OnYy
where Vg, (t — A) = 07“.2Y1 0.7”2Y2 o rQ.YM
OryYy OryYs °° OryYy 1 Nxs
is the covariance matrix of 4 and Y (¢) conditional on Y (t — A)

Definer,, 82 vy, BiFEL correlation

BIEA[Y (= A)] = lar & —(1+ 1) g i Vay (£ = A)Cy (8 - A)

0-2’1Y1 021Y2 T JZIYM
O' Y O' Y o o e 0' Y
where V,,(t — A) = i T i
OznYr OzyYs 70 OznYu Jd prx M
is the covariance matrix of r,; and Y (¢) conditional on Y (t — A)
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o W—(1+rs) S CENHECy (t - A) i
= B |Y(t = A)] —rpln
~ Vo (t — AV (t — A)HE[r|Y (t — A)] —rp 1)
~ Vo (t=A)Vyy (t—A) 1 (Vo (= A) Vi (1= A) ) "N Efro|[Y (1= A)]—rp, 1as)
= Byy(t — A)Boy(t — A)(E[ry|Y(t = A)] —rplar)

Byli=ie gl

A = 7y regress on Yy, ¥y ..., Yy Z {##4(conditional on Y(t - A))

NxM

5 o |, 7, regresson y..¥,.... v, {f#{(conditional on Y(t - A))
zy oy = K \“—--._._________________._.-—/ ¥

i\r x }lf

o Aggregate wealth W(t) = W (Y (t),t) = é(SJ(Y(t), t) +x;(Y(t),t))

define n((Y(t),t) = % ( 7ER}fHt, the aggregate consumption is a

stochastic fraction of the aggregate wealth)

BELRF (7.16.5) B

Blfjil 1) = 15, = (14 14) Cov(Fje, oo i)

(equity premium PR aggregate wealth, Bl market portfolio fit:_ER#f%)
(el Covyy (7, W (t)) B Covy—1 (7, n(Y (¢t)) FFERE risk premium)
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o R {Y(1),Y(2),---,Y(T)}is a sequence of independent random variables,
HICovi—1(Fje, W(t)) = Covi—1 (7t Mﬁﬂﬁ%ﬂ%ﬁ risk premium

I ! s),s
» S =B > AN (Y (s), 5)| 7]

Elz|F] = Elz|Y (1)]
BRZREY (t+1),---,Y(T) BF, LY (t) 8BY (¢t +1),---,Y(T) Bz

= E[|Y()] = E|Z]

_ B <( <( <5>) ;;cx (5),5))]
Y{(t

Hou <0, = C)Tw(C(t))| AR, S;(1)T, B—HEC () REEE2{HS;(1)Z
t

8, BB B RS, (C(1). ¢)

o [IHHF aggregate wealth A] &K

S (S;(Y(1).1) + (¥ (1).1)

/—%\
<~
~—
I
.
|
o

I
M=

<
|
)

S,(C(0),0) + ﬁo o (Y (1))
2

(C(),1) + C(Y (), 1)(C(8) T, 55(C 1), 1) T.W(t) T)
W(t),t) = C(t)and ¢’ >

I
gmz
N

(W (t) is a strictly increasing function of C'(t), RFFEEg(
0)

e Linear pricing relation for 7
Elrply (t = 1] =1y, = —(1+rg,)Covia(Fje, 7w

(AR 7y BW(t) RIEMBEE, Bl 1, W (@) T,9(W (), t) 1,4 (g(W(t),t)) 1, BEBF
risk premium FIE)

(((t
(W
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o {Y(1),Y(2), -, Y(T)MB&x B, HERK multiperiod problem 73#IK a se-
quence of disconnected single period problems in the sense that the realization
of the state variables before time ¢ conveys no information about the stochastic
properties of y after ¢

e HC(t) = gW(t),t), IRBC(E) = C(t — A) + gw(W(t — A), t — A)AW(t) +
G-A(W(t—A),t—A)At, AJHEHR (7.21) &, B single-beta linear asset pricing
relation with 7,; as the pivotal variable
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