
Ch6. Valuation of Complex Securities and Op-
tions with Preference Restrictions
• …ı5ñíuJ Ch5 5-Z, .ú’ß5}ºC_A5^àd'Ô�5cq, û

| complex securities 5g�. Wà: European call option

•

{
homogeneous belief πω
time-additive and state-independent utility, ui0 and ui
ui0 and ui are increasing, strictly concave, differentiable

(5.12.1) λiu
′
i0(ci0) = φ0, i = 1, 2,...,I

(5.12.2) λiπωu
′
i(ciω) = φω, ω ∈ Ω, i = 1, 2,...,I

J ∃ a representative agent with u0 and u1

⇒ φω = πωu
′
1(Cω)

u′0(C0)
, ∀ ω ∈ Ω (5.23.1)

for security j, Sj =
∑
ω∈Ω

φωxjω

(where xjω the is payoff of the asset j at state ω)

⇒ Sj = E[ u
′
1(C̃)

u′0(C0)
x̃j]

(where x̃j: random payoff at time-1)

‖ riskless asset ⇒ S0 = E[ u
′
1(C̃)

u′0(C0)
] = 1

1+rf (or rf = 1
S0
− 1)

⇒ 1 = E[
u′1(C̃)x̃j
u′0(C0)Sj

] = Cov( u
′
1(C̃)

u′0(C0)
,
x̃j
Sj

) + E[ u
′
1(C̃)

u′0(C0)
]E[

x̃j
Sj

]

⇒ E[
x̃j
Sj

]− (E[ u
′
1(C̃)

u′0(C0)
])−1 = −(E[ u

′
1(C̃)

u′0(C0)
])−1Cov( u

′
1(C̃)

u′0(C0)
,
x̃j
Sj

)

⇒ E[
x̃j
Sj
− 1− rf ] = −(1 + rf )Cov( u

′
1(C̃)

u′0(C0)
,
x̃j
Sj

)

⇒ E[r̃j − rf ] = −(1 + rf )Cov( u
′
1(C̃)

u′0(C0)
, r̃j)∥∥∥∥∥∥

s‚model
⇒ aggregate consumption C̃= aggregate wealth
= market portfolio M̃

⇒ E[r̃j − rf ] = −(1 + rf )Cov(u
′
1(M̃)
u′0(C0)

, r̃j)
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• if u1 is strictly concave

⇒ J r̃j D C̃ (or M̃) £óÉ ⇒ r̃j D u′1(C̃) (or u′1(M̃)) ŠóÉ

⇒ E[r̃j − rf ] > 0

(if r̃j ↑, C̃ ↑, [¤ security D consumption 5š�ø_, ]¾‘6M�

¤ security Ì¶ smooth consumption level, ]¾‘6.¿¡¤ security,

¤ security ÛTXyòí risk premium VÜùAI’˛�)

(C6uz, ßÕGvøÀPí consumption payoff ª;ÕGvøÀPí

consumption payoff VíÏ)

⇒ if Cov(x̃j, M̃) > 0 v, Sj ↓, r̃j ↑; if Cov(x̃j, M̃) < 0 v, Sj ↑, r̃j ↓ )

¢ E[r̃m − rf ] = −(1 + rf )Cov(r̃m,
u′1(M̃)
u′0(C0)

)

�²¥Ÿ�2¤á

⇒ E[r̃j − rf ] =
Cov(r̃j,u′1(M̃))
Cov(r̃m,u′1(M̃))

E[r̃m − rf ]

vs. p98 (4.13.1) CAPM

• 6.3�,5? power utility (which exhibits preference towards skewness of time-
1 random consumption), .É Cov(r̃j, r̃m) D risk premium �É, Cov(r̃j, r̃

2
m)

(coskewness) �ò,risk premium �Q,security price �ò.
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• Consumption-Based Asset Pricing Model (Lucas (1978))

Ut = u(Ct) + Et[ρu(Ct+1)]

max
θ
Ut

s.t. Ct = et − ptθ, Ct+1 = et+1 + xt+1θ

Ct: consumption level at t

ρ: discount factor

pt: price of the security today

xt+1: the payoff of the security at t+ 1

θ: ˛�ÖýÀP5’ß at t

et: endowment at t

FOC ⇒ ptu
′(Ct) = Et[ρu

′(Ct+1)xt+1]

or pt = Et[ρ
u′(Ct+1)
u′(Ct)

xt+1]

(i) if xt+1 = 1 ⇒ 1
1+rf = Et[ρ

u′(Ct+1)
u′(Ct)

] = Et[MRSt+1
t ]

¢ 1 = Et[ρ
u′(Ct+1)
u′(Ct)

xt+1

pt
]

⇒ 1 = Et[MRSt+1
t (1 + r̃)]

= Cov[MRSt+1
t , r̃] + Et[MRSt+1

t ]Et[1 + r̃]

⇒ Et[1 + r̃]− (1 + rf ) = −(1 + rf )Cov[MRSt+1
t , r̃]

⇒ Et[r̃ − rf ] = −(1 + rf )Cov[MRSt+1
t , r̃]

¢ Et[r̃m − rf ] = −(1 + rf )Cov[MRSt+1
t , r̃m]

⇒ Et[r̃ − rf ] = Cov[MRSt+1
t ,r̃]

Cov[MRSt+1
t ,r̃m]

(Et[r̃m]− rf )

(D{…5!‹'d, .¬b·<íu Consumption-based asset pricing model
uÖ‚5_�, 7{…íû}òƒñ‡Ñ¢, ·uÀ‚5_�)
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• Equity Premium Puzzle: The observed real risk free rate in America is 0.8%
and the equity premium is about 6%. However, Mehra and Prescott (1985)
found that given a proper value of the risk averse coefficient, one cannot
generate a large enough risk premium to match the historical data through
Lucas’ model.

• Marginal rate of substitution (MRS) is the rate at which consumers

are willing to give up units of one good in exchange for more units of

another good, W MRSt+1
t ≡ ∂U/∂Ct+1

∂U/∂Ct

for power utility
= ρ(Ct+1

Ct
)−B,MRS×, [

b �'Ö5Ct, V²¦ø<Ct+1 (âÇ2íé0ªõ|), /MRS×, 6

ª;A~Û0ü, ]Ct+1MœÖ5Ct; ¥5,MRSü,CtÁýøõ, Ct+1Ó‹

'Ö (â-Çªõ|), C;A~Û0×, ]Ct+1Mœý5Ct (]MRS6ª;

ACt+15g� in units of Ct)

• MRSt+1
t = ∂U/∂Ct+1

∂U/∂Ct
= − dCt

dCt+1
|U is constant = −( 1

é0
)
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• Elasticity of intertemporal substitution (EIS) is the elasticity of the ratio of
two inputs to a utility function with respect to the ratio of their marginal

utilities,EIS ≡ d ln(Ct+1/Ct)
d ln(MRSt+1

t )
for power utility

= − 1
B (øO¦"úM, õA 1

B )

(measure how the ratio of factor inputs changes as the slope of the indifferent
curve changes, ¹MRS‰�1%v, consumption growth }‰�� %)

(indifferent curve 5���×, EISü, ��ü,EIS×)

• ˝Ç, çMRS1,ÙAMRS2, [Ct+15g�óúœ�, ¤v¾‘6ªJ²ÏœÖ
5CtV�H, ¥5çMRS2 -�AMRS1v,Ct+15g�óúZí, ¤v¾‘6ª
²ÏœÖ5Ct+1V�H,[ýCtDCt+15Èí�H0ò, ¹¾‘6wÑÊSv¾‘
³Ï�

• ¬Ç, çMRS1,ÙAMRS2, [Ct+15g�óúœ�, O¾‘6º´ub²ÏÏ
.ÖªW5CtDCt+1,[CtDCt+15Èí�H0Q, ¹¾‘6}�<Ê t CuÊ t+1
¾‘
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• EIS×: [¾‘6wÑCt+15¾‘ª¦HCt5¾‘, FJDn��œ 

�øõCt I’, :¦Ñ{, �ACt+15Ó‹ (Ä¤ consumption

process âvÈWVõ, b²œ volatile)(Ñ{,¯, ñqÜù¾

‘6ô(¾‘)

EISü: [¾‘6wÑCt5¾‘.ªâCt+15¾‘¦H, Ä¤³��œ

ÁýDní¾‘ I’ (Ñ{,¯, ¾‘66³�<èô(¾‘)

(��dà�ÂAEIS×, FJè<¡D„‰Ò, ¤AEISü, FJ.è¡D„‰
Ò, Vj„1Åí participation rate œQ, /$�×¶}·Ê�ÂAíG2, w
consumption œ volatile, AÍ6}b°œò5êÔû®)

• Ê power utility 5-Z-, risk averse coefficient ª°v−„êÔ�fWÑDEIS5
×ü, çB ↑ , ¾‘6œêÔ�f, ]ı�Ct5|ï�Õ2�ß, °vEISü, CtDCt+1È
.ª�H, U) consumption process âvÈWVõ6œ smooth, <¹B ↑, ©ø
‚5Ctí|ïı�Õ2, /F‚í¾‘‰�6ı�œ smooth

• Epstcin and Zin (1989) T|ø�^àƒbí-Z, øBDEIS}Ç:

Vt = {(1− ρ)C
1−1/ψ
t + ρ(Et(V

1−B
t+1 ))

1−1/ψ

1−B }
1

1−1/ψ

w2ρÑ discount factor, BÑêÔ�f[b, ψ ÑEIS

• J-×Öà arbitrage argument Võ option prices, 3bñ™uk (6.10) �:

Ê (1) t = 1v, underlying asset 5 payoff D5 aggregate consumption u

jointly lognormal distribution

(2) the representative agent is with a CRRA utility

ªû|éN BS í option price formula

• Terminologies:

Sj: underlying stock price at t = 0

x̃j: random payoff of one share of stock

k: strike price

cj(Sj, k): call option DÙ5 price
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• ;„p cj(Sj, k) > max[Sj − k
1+rf , 0] (lower bound for European call op-

tions, c ≥ S0 − ke−rT )

x̃j ≥ k x̃j < k

short Sj −x̃j −x̃j
long cj(Sj, k) x̃j − k 0

lending k
1+rf k k

total payoff at t = 1 0 k − x̃j > 0

⇒(i) cj(Sj, k)− Sj + k
1+rf > 0

(J.A, †ª? something to be created from nothing)

(ii) Î¤5Õ cj(Sj, k) Ñø�‚, 7Ý2� ⇒ cj(Sj, k) ≥ 0

â (i)(ii) ªø cj(Sj, k) > max[Sj − k
1+rf , 0]

(” ≥ ” → ” > ” if the probability that the option will be exercised is strictly
between 0 and 1)
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• For put, pj(Sj, k) > max[ k
1+rf − Sj, 0] (lower bound for European put op-

tions, p ≥ ke−rT − S0)
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• ;„p option price is a convex function of its exercise price

⇔ αcj(Sj, k1) + (1− α)cj(Sj, k2) ≥ cj(Sj, k3)

(where k3 = αk1 + (1− α)k2)

(Ç)

(i): long αcj(Sj, k1)

(ii): long (1− α)cj(Sj, k2)

(iii): short cj(Sj, k3)

(iv): total payoff

x̃j ≤ k1 k1 < x̃j ≤ k3 k3 < x̃j ≤ k2 k2 < x̃j

(i) 0 α(x̃j − k1) α(x̃j − k1) α(x̃j − k1)
(ii) 0 0 0 (1− α)(x̃j − k2)
(iii) 0 0 −(x̃j − k3) −(x̃j − k3)
(iv) 0 α(x̃j − k1) > 0 α(x̃j − k1)− (x̃j − k3) 0

(w2 α(x̃j− k1)− (x̃j− k3) = (α− 1)x̃j−αk1 + k3 = (α− 1)x̃j−αk1 +αk1 +
(1− α)k2 = (1− α)(k2 − x̃j) > 0),

])„
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• cj(2Sj, 2k) = 2cj(Sj, k)

(cj(Sj, k) is homogeneous of degree one in Sj and k)

(Êê$�$‚D$�}’v, strike price D"bb°v|c)

• ,Huú strike price k T weighted summation, ÛÊZú x̃j T‹,

max[
N∑
j=1

αjx̃j − k, 0] ≤
N∑
j=1

αjmax[x̃j − k, 0]

(where ≤: Ä max(z,0) u convex function and by Jensen’s inequality)

⇒ c∗(S∗, k) ≤
N∑
j=1

αjcj(Sj, k)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

<¹×bNb²Ï�ª_$²Ï�ªW‹,Zí, cqø_I’ ¯

S∗ =
N∑
j=1

αjSj, where
N∑
j=1

αj = 1

⇒ wt = 15 payoff Ñx̃∗ =
N∑
j=1

αjx̃j

ì2¤I’ ¯5 call í payoff Ñmax[
N∑
j=1

αjx̃j − k, 0]

wDn5price Ñc∗(S∗, k)

• put-call parity pj(Sj, k) = k
1+rf

− Sj + cj(Sj, k)

x̃j < k x̃j ≥ k

short Sj −x̃j −x̃j
long cj(Sj, k) 0 x̃j − k

lending k
1+rf

k k

total payoff k − x̃j 0

the payoff is the same as pj(Sj, k)’s payoff, ])„
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• ı�„p cj(Sj, k) is an increasing and convex function of Sj

(i) < increasing >

ı�„p if S ′j > Sj ⇒ cj(S
′
j, k) > cj(Sj, k)

cj(S
′
j, k) =

S′j
Sj
cj(Sj, k

Sj
S′j

)

‖ �Uuâ cj(2Sj, 2k) = 2cj(Sj, k) Ví

≥ S′j
Sj
cj(Sj, k) (ÄÑ

Sj
S′j
< 1)

≥ cj(Sj, k) (ÄÑ
S′j
Sj
> 1), ])„

(ii) < convex >

b„p αcj(Sj, k) + (1− α)cj(S
′
j, k) ≥ cj(Ŝj, k), (Ŝj = αSj + (1− α)S ′j)

l* call u convex function of k |ê

rcj(1, k1) + (1− r)cj(1, k2) ≥ cj(1, k3), (k3 = rk1 + (1− r)k2)

‖let r = α
Sj

Ŝj
, k1 = k

Sj
, k2 = k

S′j

⇒ α
Sj

Ŝj
cj(1,

k
Sj

) + (1− α
Sj

Ŝj
)cj(1,

k
S′j

) ≥ cj(1, k3)

(where 1− α
Sj

Ŝj
=

Ŝj−αSj
Ŝj

=
(1−α)S′j

Ŝj
)

⇒ αSjcj(1,
k
Sj

) + (1− α)S ′jcj(1,
k
S′j

) ≥ Ŝjcj(1, k3)

⇒ αcj(Sj, k) + (1− α)cj(S
′
j, k) ≥ cj(Ŝj, Ŝjk3)

(if Ŝjk3 = k, †ª)„)∥∥∥∥∥∥∥∥
Ŝjk3 = Ŝj[α

Sj

Ŝj

k
Sj

+ (1− α
Sj

Ŝj
) kS′j

]

= Ŝj[α
k

Ŝj
+ (1− α) k

Ŝj
]

= αk + (1− α)k = k
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• cq (i) CRRA utility

(ii) ln

(
C̃

x̃j

)
∼ N( )

â MRS 5h1|ê, ªRû|éN BS formula 5t� (Ÿ… BS formula uÊ

continuous time model, /cq stock price u geometric Brownian motion¸

instaneous riskless interest rate u constant )8”-û|)

(i) u0(z0) + u1(z1) = 1
1−Bz

1−B
0 + ρ 1

1−Bz
1−B
1

(ρ: time preference parameter or subjective discount factor)

â Sj = E[ u
′
1(C̃)

u′0(C0)
x̃j] (6.2.3) (pricing kernal)

⇒ cj(Sj, k) = E[ u
′
1(C̃)

u′0(C0)
max(x̃j − k, 0)]

(where u′1(C̃)
u′0(C0)

= ρ( C̃C0
)−B)

⇒ cj(Sj, k) = ρE[( C̃C0
)−Bmax(x̃j − k, 0)]

(ii) (
lnx̃j
lnC̃

)
∼ N(A,B)

A =

(
µ̂j
µ̂c

)

B =

(
σ2
j κσjσ̂c

κσjσ̂c σ̂2
c

)

⇒

(
ln(

x̃j
Sj

)

lnρ( C̃C0
)−B

)
∼ N(C,D)

C =

(
µ̂j − lnSj

−Bµ̂c + lnρ+BlnC0

)
=

(
µj
µc

)

D =

(
σ2
j −Bκσjσ̂c

−Bκσjσ̂c B2σ̂2
c

)
=

(
σ2
j κσjσc

κσjσc σ2
c

)
,
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where σc = −Bσ̂c
(i)+(ii)⇒ cj(Sj, k) = ρE[( C̃C0

)−Bmax(x̃j − k, 0)]

=Sj
∫∞
−∞
∫∞
ln( kSj )

(ez − k
Sj

)eyf(z, y)dzdy∥∥∥∥∥ w2 z = ln
x̃j
Sj
⇒ ez =

x̃j
Sj

y = lnρ( C̃C0
)−B ⇒ ey = ρ( C̃C0

)−B

= Sj
∫∞
−∞
∫∞
ln( kSj )

ez+yf(z, y)dzdy

−k
∫∞
−∞
∫∞
ln( kSj )

eyf(z, y)dzdy∥∥∥∥∥∥
(1) =

∫∞
−∞
∫∞
ln( kSj )

eyf(z, y)dzdy

(2) =
∫∞
−∞
∫∞
ln( kSj )

ey+zf(z, y)dzdy

= Sj · (2)− k(1)

(1)⇒
∫∞
−∞
∫∞
a eyf(z, y)dzdy = (eµC+

σ2
C
2 )N(

−a+µj
σj

+ κσC) (6.10.4)

(2)⇒
∫∞
−∞
∫∞
a ez+yf(z, y)dzdy

= (eµj+µC+(σ2
j+2κσjσC+σ2

C)/2)N(
−a+µj
σj

+ κσC + σj) (6.10.5)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

if a = −∞⇒
(1) = E[ey] = E[ρ( C̃C0

)−B] = eµC+
σ2
C
2

(2) = E[ez+y] = E[
x̃j
Sj
ρ( C̃C0

)−B] = eµj+µC+(σ2
j+2κσjσC+σ2

C)/2

¢â Sj = E[ u
′
1(C̃)

u′0(C0)
x̃j]

for (1) ⇒ 1
1+rf

= E[ u
′
1(C̃)

u′0(C0)
1] ⇒ eµC+

σ2
C
2 = 1

1+rf

·âE[ρ( C̃C0
)−B] = 1

1+rf
ªõ|rf5‰“VAk¾‘AÅ05‚�M

D risk averse coefficient 5‰“(Äσc = −Bσ̂)

·?¹Cov( C̃C0
, rf) > 0 (rfD

C̃
C0
È�ó	à)

(i) rf ↑,¾‘6è< �C0,  I’riskless bond, JÓ‹C̃,U) C̃
C0
↑

(ii) Jã‚¾‘AÅ0ò, ?¹Dn5¾‘C0, óœkpn5¾‘C̃,uý

'Öí, ¾‘6}ı�ø¶M5C̃��Dn¾‘, ¤vÿaÂ, U)rf ↑
for (2) ⇒ 1 = E[ u

′
1(C̃)

u′0(C0)
x̃j
Sj

] ⇒ eµj+µC+(σ2
j+2κσjσC+σ2

C)/2 = 1
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Hp cj(Sj, k) = Sj · (2)− k · (1)

⇒ cj(Sj, k) = SjN(Zk + σj)− k
1+rf

N(Zk)

w2 Zk =
ln(

Sj
k )+(µj+κσjσC)

σj∥∥∥∥∥∥ ¢â eµC+
σ2
C
2 = 1

1+rf
and eµj+µC+(σ2

j+2κσjσC+σ2
C)/2 = 1

⇒ µj + κσjσC = ln(1 + rf)−
σ2
j

2

⇒ Zk =
ln(

Sj
k )+ln(1+rf )

σj
− σj

2

(risk averse coefficient Ÿ…¿ÖÊσC2, O|(σC\¦H7, FJAíêÔRß.

}	à option 5g�)

• (1)(2) 5	}¡5{… p.166-p.168

• Éb call option 5ìgà,, † option u redundamt asset, 7ÊÌ©2ÄÑ©

_AÉb²Ï market portfolio D riskless asset 5 ¯, ÿªJ®ƒ PO, Ä¤³

�A}² option (Cu²Æuz, çÌ©˛$A, †¯¯,Hìgí call option [

ªÌ©2, 6.}	àÌ© (does not upset equilibrium))

• (6.13�) Greek Letters
∂Cj(Sj ,k)

∂k ,
∂Cj(Sj ,k)

∂Sj
,
∂Cj(Sj ,k)

∂σf
,
∂Cj(Sj ,k)

∂rf
,
∂2Cj(Sj ,k)

∂k2
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• For firm j, Vj = Sj +Dj

Sj = cj(Vj, k) = ρE[max[x̃j − k, 0]( C̃C0
)−B]

(Equity part óçkË� call option) (6.14.2)

Sj = VjN(Zk + σj)− (1 + rf)
−1kN(Zk), where Zk =

ln(
Vj
k )+ln(1+rf )

σj
− 1

2σj

Dj = ρE[min[x̃j, k](
C̃
C0

)−B]

(kÑ Dj 5Þç, x̃j Ñ firm j -ø‚5 payoff) (6.14.3)

Dj = Vj − Sj = Vj(1−N(Zk + σj)) + (1 + rf)
−1kN(Zk)

• risky corporate debt ªâ option 5h1V;

(1) ;A bond holders Ë�t−

the bond holders can be viewed as holding the firm while selling a European
call option on the value of firm with an exercise price equal to the face value
of the debt to the equity holders (min[x̃j, k] = x̃j −max[x̃j − k, 0])

(Ç)

15



(2) ;A equity holders Ë�t−

the bond holders are holding a riskless discount bond with a face value k,
while at the same time selling a European put option on the value of the firm
with an exercise price k to the equity holders. (min[x̃j, k] = k−max[k−x̃j, 0])

(Ç)
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• KMV credit rating model (Kealhofer, McQuown, and Vasicek “k1989�,
2002�2~, D Moody’s íêÔ�ÜÍ$¶, ¯9Ñ Moody’s KMV t−)

VA : t−’ßDng

VE : t−�ïDngM (as a call on VA with a strike price DT )

DT : t = Tv, t−Š`5Þç

σE: t−�ï5š��

σA: t−M5š��

Default Distance (DD)=E[VA at T ]−DT

E[VA at T ]·σA (DD ↑,default prob.↓)
Wà:

 

(DPDDD 5É[ªà exponential function V appnoximate DP≈ exp(a+b·DD)+c)
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DD 0∼1 1∼2 2∼3 3∼4 4∼5 5∼6

DP 0.8 0.3 0.1 0.043 0.007 0.004

°�bñ 720 450 200 150 28 17

t−bñ 900 1500 2000 35000 40000 42000

• â Black-Scholes-Merton Formula

⇒ VE = VAN(d1)−DTe
−rTN(d2) (1)

where d1 =
ln( VADT )+(r+

σ2
A
2 )T

σA
√
T

, d2 = d1 − σA
√
T

• ÛõÞº2VEDσE˛ø, OVADσAu„ø

assume dVE = VErdt+ VEσEdz

dVA = VArdt+ VAσAdz

¢ÄVE(VA, t)ÑVA, t 5ƒb

⇒ dVE = (· · ·)dt+ (∂VE∂VA
VAσA)dZ

= (· · ·)dt+ VEσEdZ

⇒ σE =
∂VE
∂VA

VAσA

VE
= N(d1)VAσA

VE
(2)

â (1)(2) :, ª°)VADσA

• Expected default prob. = P(VA at T ≤ DT ) = P(ln(VA at T )≤ lnDT )

=P(lnVA+(r-
σ2
A

2 )T+σA
√
TεA ≤ lnDT )

=P(εA ≤
ln(DTVA )−(r−σ2

A
2 )

σA
√
T

)

=P(εA ≤ −d2) = N(-d2)

• KMV 5ßT: àVE, σE, r, T,DT¹ª�| expected default prob. Cu default
distance.

• KMV 5ÿõ : (1) cqVA Ñ lognormal, O°�5?ªV(, 1.u lognormal

(2) expected default prob. DvÍ’eªRQ, Ì¶¥@ÛÕ
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• õ�,: (1) KMV �‡DT (T ¦�Ñ1�) = ¼�Š`+1
2Å‚Š` (2) Ju„t

Ç,t−, †ªàéN4”ítÇ,t−’e, °|VADσA ¸óÉ‹Ñ’m5�

¦�, �pÝtÇ,t−í¥<‹Ñ’m, ¹ª)wVADσA

• Ä lognormal + lognormal 6= lognormal , FJ6.105xÍ, ú'Ö portfolio ·
._à (Ä portfolio 5 payoff D aggergate consumption ˛Ý lognormal }º),
OJBbªâC̃ulognormal }º, °| call on C̃ 5value, yaŒ5.19ü�2F

Tƒí pricing density (call on consumption úkíùŸ�}), †ª@àV�wF

securities/portfolios ígM.

• call option on C̃ (ln C̃ ∼ N( , ))

cC(SC , k) = SCN(Zk + σ̂C)− k
1+rf

N(Zk)

where Zk =
ln(SC/k)+ln(1+rf )

σ̂C
− 1

2σ̂C

σ̂2
C = var(lnC̃)

SC = ρE[C̃( C̃C0
)−B] (t=15 aggregate C̃ Dníg�, â�ä (6.2.3) ª

õ|)

• JΦ(k)Ñ elementary claim price, ¹ç„V5 C̃ = k v, ÿ)ƒøÀP¾‘í

security, DÙ5g�. â (5.19.2) ªø the pricing density φc(k) = Φc(k)
dk =

∂2cC(k)
∂k2 = n(Zk)

(1+rf )σ̂Ck
(6.15.5) �

∥∥∥∥∥ 6.15�D6.16�φc(k)5comparative statics
∂lnφc(k)
∂lnSc

, ∂lnφc(k)
∂lnσ̂c

, ∂lnφc(k)
∂ln(1+rf )−1

, ∂lnφc(k)
∂lnk
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• (5.19.3) � ⇒ Sx =
∫ Φc(k)

dk E[x̃ | C̃ = k]dk =
∫
E[x̃ | C̃ = k]φc(k)dk

(6.2.3) � ⇒ Sx = E[ u
′
1(C̃)

u′0(C0)
· x̃] = E[E[MRS · x̃ | C̃ = k] · prob.(C̃ = k)]

= E[MRS(C̃ = k) · prob(C̃ = k) · E[x̃ | C̃ = k]]

s�óª⇒ φc(k)
prob(C̃=k)

= MRS(C̃ = k)

• if ∂lnMRS

∂lnC̃
= constant ⇐⇒ CRRA utility

(6ªŸA
∂ln(φc(k)/prob.(C̃=k))

∂lnk
= ∂lnMRS(C̃=k)

∂lnk
= constant)

(Wà power utility v, MRS = ( C̃C0
)−β, lnMRS = −β(lnC̃ − lnC0),

∂lnMRS/∂lnC̃ = −β = constant

• (6.10) �„plognormal+CRRA ⇒ BS, 7 (6.17) �;„pÊ&M lognormal 5

cq-, BS⇒ CRRA, ?¹à BS 5cC(SC , k)�|5 pricing densityφC(k) =
∂2cC(SC ,k)

∂k2 Å—
∂ln(φC(k)/prob(C̃=k))

∂lnk
Ñ constant

• (6.17.1)∼(6.17.3) �;„p
∂ln(φC(k)/prob(C̃=k))

∂lnk
Ñ constant, O.øw2uÑS?)

• (6.18�) â (5.19.3) ⇒ çø_ complex security 5 payoff Ñ x̃j, wDn5 price

Sj =
∫
φC(k)E[x̃j|C̃ = k]dk

= 1
(1+rf )σ̂C

∫∞
0

n(Zk)
k E[x̃j|C̃ = k]dk

∥∥∥∥∥∥∥∥∥
if

(
y

z

)
∼ N(

(
µy
µz

)
,

(
σ2
y σyz

σyz σ2
z

)
)

⇒ y|z ∼ N(µy + βyz(z − µz), σ
2
y − βyzσyz)(âf(y|z) = f(y,z)

f(z) ªû|)

where βyz =
σyz
σ2
z

ÛÊ

(
lnx̃j
lnC̃

)
∼ N(

(
µ̂j
µ̂C

)
,

(
σ2
j σjC

σjC σ̂2
C

)
)
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⇒ lnx̃j|lnC̃ ∼ N(µ̂j + βjC(lnC̃ − µ̂C), σ2
j − βjCσjC)

(O6.18�, ln x̃j|lnC̃ ∼ N(µ̂j − 1
2σ

2
j + βjc(lnC̃ − µ̂c + 1

2σ
2
j ),

σ2
j − βjCσjC , / βjC =

σjC
σj σ̂C

)

∥∥∥∥ ln(E[x]) = E[lnx] + 1
2var(lnx)

E[ey] = eµy+
1
2σ

2
y (x = ey or lnx = y)

E[x̃j|C̃ = k] = exp{µ̂j + βjC(lnk − µ̂C)− σ2
j−βjCσjC

2 }

⇒ Sj = 1
(1+rf )σ̃C

∫∞
0

n(Zk)
k exp{µ̂j + βjC(lnk − µ̂C)− σ2

j−βjCσjC
2 }dk

(�.|	})
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