Ch6. Valuation of Complex Securities and Op-
tions with Preference Restrictions

o REZHRIZU Chd 22, MNEEEZSHIEEN 2 ABIRR A R, &
Hi complex securities Z 8 T% #l40: European call option

time-additive and state-independent utility, u;o and u;
u;o and u; are increasing, strictly concave, differentiable

(5.12.1) Mg (cio) = o, i = 1, 2,....1
(5.12.2) Mmpul(ciw) = ¢, w € Q0 =1, 2,...,1
# 1 a representative agent with uy and uq

= ¢, ==l vw e (5.231)

for security 7, S; = > ¢uju
wefd
(where z,, the is payoff of the asset j at state w)
_ prui(©)
= 5j = E[; 1(00)55]]
(where Z;: random payoff at time-1)

{ homogeneous belief 7,
[ J

j ug(Co) up(Co) N ol
= Blg —1—rf] = ~(1+r))Cov(iicy, &)
S f f uf(Co)’ S
= Elrj —rg]=—(1+ Tf)COV(lzl((g)))’fj)
A Eimodel

= aggregate consumption C= aggregate wealth
= market portfolio M

= B[y —rg] = —(1+ ) Cov(iHed, 7))

—_



e if uy is strictly concave
= # 7 B C (or M) IEAHBE = 7; €2 | (C) (or w)(M)) EFHE
= E[fj — T’f] >0
(if 7 1, C' 1, #I security B consumption Z K E—3, #BEERE
IIt, security ## smooth consumption level, BIBEE A ZE I, security,
It security TRMLE EHY risk premium KRG AR EREE)
(RE R, KRR —EAIA consumption payoff FLEEARRERF— BN
consumption payoff ZRHJZE)

= if Cov(7;, M) > 0 K, S; |,7; 1; if Cov(z;, M) < 0B, S; 1,7 )
X Effm — 7] = —(1 4+ 17)Cov(im, Y0

up(Co)
R
~ Cov (#;,u, (M ~
= E[Tj — Tf] = C(())\‘//((f;,u’l((%é))E[rm — Tf]

vs. p98 (4.13.1) CAPM

e 6.3, % power utility (which exhibits preference towards skewness of time-
1 random consumption), NH Cov(#;, 7p,) 2 risk premium HE, Cov(7;, 72,)
(coskewness) B85 risk premium #{&,security price & .



e Consumption-Based Asset Pricing Model (Lucas (1978))
Ur = u(Ct) + Ei|pu(Cra1)]

maax Uy

st. Gy =er —pib, Cry1 = epy1 + 24410
CY: consumption level at ¢

p: discount factor

pe: price of the security today

x¢+1: the payoff of the security at ¢ + 1
0: BELSVEMNZEE at t

e;: endowment at ¢

FOC = piu/(Cy) = Eypu/ (Crp1)w441]

or py = Et[ﬂ%&;)%fﬂ]
(i) if 1 =1 = e = B[pdC] = BM RS

R

= 1= E[MRS™ (1 +7)]
— Cov[MRSI*! 7] + E{[MRSIM Ey[1 + 7]
= Byl +7] = (1+7f) = —(1+7p)Cov[MRS{H, 7]
= Ey[F — 1] = —(1+7;)Cov[M RS}, 7]
X Biffm — 7] = —(1+r7)Cov MRS, 7]

- Cov[M RS 7 -
= Bl = 1) = Covrasimag (Bilful =7

(A HEREER, FREFEENZ Consumption-based asset pricing model
L AR MHRANEIEES B iR IE, B2 EIHZ A




e Equity Premium Puzzle: The observed real risk free rate in America is 0.8%
and the equity premium is about 6%. However, Mehra and Prescott (1985)
found that given a proper value of the risk averse coefficient, one cannot

generate a large enough risk premium to match the historical data through
Lucas’ model.

e Marginal rate of substitution (M RS) is the rate at which consumers

are willing to give up units of one good in exchange for more units of

another gOOd, ,WIJ MRS;H_l — ag[é?gé«tl forpowgutility p(Cé—j:l)_B,MRSj(, %E

BRHERL 2O, R —2Cy ) (REIFHIRIZERIER), EMRSK, 1
AJREEITERZR /N, B Cy 1 B8R % 2 Cy K2, MRS /N, Crigi»—Bh, Oy 13810
B% (HTEAEL), SEERITHERX, 8O B8RP 2 C (M RS A 78
B Cyy1 2 EHE in units of Cy)

t+1 _ 0U/0C 1 dC, . o 1
* MRS, = 5756, = a0, |Uis constant = _(ﬂg{;)
Cii1




e Elasticity of intertemporal substitution (E£1.5) is the elasticity of the ratio of
two inputs to a utility function with respect to the ratio of their marginal

1oy _ dl Cyy1/Cy) for power utilit U7 S
utilities, F1S = W e L (BB EHE, B S)

(measure how the ratio of factor inputs changes as the slope of the indifferent
curve changes, BIM RS% 8 1%MF, consumption growth && &% %)

(indifferent curve Z HIEBKR, EI1S/N, HE/NFEISK)

o K, EMRS, FIRECM RSy, RO Z EREHERE, HERAEE T LUERERS
OB, RiZEMRSy TRREM RS1R:,Cyy 2 BIHARSIBEE, HERREER]
%ﬁ%ﬁ%ZCHﬁK%ﬁ, FRCHELC ZAERES, MREERREARIRE
X 7=

o GlE, MRS EFRM RSy, RCy 1 ZERMEHERE, BRERAEREEREE
ggﬂ:%zaéﬁiaﬂ, ROHC B ARE, IRERG /N EE ¢ BEE t+1



o FISK: RIBBEERBC 1 2 BEANNRCZBE, FilSHEERE
B, R E, BRECERM, 8 Cy 238 (KBt consumption
process HFRFHEHIZRE, A volatile) (M _EH, XE5K5118
BELRARE)

EIS/N: RIBBEELBCZIBENTHC 1 BB, KIHEEEE
BAOSHINRELRRE (M LA, BEENEEERELREE)

(B XAABRALISK, FINBERSHEBERNE, 8 AEIS/N, FILUAESHES
4%, REEERR participation rate 8K, BERERESEEEBANTFH, H
consumption ¥ volatile, B A& B RKE &< A RE7K)

o 7F power utility ZZEHE T, risk averse coefficient 7] [F]RF 5| B BT RE PSS
KN, EB | IBEBEEGER, AL C e M REEF BT, B ELS/N, CEC M
AR, [#7%5 consumption process HEFEIEIZRE I smooth, BEIB T, &—

Wz O SR mEEY T, BERMBEEBEHALE smooth

e Epstcin and Zin (1989) #&H —EHKBEHIZEHE, K BEETSB:

- — 1-1/y
Vi={1=p)C "+ p( BV TR YR

Hrhpf discount factor, BEEE&HRE, © BEIS

o AN R%ZH arbitrage argument 8% option prices, FEBERZER (6.10) &i:
7E (1) t = 1EF, underlying asset Z payoff #2:2 aggregate consumption &
jointly lognormal distribution
(2) the representative agent is with a CRRA utility
Al EHFEL BS B option price formula

e Terminologies:
Sj;: underlying stock price at ¢t = 0
Zj: random payoff of one share of stock
k: strike price
¢j(Sj, k): call option K& price



o THEEMH ¢;(S;,k) > max[S; — ﬁ,@] (lower bound for European call op-
tions, ¢ > Sy — ke™"T)

Cj
SJ.
>k x;<k
short Sj —fj —fj
long Cj(Sj, k) fj —k 0
: k
lending T k ~l<;
total payoff at t =1 0 k—1z2;>0

(1) ¢j(Sj. k) — 5 + g > 0
(BRI, BIAJEE something to be created from nothing)

(i) BRECZIL ¢j(S), k) B—HER], MFEEBH = ¢;(5;,k) >0
B (1) (ii) "4 ¢;(S), k) > max[S; — Tkrf,()]

(" > 7 — 7 > "7 if the probability that the option will be exercised is strictly
between 0 and 1)



e For put, p;(Sj, k) > maX[lfrf — S;,0] (lower bound for European put op-
tions, p > ke "1 — Sp)

P,




o THZEBH option price is a convex function of its exercise price
& OéCj(Sj, ki) + (1 — Oé)Cj(Sj, ko) > Cj(Sj, k3)
(where k3 = ak; + (1 — a)k2)
()

ki ks ks

k
I
ak,+(1-a)k,
(i): long ac;(Sj, k1)
(ii): long (1 — a)c;(S;, k2)
(iii): short ¢;(S}, k3)
(iv): total payoff
‘ijgkl k1<i’j§k)3 k3<53j§k2 k2<i‘j

(i) 0 a(; — ki) a(z; — k1) a(Zj — ki)

(ii) 0 0 0 (1 — Oz)(.fj — kz)

(iii) 0 0 —(zj — k3) —(Zj — k3)

(iV) 0 Oz(.i‘j — k‘l) >0 Oé(i‘j — k‘l) — (.i‘j — k‘g) 0
(:,H\:EP Oé( Nj — k’l) — (.fj — ]€3) = (Ck — 1).%3 — Ckkl + k’g = (Oé — 1)i'j — Odkl —|—Oék1 +
(1 — Oé)k‘g = (1 —Oé)(k?g —i']) >0 ,
W



¢ Cj(2Sj7 2k) - 2Cj(Sj7 k)
(¢;(S;,k) is homogeneous of degree one in S; and k)

(FE B AR LR ZE 43 ERE, strike price BIREIEFIRFFREL)

o [iliR¥ strike price k fF weighted summation, BAESH z; 1EHIHE

N N
max|> o;T; — k,0] < > a;max[Z; — k, 0]

j=1 j=1
(where <: | max(z,0) /2 convex function and by Jensen’s inequality)

N
= C*(S*, k) < Z OéjCj(Sj, ]f)
j=1

EAIRBRfEBeR R LA R LA R, (RE—EREHA
N N

S*=>"«a;5;, where Y o =1
j=1 j=1

N
= Ht = 1Z payoftf B7* = ) a,7;
=1
N
EHRIEEHEZ call ) payoff %max[z o;z; — k, 0]
2 )

HZprice Fc* (5%, k)

e put-call parity p;(S;, k) = 1—H” —Sj+¢;i(S;, k)
i’j <k j >k
short Sj —:'éj —jfj
long ¢; (S}, k) 0 T;—k
: k
lending T k k
total payoff |k —z; 0

the payoff is the same as p;(S;, k)’s payoff, #5&#

10



EEH ¢;(5;, k) is an increasing and convex function of S

/

i) < increasing >
FHLEEH if S| > S = ¢;(5), k) > ¢;(S;, k)
(S5, k) = S;(S), k)
| &5 H ¢;(25;,2k) = 2¢;(S5;, k) K
> Fei(S;, k) (B8 3 < 1)
> c;(S), k) (KR S—j > 1), iiEE

ii) < convex >

o

/

~

BEW ac;(S), k) + (1 — a)e;(S) k) > ¢;(Sj k), (Sj = aS; + (1 — a)S})
Jeft call & convex function of k Hi%

rcej(L k) + (1 —17)ci(1, ky) > ¢j(1, k), (ks =1k + (1 —7)ks)

|let r = ag—j,kl = %,/@ = ﬁ,

S;
= O{S\—jCj(l, Sﬁj) + (1 - &gj) (17 Sk’) > Cj(1? k3)

S; _ Si—as; _ (= a)sg)

g [SAPE 5j
jks = Sjlag s + (1 - ag)g]
= §lot + (1-a)k
=ak+(1—a)k=k

11



o B7% (i) CRRA utility

(@m(?)wNm

Lj

H MRS Z#aH %, mTH#HEHEL BS formula 22 (FA BS formula Z7E
continuous time model, HR& stock price ;& geometric Brownian motion#]

instaneous riskless interest rate & constant BE{ N EH)
1-B

(i) wo(20) +wi(21) = 252 7 + pripa
(p: time preference parameter or subjective discount factor)
# ;= E[1E5%)] (6.2.3) (pricing kernal)

% (C) max(Z; — k,0)]

k) = EBly u(Co)
u) (C 9
(where — ((C )) p(CQ)

k) =

= ¢ (5]

= ¢; (5]

(i)

— InS;

C = Hi
B,uc + lnp + BlnCo Lhe

07 —Bkrojo,. > ( o;  KOjo. )
—Bkojo. B0} KOjO. O



where o, = — B0,
)+ ()= /(S k) = pEI(S)" max@ ~ 1, 0]
=5, f fln (e —S—j)e f(z,y)dzdy

= e =

L
S?

= Sj /7% Jingey € f (2, y)dzdy
—k [7 fine € F (2, y)dzdy
(1) = ffooo flnsi eV f(z,y)dzdy
2)= [, fln (&) ey+zf (z,y)dzdy
=55+ (2) — k(1)
()= [, [ e f(z,y)dady = (ehet 5 )N (2L + ko) (6.10.4)

@)= [, [ e f (2 y)dady J

= (euj+uc+(%2+2mj00+0(2;)/2)N(%ﬂ% + koo + o) (6.10.5)

J

<.

ifa=—00=

(1) = Ele"] = E[p(&) P] = eret™s

(2) = Ele*™] = [gp(cg) ]— ehitiot(oT+2h0500+08) /2
X S; = B[40 7))
hﬂ)éHi:E%%H$Mﬁ§—ﬁm

EEE[ (& )P = 1+r AEHr g BIRBE BB R RS L E
# risk averse coefficient Z 8t (Ko, = —Bo)

/JTEUCOV(C ) > 0(rp s CRE M)

(i) rf 1, BEEEEREC,, f%ﬁ Friskless bond, BUEHIC, 5 S T

(ii) HEHRERRER, TS HZREC, *EYBA%EIZ(@%C,E’)‘
REZHY, ?ﬁ%%@%mﬁ%%ﬁfﬁZC@@AE?@ﬁ, WL E SR, S, 1

for (2) = 1= E[“l(( ] - eﬂg+ﬂc+(0 +2K0j00+02)/2 _ —1

13



ft]\ Cj(Sj, ]43) = Sj . (2) — k- (1)

= Cj(Sj, ]43) = S]N(Zk + O'j) — ﬁN(Zk)
tih 7, = In () +(u;+n0j00)
Y H euc+é =_1 and euj+uc+(a?+2mjac+aé)/2 —1

1+ry

= Wi+ kojoc =In(1+ry) — <

ln(%)+1n(1+rf) o
O'j 2

(risk averse coefficient [RARG & EocH, BHBZRo AT, Fr AR ERR RLFA
¥ option Z1EF)

= /) =

o (1)(2) ZHEHBHEHRAE p.166-p.168

o HE call option ZEEa L, Al option & redundamt asset, MEEE PR G
BN HRE#E market portfolio B riskless asset Z &, A LLER] PO, KHi&Z
BAEE option (BRHAGER, EHHERRK, BIFE L EER call option JiX
HEGHR, AR ESH (does not upset equilibrium))

o (6.13€1) Greek Letters

aCj(Sj,k) 3Cj(5j,/€) 3Cj(Sj,k) 3Cj(5j,k) 320j(5j,k)
ok ) 8Sj ) a(Tf ) 37“f ) 0k?

14



e For firm j, V; = S5; + D;
Sj = ¢j(Vj, k) = pElmax[; — k, 0](&) "]
(Equity part HHEP#ES call option) (6.14.2)
V.

S; =ViN(Zy+ o) — (1 + 1) 'kN(Z), where Z;, = ln(%Hm(H”) — 30;

g J

D; = pE[min[;, k(&) 7]
(kB D; 2%, &; B firm j T—#Z payoff) (6.14.3)

D;=V;—S;=Vi(1 = N(Zy + o)) + (L +77) kN (Z)
e risky corporate debt FJH option ZEm2kK1H
(1) %8/ bond holders #EHE /A H]

the bond holders can be viewed as holding the firm while selling a European
call option on the value of firm with an exercise price equal to the face value
of the debt to the equity holders (min[z;, k] = z; — max[z; — k,0])

()

D asset E

min[¥,.k]= ¥, —max[¥, - £.0]

= kr-—-- - Ik
e
i
I 1
| » :

F5 asset K asset IS asset

15



(2) #EE equity holders B /AF
the bond holders are holding a riskless discount bond with a face value k,

while at the same time selling a European put option on the value of the firm
with an exercise price k to the equity holders. (min[z;, k] = k—max[k—2;,0])

(&)

time-1.%5 5] 7 payoff ? put
L B put
in[¥. . k]=%; — % —k0
min[¥, k] =X, —max[¥, ] i i 5
|
|
- |
/‘ii
k asset asset k asset
E asset put D
1 put
= k + k = ¥
>
k asset k asset p asset asset

16



e KMV credit rating model (Kealhofer, McQuown, and Vasicek EI371> 19894,
200242 H, B Moody’s Wy R EEZHE, &% Moody’s KMV 2AH])

DT'

OF:

—
p—

Dr
§—> expected default prob.

H i
HE{E (as a call on V4 with a strike price Dy)

F, A B E A
Mt PLENE

oA NEITHEZ EEE
Default Distance (DD):E[VA ot T]_DT(DD T,default prob.|)

Bian:

E[VA at T]-O’A

DF

DD

(DP £ DD ZBi{%7] A exponential function 28 appnoximate DPa exp(a+b-DD)+c)

17



DD O~1| 1~2 | 2~3 | 3~4 | 4~5 | 5~6

DP 0.8 | 0.3 | 0.1 |0.043 | 0.007 | 0.004
ERIEE | 720 | 450 | 200 | 150 28 17
AFEIEH | 900 | 1500 | 2000 | 35000 | 40000 | 42000

e 11 Black-Scholes-Merton Formula

= Vi = VuN(dy) — Dre " N(dy) (1)
T (YA )4 (py %
where d; = n(DT;;(/; : )T, dy = dy — o4VT

o BEAER VoA, BV B0 42 RH
assume dVg = Vgrdt + Vyogdz
dVy = Vyrdt + Vo sdz
XRVE(Va, ) BV, t ZEEL
= dVp = (- - -)dt + (5EVaoa)dZ
= (---)dt + VgopdZ

_ %VAUA . N(dl)VAO'A 2
= 0 = —y = Vs (2)

H (1)(2) Bz, AIkEV oy
e Expected default prob. = P(V4 at T < D) = P(In(V4 at T)< InDr)
—P(InVy+(r-%)T+04vTea < InDy)

In(2L)-(r- )
:P(SA < T )

:P(€A S —dg) = N(—dg)

o KMV 2Zi#fiz: Vg, o, v, T, DrEIRJEH expected default prob. /& default
distance.

o KMV Zih# : (1) fR&V4 £ lognormal, (HE#)% EHEHE, AAZ lognormal
(2) expected default prob. E2fESEERIIRIE, Mk ESRR

18



BHLE: (1) KMV %Dy (T BES1E) = RBAEHEHARE 2) BRRA
B A E, EUTH%*‘B‘MIEEEB’J A ETEAFIEH, MVA io 4 FIFERARA A Tz [E
B, W AIEAM ETHA RN LA, HREE

lognormal + lognormal # lognormal , ATEL6.10 2575, $1E% portfolio &R
TEA (A portfolio Z payoff £ aggergate consumption EiJF lognormal ),
EEH M HCZlognormal 2L, K call on C Zvalue, FEEH)5.19 /N AT
R pricing density (call on consumption ¥k R S), IR HE AR E H Al
securities/portfolios HIE(E.

call option on C' (In C' ~ N, ))

CO(SC, k) ScN(Zk + 0'0) N(Zk)
where 7, = In (SC/k)Ezln(Hrf) — %UC

6% = var(InC)
Sc = pE[C’(CQ)_B] (t=1Z aggregate C' 4 HEEK, HRXT (6.2.3)

0

&)

EO(k)E elementary claim price, BMERKZ C =k ¥, ®EH—EMIBEY
security, §RZEH. H (5.19.2) AI4] the pricing density ¢.(k) = q);—gf) =

0%cc(k
st = ) (6.15.5) R

6.15 &8 6.16 i (k) Zcomparative statics
olng.(k) olng.(k) _olne.(k)  olng.(k)
olns. ’ olng, ’oln(i+r,)-1" olnk

19



¢ (5193) R = 8, = [ 2 E[F|C = kldk = [ B[z|C = k|¢.(k)dk

(62.3) X = 5, = [ug((gj) . 7] = E[E[MRS - &|C = k] - prob.(C' = k)]

— E[MRS(C = k) -prob(C = k) - E[Z|C = k]

. (bc(k) — ~

o if alglMRS = constant <= CRRA utility

oln(g.(k)/prob.(C=k)) _ INMRS(C=k) _
(LRI olnk olnk

(B4 power utility ¢, MRS = ( ) # InMRS = —3(InC — InC)),
OInM RS/0InC = —f = constant

= constant)

e (6.10) EigEMAlognormal+CRRA = BS, M (6.17) &iEEATEMHERE lognormal &

BT, BS= CRRA, 7REIH BS ZCC(SC, EYEHZ pricing density ¢c(k) =

%co(Sc k) )y R oln(¢c (k /prob(C k))

502 T V& constant

e (6.17.1)~(6.17.3) AEZEHHA Aotk )(;ﬁlrkOb (C=k) ) 8 constant, [ERIE P B ?)

o (6.18€) EE[ (5 19.3) = E—{@ complex security Z payoff & z;, H5HZ price
S; = f E[#;|C = k] dk
X n Zk
_ (1+r1f)gc f() ( [Q;J‘C k] k

2
(1)) (5 )
= gl ~ Nl + Byo(z — 12), ) = 5,20,) (8 (9l2) = 5 T8

ag
where 3,. = 2%
z

Inz; 1 o? ojc
b Jo) o~ J i v
4 ()~ (5) (7 %)

20




= In&;[InC ~ N(fij + B;c(InC — fic), 02 — Bjcojc)
(18.6.18%f, In 7;[InC' ~ N(fi; — 302 + Bjc(InC — fi. + 20?),

O'jc

2 _
oj = Bicojo, B Bjo = 755)

In(E[z]) = Ellnz] + ivar(lnz)
Ele¥] = eMv*2% (= eYorlnz = )

E[;|C = k] = exp{fi; + Bjc(Ink — Ji¢) — ff—ﬁTcac}

o n(Z -~ m —sz_ﬁj i
= S; = (1+r1f)&c Jo (k;k)eXp{ﬂj + Bjc(Ink — jic) — 7 ydk

(B HEsD)
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