Chb. Allocative Efficiency and the Valuation
of State Contingent Securities

e “A state contingent consumption claim” is a security that pays one
unit of the consumption good when one particular state of the world
occurs and nothing otherwise.

(It is also called a Arrow-Debreu Security.Existing assets may be
viewed as complex bundles of state contingent claims.)
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L0 Joix1, FESRZEBE ., HIFEES A-D state price

o If allocation of state contingent is efficient
individuals have time-additive state independent utility function

A R E LB — {8 representative agent ZRIRTE, MM agent
Z utility function EEREFERHEAN I E S ECER
= YEEEME S AR (5.21 - 5.26 &)

e % utility function HEFHEESEL initial wealth distribution &R, Al
FAERIEME utility B aggregation property

e Two periods, one perishable consumption good,
I individuals,|Q2| states, w € 2
individual ¢ & allocation of contingent claim is
{(ci0, Ciw,w € Q) ;i = 1,2,...,1}, which is feasible if

I I
cio = Co, ), Ciw = Cy
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i LR

1. CE is PO under

(1) complete market

(2) perfect competition

(AF RESEm I ER)

2. Any PO can be achieved as a CE

BT (1)(2) 24,

(3) consumer’s preference is convex (EE u is concave)
(4) firm’s production sets are convex

Pareto optimal or Pareto efficiency means that it is not possible to
make someone better off without making others worse

ILEF, R385 classical second welfare theorem, a “social planner” maxi-
mizes a linear combination of individuals’ utility function using {\;}
as weights.

1
max Y A D Tiwliw(cio, Ciw)]

CioCiw j=1  weQ

I I
i=1 1=1

(if m;, = m, = homogeneous expectation)

I I
= max L = Y N[ D Tiwtiu(cio, ciw)] + ¢0[Co — Y cio)
Ci0,Ciw i=1 we 1=1
I
+ Z ¢w[0w - Z Ciw]
wef =1
0 = )\ Z ) 8in(ci070iw) _ =1 I (54.1
Jew i Tiw e = ¢0, 1 = 1,..., (5.4.1)

wed
G = Ay, o) — g we Q0= 1,1 (5.4.2)

= MRS (marginal rates of substitution)

Ou4iy(¢05C4w)
Miw 9ciy,

Z . i (¢30,Ciw)
bt deio
weN

= i—‘;, wei=1,.,1



= PO < MRS are equal across individuals for each state(MRS is
independent of )

Competitive equilibrium = PO (if there exist a complete set of state
contingent claims)

for any individual ¢

max », TiwWiw(Cio, Ciw)
Ci0,Ciw ()

s.t. ¢jo+ Z OuwCiwy = €0 + Z DwCiw
we wel

(GHZIBE + BEAKRZIBE = endowment)

(:/H\:EP ¢, denotes the price at t = 0 of each state contingent claim,
ein, €iw 18 endowments, FHH e;o 2Ll consumption goods ZUHFFLE,
M e, 2AFFAE state contingent claims 2 /7 FF1E)

max L =
Ci()aciw
Y Tiwliw(Cio, Ciw) + Oileio — cio + Y duwl€iw — Ciw)]
we wed
a 1w \Li0HyLiw
82‘0 = Z Miw : éi;())c L= 0;
we

8 auiw (CiO ;,Ciw

dci = Win) = 6i¢w, w & Q

(EH 0; £ shadow price. A shadow price is the change in the objective
value of the optimal solution of an optimization obtained by relaxing
the right hand side of the constraint by one unit.)

o Oug, (¢0,Ciw)

7le ac.
MRS = Z - 8uic;(()ci0*0iw) - ¢W7 w €
oh w dcqip

# PO Hi ¢ =1, N, =0;, Bl CE= PO

(lLEF CE being with a complete set of state contingent claims =
market complete, H. ¢, R state price)

(A consumption good £ numeraire, FTLA time-0 B consumption good
7 o, 1)

Fit R E T state contingent claims, HEFE FIETEE state contin-
gent claims W NEFE, M FAE complex securities, which are bundles
of state contingent claims.



o THFEMYG LHEEMEEER the number of states #J linear indepen-
dent complex securities Z[H¥ (we call this kind of economy as a
securities markets economy)

S;: price of complex security j at ¢ =0, 7 = 1,...,V,
which payoff at ¢t = 1 is x,, units of consumption goods in state w

LjlQ|
individual 4 holds «;; shares of searity j

e For individuals ¢

N N
max » . TiuUiw(Cio, Y, jTjw) (Where Y o;jZj, = Ciw)
€i0:%45 e j=1 j=1
s.t. ¢o + Zoziij = e;0 + Zofiij
J J

(S HZIBE + BE complex securities = endowment)

(EH individual 4 is endowed with «j; number of shares of security 7,
and e;p of time-0 consumption)

6 auiw(ci(),ciw) 3 _ . )
Do = Z Tiw™ Pe,, Ljw = QZS]
wel
0 o Ouiw(CiosCiw) _ p.
dcio = Z Tiw Jcio - QZ
we

Ouiy, (¢i0,Ciw)

9ci _
= Z Tw S aqu((lo ) Ljw = S]; =1,..,.N
wel w

dc
weQ “10

{H:Z§] MRS 72%8 betwen present _consumption and “state contingent

consumption” ZZEFAE ([HEEIE T Z, fTUETEERIL CE 2
PO.

Ay =1
o B AR 8
auzw LOaCzw)/aczwl
7Tzw1 - Dui Cinciy)
wGQ Peio
xlwl e x]‘w‘gl auzw(czovczw)/aclwg Sl
L2wy -+ L2wig szgz 9uiey (¢40:Ci) S2
:> we i ¢, — .
xNWl RPN xNCU‘Q| 8uiw(cio,ciw)/8cwml SN
\ Tiw)q RG] )
By=re) 30
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=[x X (ZHIHY MRS) =S
if N = |Q|, Il_E linearly independent assumption
= [z,] is invertible
= ZHiH MRS = [z/,] 'S
A, (¢0,C5w)

. 0¢jy — —
= Tiw S g, CtiwlCi0cia] My, t = 1,...1

€i0

weN
(where m,, is independent of 7)

=HME#ERE complex security, HE security LB B#WZ, £2HVER |0,
H] CE = PO, H my, = ¢,

o Rt Z 7}, state contingent claims can be created by forming portfolios
of the complex securities

a1 1
a9 0
an 0
aq 1
. g 1|0
= portfolio weight | = Tju ] .
an 0

= optimal allocation of state contingent claims is achieved with indi-
viduals trading complex securities.

e Complete market economy Ef (complete) securities market economy
Z FEFEFFERS the values of securities are additive
INENE 2, = 20 + yo (payoff —1%) S, = S, + Sy

WHRE a complete set of state contingent claims

(3] (1] (0] U U

0 0

2 0 1 1 0

=X,= |0 =3x|0]+2x |0 +0x || +4x |
| 4 | 0 ] | 0 0 | 1]




E\U Sx = Z ¢w$w

wef
=S5, = Z Duw2y = Z wa(-rw + yw)
wef wel
= Z QT + Z ¢wyw:Sx+Sy
wel wel

B “=" ANEGT
= T arbitrage opportunity( B{EE &, B Z payoff A] offset)

AR ZFE—1E securities markets economy, fR# (5.6.2)

_ . auiw(Cw;Ciw)/aCiw
SZ o Z Tiw Z Wiwauiw(ci()aciw)/aci() “w
WGQ weN
— . 8uiw(ci070iw)/aciw . ou;,, (CiO7Ciw)/aCiw
- Z Tiw Z Wiwauiw(cimcm)/acioxw + ZEDQ Tiw 2 Wiwauiw(cioaciw)/acioyw
w

we

Modigliani and Miller Thorem

The value of firms in the same risk class are determined independently
of their capital structure in a frictionless market

R /A T security Z EEREET—H payoff HF,

K& 2 firms

(1) T—#Z payoff BEELHIHT axi, = voy,

(2) firm 1 is 100% equity, firm 2 is partly debt

= 1y = T2, = Foy, + Doy,

= aS1 = 52 = S2p + S2p

;E_H‘]?Fi%ﬂ?, E QAR EEAKEREE (recapitalization), AR ZEE
<.

(i) &7E incomplete market H, ZAF] recapitalization, BIEHT security

Eig% tequilibrium BHEK, &0 ¢, WART, HFEAFLZ value B

(ii) # recapitalization MW REHTHY security, AIAFHKA T ERISEHE

(il 5r 2 security, B AMIHAFABREREHS, FRIFGFIEME I,

NRGESRE T, AEEEDRE T



o HEMIRET, HHE complex securities ZEH, /MNP state of nature &Z
#H, {H0]H option market H'HJ put or call #EH complete market

assume |Q|=5 (FEEER STER]EE)
7E & state index portfolio (H portfolio of corporate securities FTRER):
& state HRIEZ payoff,

= 00 Oy = IO

0

Considering writing European call option with different strike price k
=2,4,6, 8

AL complete market

0
2
k=2= |4
6
8

0
0
k=4= |2
4
6

0
0
k=6= 10
2
4

07
0
k=8= 10
0
2



[ jw] =

= 00 O = 1N
O =N O
SN OO
=N O OO
OO OO

0

invertible, A] LA complete market

o H FMlEERIRER T FE—1E state index portfolio, K& the realized
payoff of the state index portfolio reveal the true state of nature, T LA
HAtl complex securities &2 payoff #i:2 state index portfolio payoff

Z . HEEREFRRLFEMNE state index portfolio.

e % (i) homogeneous beliefs
(ii) state-independent time-additive utility
Ui (Ci0; Ciw) = Uio(Cio) + ui(Ciw)
AR LB 5.6 - 5.8 EiFATERHY, 7E securities markets economy H,
B N = |Q| & complete market, BtH state index portfolio EELAH¥ fE
FOSEIERE. /EH complete market, FEEE CE = PO KiT

o RAE N = |Q| ZIRARHL [z),] is invertible, £ ¢, AIHEH, T
£ (i)(ii) 2MRE& T, HBE PO sharing rule (5.12-5.13&7), REHE
d(k) = ¢(c, = k) BIAIKH complex security ZEfE, IREIGATE#
complex security payoff EHE 4 HAY value KHE ¢,

o NH state index portfolio Z JRAZHA (i)(ii) AIfE PO sharing rule 17
1E, .Jﬂj—ﬂfﬁ aggregate consumption B state index portfolio, 1M
P S A options on aggregate consumption, MM ¢(k) AJHiELL
options =Ran



° homogeneous belief PO

max L = Z il 22 mw(uio(cio) + uilciw))]

Ci05Ciw =1 CUEQ
I
+¢0 [CO - Z CzO] + Z ¢w[0 Z Ciw]
we) =1
(5.41) vs. 52 = N 3 w28 = Nl (cio) 3
we we

= \itjy(cio) = o
(5.4.2) vs. 3= = \imuuj(civ) = du

= Sesh = & (PO)

N R

- AZu;O(/CZO) = )\ku;{;o(ckp) = ¢07Vi7k7 , , ‘
TNl (Ciw) = T (Chw) = G, BIN UL (Ci) = Mg (Ch), Vi, K

o [ILHF for any w, ', if C,, > C,, then c;, > cjr V i

(REIEIF, RREF R 2=, RKZE, WA, BEEISZE—1K)

if C, > C,y, assume 3 ¢, < Cpyr

B strictly concavity of u = M\u}(ciw) = M), (Chw) > M), (Chor)
= i (Ciwr)

H strictly concavity of w; = ci, < Ciur

= Zé’ Cw > Cw’ H%a Rgﬁkz Chw < Ckuw's

AIZEBIIN cip < i, Vi= C, < Co = ELETIE

(MARE C, > C,, —BEE Ik, 5 ¢ > o, TRTEEGHE
market clear, B¥ LM S cr, > Cru %Tﬁﬁﬁﬁﬁﬁm, Ciw > Ciw')

o WIFELAIBE Ci(cio)E aggregate consumptlon C(Co)—EFIEHIER
% c; = f;(O) (cio = fio(Co), Hrh £, f; /& strictly increasing func-
tion, & AN given C, FEAIEZI{E A Z consumption é. fio's and fls de-

scribe the Pareto optlmal allocation of time-0 and time-1 aggregate to
different individuals, and they are called the Pareto optimal sharing
rules.

° fi, flo/\%ﬂz serictly increasing BIA], RAEZ linear, 1El§z[]%fi7 fiol
linear HAKEREHA riskless asset, B REE complete ol o5 ,a CE in

a securties markets economy is PO
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e Suppose the PO sharing rule is linear:
C; = f,(é) =a; + bié
EER M BESSE, [AAFEE o shares Z riskless bond Bl p, B
fiIZ market portfolio (Kl market portfolio Z payoff B C ), Tl T 5L
fEt=01E (ZBgHILHH)

e given A = [\]7x1,
2% PO linear sharing rules: &(\) = a;(\) + b;(\)C, Vi
H PO + homogenecous belief = \ju,(ci,) = Apup (Cry)
Considering the linear sharing rule
= Aui(ai(A) + bi(A)C) = Mgl (ar(A) + b(\)C), V i, k
= =\ u”(cz(/\))bl(/\) )\kuk(ck()\))bk(/\) Vi, k

5
A) = "(Cz(A))

= A\pup (¢
6(?\ = ul(&(A bi;
—Aku Cr(A ))( ki(A) + 0k (V)C)
u”( ¢i(A))(@ii(A) + bii

( (A)C

Ci(A))(agi(N)+by;

I T -
(A bri(A)C
~Ro ([ ) 4 5 Wy
linear sharing rule = C' = 6'()‘1))._)?; )



"0 P
“FEN) —al) 2 Vi
— iai(A)—4b;() kél B b (N + 5 ai(V) kél )]
R - % B

= A; + Biéi()\), V1
(R EREMEE « FEIL, exercise 5.6 FHEE B, = B)

e Necessary and sufficient condition for Pareto optimal sharing rule to

ui(z)

be linear: —wG) = A; + Bz, for instance, u; can be

w(2) = pi(A; + Bz)"5, when B #0

7
or

ui(z) = piexp{—4}, when B =0

Hrhp, Al AR subjective time preference parameter

e Necessary and sufficient condition Z7Ei85% 7 u e -, % risk tolerance,

Ti(o), ok, R BN BTG, B — O 59 — 0y(2), 1 cau-
ousnes EHERS +, IRBERIERE, SRAZER (BTE
i

e (5.14.7), (5.14.8) B& (1.27.1), (1.27.2) 1B{&, EENW/Z PO sharing rule
& linear B¥, two fund monetary separation @}ﬂZ_L, = Eﬂiﬂlj\ﬁﬁm,
ANEHY initial wealth (FEHFERIPBAFRN), AR EGTE riskless asset Hi
risky portfolio FEANFEILLAIRE, & B; = B,%ﬁﬁﬁﬁ/\ﬁ@}ﬁwﬁﬁ%ﬁ%
#H—ix HIFTE AR risky portfolio #AEE & —4%, & market clear FF,
FRMENFE Z risky portfolio #45 market portfolio (HFEFE (5.13.1)
AW EE, 2% L—HRLH)
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e £ PO sharing rule T, & C —, PO z¥fi—i, BMERMFIEZ
state price ¢, TR EH complex security Z value

* define ¢(k) be the price of an “elementary claim” on ¢ = 1 consump-
tion that pay one unit of consumption iff C' = k, and let 7 (k) be the
prob ability that C' =k, i.e.

(=1 w € Qf = payoftf = 1
at==54 w € Q. = payoff =0

Q

FtAE elementary claim 2 price at t = 0 £ ¢(k)

A (5.12.1) €2 (5.12.2) Z PO B MRS = ¢, = —”;Z%‘—if;“s)
(b(k) - Z Pu

wely,

u;(fi(k))

ujy(Cio) = w
(when w € O, C =k, cip = fi(C) = fi(k))

— ujg(cio)

12



e V complex security, REHHE
(1) expected payoffs conditional on C

(2) the prices of the elementary claims on C
B (1)(2) BIAT40:E5E fE complex security Z fE1HE
Sg = Z %%—Z Z Gl
we k wey,
:Z % Z TwLw

welly,

—Z¢( ) > (k)xw

wel,

=§M) [#C = K]

e Prices for the elementary claim ¢(k) RJH butterfly spread on the
time-1 aggregate consumption {2k

(c(k): call option with exercise price of k units aggregate consumption)

o(C=k)|c(0) c(1) ¢2) c(3) c4)
C =1 1 0 0 0 0
C =2 2 1 0 0 0
C = 3 2 1 0 0
=

1

c(0) —¢(1) = ( 1>
1

1
(d@d”)(d”dm%—<8>—¢ﬂ)
ﬁ@ﬂﬁﬁ¢()\ﬂ)
ex. ¢(0) =1.7,¢(1) =0.8,¢(2) =0.1,¢(3) =0, ¢(4) =0



¢(1) = 0.2,(2) = 0.6,6(3) = 0.1
o(1) + ( ) + #(3) = 0.9 «riskless asset 5 HZEHE
=r; =55 —1=0.111

+ strike price ZREfEAZE 1, T2 A
Al g(k) = H( (k= A) = c(k)) — (c(k) — c(k + A))]
= 2 = Ll(clk +A) — (k) — (c(k) — c(k — A))]
= G = Jim (el + &) = e(k) = (c(k) = elk — A))]

— ¢(k) — Lk g,

Iﬂjﬂi k: = 3152]{ i interpreted as the “pricing density” for elementary
claims on aggregate consumption. #%E—{# security, H payoff is
one unit of consumption iff C' € A, Hl[t security Z{B&

k 0%c(k
= Ja %dk_ A 8k§2)dk
= [UEE (5.16.3) B S, = f E[a:|C = k|dk
= akg E[I\C = k|dk
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o EFEMEYS strike price Z ZRMS FIETF underlying asset 2 (risk neu-
tral) prob.density function fI_EHER (M HIEHEEFLZFTEE pricing ker-
nel, FEEEM payoff 4 H 2 EfER:, MEREHFH)

O SO,K T) fo e T maX{ST — K,0}q(S7)dST
0*C(Sy,K, T o
% =7 (ST> \ST

92C (S, K, T
= ¢(S7)|5,_ = LECRIT) rT

0C(Sp, K, T)) _ —T'TN(dQ)
82C€SO,KT e ( )
0K? T Ko \/>

= ﬁn(dg) = ﬁ» _&<Tg‘}ﬁST = KZ log—

normal pdf), where ds = ln(SO/I?\/TT_ (MIHFER ST = KiKZe ~

N(0,1)Z 1)
HAER payoft §HZBig&= [ e " payoff-q(Sy)-dSr = [;° payoff:
gz - dSt

o FEREAEAIH individuals will consume all their wealth at ¢t = 1 =
t=1

¥, aggregate wealth = aggregate consumptlon = aggregate endowment
Fit J//{_fﬁ% aggregate consumptlon BB market portfolio

=>Sx—2¢( VE[Z|M = k]
(A ﬁﬁﬁﬂmﬁmﬁn‘«ﬁ 7RG+ B —1{ perishable consumption good = XiT)
e In a competitive economy, 75

complete market
individuals have homogeneous beliefs
time-additive, state independent utility

o' >0, u" <0, B
= FRZAEANZ CE 5, gHRERE T RFEE—E representative agent

ZﬂfﬂﬁI %, JRBNE Rz 391 ﬂ%ﬁ% qbw, —JEE{ representative agent model K&
(FERHAT)
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o A {cio, ciw; w € Q,i=1,2,..., T}, {ujo, u;}
representative agent {Cjo, Ciy; w € Q}, {ug, ur}

EF representative agent Z utility function
I

uo(z) = mZaX zl /\iuig(zi)
1
st. >z =2=0Cy
1=1
1
ui(z) = max Y \jui(z;)
si=1

s.t. Zzz—z—

(Cy T:E% individuals 93 EC, BEHELL \; B weighted & representative
agent Z utlhty A, m/‘i‘jﬁm fEnt & utility %K)
*E%_t@ UO /\ ul ZIE?%?Z

dejy _
up(Co) = Z Aitti zO)d%’o Z d
(where \; ulo( ) = ¢o =1, 53%‘ 2.1))
!/ ! / * Ciw (z)w L dC:;w w
uy(Cy) = ;)‘iui(cz’w)de N ; ac, — T,
(where A\jul(cf)) = %, 2% (5.12.2))

-

EZRIEAE individuals ZWERC, o I, it&R PO,
VR 7t @ tility B — ZEHCREST T, KB — i, 2 =
Z 5 BE, gAMb representative agent 2 utility

16



e For the representative agent
u = up(Cop) + > muui(Cy)
w

u

/ Ww@ . . .
H MRS = Zaz;’ = WZZEé%) = —= = ¢, which is the same as those in
0

the previous CE Model. RS the utility of the representative
agent

B initail endowment distribution B B. ¥ o, N\, E (individual util-
ity

PA N\ £ weight MIAEFZEK representative agent Z utility) TR ¢, &
Bl initial endowment distribution B[

e In a heterogeneous-agent economy, if the equilibrium prices are determi-

ned independently of the distribution of initial endowments

= aggregation property

e linear risk tolerance + identical cautiousness + identical time prefer-
ence

= aggregation property

R (5.14.6), B /E linear tolerance + identical cautiousness A u;(2)
= (i + B2)' 5 Bu(z) = — Aexp{ 7}

(B2 (5.14.7), (5.14.8) B (1.27.1), (1.27.2) 1R{&R)

17



o (5:2580) i ui(2) = ghy(Ai + B2)' 5, B o, S BRI E A
R (5.25.6)
if u;(2;) = (A + Bzi)l_%

For w € Q , ui(z,) = max Z:l Aipitii(Ziw ), S-t. ijlzw = 20
w i

w1 (2) =7(R52uo(20) s (2,), THER o, = Zerilld)

n’;ix L= Zzl ipiti(Ziw) + 020 zé Zi]

L = pi(Ai+ Bz )75 = . i=1,2.,1 (1)

I
%—g = 231 z,zkw = Zw
1=
I I I
B (1) REI—BXRF, S k= 3 p B4+ Bz:) =078 S AP
i=1 i=1 i=1

p=p _B~I B -y B
=" p P (im1 A+ Baw) =077 3 A

=1
1 I 1
0= (S A+ Ba) B AP
1=1
H (1) = Nipui(L,) = 54 (A + B2)' 5 = 50 (A; + Bzl
ofRA 1 ! 1, d Byl "
= Tlp(ZAZ+BZW) B(Z)‘i )B(AZ+BZzw)
i=1 =1
I
= U1 (Zw) = Z )\szuz(zz*w)
=1
I 1 I B 1
- ZB_ (31— Ai + Bzy)” 3(21)‘2 )5 (Ai + Bz,)
=1 1=
I 1
= 71p(Xio) Ai + Bz,)' (;)\zB)B

_ mui(Cy) pm(zz  Ai+BC, L ’ Vw € O
(31— Ai+BCo) B

18



o (5.2681) M ui(z) = —Ajexp{F}, REFPTELZ 7y (heterogeneous be-
lief) B2 p; (different time preference), @Rl BH ¢, H—FIBME D
FoAERA, MR E (5.26.10) =
1
wi(z;) = —Aiexp(—z—‘;)
I

For w € Q0 , ui(z,) = max Z Aipithi(Ziw), 8.5 > Ziw = 2w
Ziw 1=1 =1
ui(zy) =7
I
II;&XL Z )\zpzuz(zw) + 8[ Z Ziw]
iw 1=1 1=1
%i)\lpl exp(—i‘;ﬁ):e,z:l,z vi (1)
I
% = Zl Zz*w = 2w
1=
(1) I A; RT5 = (Nipi)Yexp(—2,) = 04
I I Ai
= TT(pi)exp= 0 = TT (hpi) % exp(—s7)
i=1 1=1 =
I
ur(zw) = > Aipiui(z],)
=1
I Z*
= > Aipi(—Ai)exp(—4)
1=1
I
(A8
1=1
I I Ai ;
— i=1 Ze — <
Zgl( ) 1;[( ZIOZ) P E@ p Ai
Aj
oG Zia (A T ()\ipi)ZiZIAieXp(_Eij Ai)'(_zf:ll Ai)
= wa - ’U,f)(CO) - | | A; o
S (A TT (M) Zi=1 4 exp(— E{Z?Ai)(ile:zAi)
Aq
I
I 2 A o
Tl ety
exp(—=72—)

T
Zi:l A;

AT i, [0, THEE RS R, L Hi
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