Ch4. Two Fund Separation and CAPM

e Two Fund Separation & portfolio frontier

(i) Any portfolio on the portfolio frontier can be generated by a linear combi-
nation of two frontier portfolios or mutual funds.

(ii) Two (mutual) fund separation:

given any feasible portfolio, there exists a portfolio of two mutual funds such
that individuals prefer at least as much as the original portfolio.

H (i), (ii) M0E w is concave

1. B SSD RILI#E, EF two fund separation, [t two funds ES&7E portfolio
frontier F.

2. TE¥MERF, market should be clear, fll_E market protfolio B{EAK optimal
portfolio Z convex combination, K, market portfolio L &7E portfolio frontier,
BERE 7, AIE G 1 {8 fund, %A riskless asset, ry RIE 5 —1# (monetary) fund.

— CAPM

e A vector of risky asset returns 7 = (71,79, ..., 7y) exhibits

“Two Fund separation” if there exists two mutual funds (or portfolio aq, a2),
then for V portfolio ¢, there exists a scalar A, s.t

Elu(Afq, + (1 — XN)Fo,)] > Efu(Fy)], where u is concave
S Ao+ (1= N SgD q
= E[Aq, + (1 — \)Fo,] = E[ry]
and Var(Ar, + (1 — A\)7q,) < Var(7,)
= 1, a0 —EZLE portfolio frontier F.
(2% T E, BHH portfolio frontier £ N risky assets HJ portfolio frontier)



E["tm}
E[Ma, + (1 — A)fa,] = Elfg]

E[FHJ

o B an = p (£ mop), a3 = 2c(p), fyp = SZET) (),
RE (3.17) &
= Tq = (1 = Bgp)T2e(p) + BapTp + Eqp, Where E[€gy] =0
= Q(Byp) + Egp
HAFQ(Byp) is the dominating portfolio
Two Fund Separation < E[u(Q(By))] > Elu(7,)]



o EEFHH Two fund separation < E[éqp@(ﬁqp)] =0,V q
(HEREER 2,
(<)
Elu(7q)] = E[u(Q(Bgp) + Egp)]
= E[E[u(Q (5qp) + € )‘Q(ﬁqp)“
if u is concave

#R#E Jensen’s inequality
= Elu(z)] < u(E[2])

< E[U(E[Q( Bap) + éqp‘@(ﬁqpm](if E[éqp@(ﬂqp] =0)

= Elu(@ (ﬁqp))]

(=)

# two fund separation FIZ = E[u(Q(By))] > Elu(7,)]
= max Elu(aiy + (1 — a)Q(Byp))] ZIEFER a =0

JREN FOC = 0 when a = 0 )
= Elu/(arq + (1 — a)Q(Byp))(Tg — Q(Byp))]
= E[U,(@(ﬁqp))éqp] =0
I HEH
Vg, E[éqp@(ﬁqp)] =0

(R, B3 3 g, Bl2g|Q(By)] # 0, BEMHEER Bl (Q(Byp))éqp] # 0,
AfSEE)



o H E[e,) =08 3 q, s.t E[Eg|Q(Bgp)] # 0
= For V z,
E[éqp] = E[Elgqp@(ﬁqp)]]
=2 BEgp|Q(Bgp)] dF(Q) + [° Elég|Q(5y)] dF(Q) =

= f—zoo E[éqp|Q(ﬁqp)]dF(Q o f E €qp’Q(ﬁqp)]dF( )
(B E[24|Q(Byp)] # 0)

Ky ify <z =
assume u(y) = { Kz + Ko(y—2) ify> 2 (2% TH)

(HEFRIEHu W2 concave HIEMHE)

E[Ul(@(ﬁqp))éqp] = E[E[U/(Q(ﬁqp))gqp@(ﬁqp)“
= E[UI(Q(ﬁqp))E[éqp@(ﬁqp)”
=K1 |7 BlEglQ(Bep)dF(Q)

+ Ky [ E[2gp|Q(Bgp)ldF (Q)
= (K1~ Ky) [Z E[qlQ(Bp)dF(q)] # 0
ES E[éqp@(ﬁqp)] # 0, R ——, BiHE



e One fund separation, 7NEIFETE portfolio o R Elu(r,)] > Elu(ry)] for all g,
where v is concave.

i
For any q, 7q = 7o + &4, B E[¢4|7a] = 0 (REIE[F,] = E[Fy], Var(fe) < Var(7,))

FiB return ¥—4, B o £ mop (H. portfolio frontier degenerates to this point),
FHE T EEH one fund separation.

E["'q] = Ein] """"""""""" # """""""" .

o If r; ~ N((),[ ]), and nonidentical expectations
= two fund separaption BT
rq=(1- qu)fzc(p) + BgpTp + Egpy
where 7..(,), Tp, and £y are uncorrelated.
fBX multinormal Z &%
= %A independent
= ElEp|Q(Byp)] = ElEg) = 0, HI58E



o If r; ~ N((),[ ]) and identical expectations,
= one fund separation
Tq = Tmup 1 &g
where 7,y and €, are uncorrelated.

Cov(fq,j“)m,]g)~ o

o COV(TmUp, Tmyp) + COV(Eqa rmvp)
H3.12

= Var(Fmup)

= Cov(Eq, Tmuvp) = 0

multinormal Z &%
= B independent
= Elq|Fmop| = Elgg] = 0
= one fund separation.
o (4.8 F1 4.9 &) Two fund separation 4+ market clearing
= market portfolio is on the portfolio frontier
AT
(1)i=1, 2, ..., I {fl individuals
(i) ®AE W] wealth (H N risky assets fIEEAZ wealth)

ro .
> Wi = Wino = the total wealth in the economy
i=1

= the value of all securities market portfolio
(ii) wjj: ¢ BEH wealth 7E security j ZHLE
for any security j in the market

I .
> wiiWi = wmiWino
=1

I
= 3 Wi = wnj

i=1
(where wy,j: j asset i35 weight)
= the market portfolio weights are a convex combination of the portfolio
weights of individuals.

%



(2) & two fund separation B3i7, K two funds #FE portfolio frontier _k, fEA
Ft prefer B portfolio H2 two funds ZMHAE. (FE two fund separation 37,
FERA B ERHEMEMuR concave ZEA, H prefer Bl ZiRFFEH portfolio, —
TEAE portfolio frontier [H])

(3) FI0_L frontier portfolio Z A&, ZME portfolio frontier b, 7RE[ two fund Z#H
BEIE portfolio frontier &, AR LIHERBEA prefer 2 portfolio H1E portfolio
frontier E.

(4) T market portfolio Z{EA portfolio ZME ((1) HFTE)
= market portfolio 7£ portfolio frontier F

o | 7, FE portfolio frontier £ = A 7y B 7o) MIGHFTEZ 7y, P ¢ BIEE
portfolio.

Elrg] = (1 = Bgm) E[F.c(m)) + Bam E[m]
for any security j (AR EEE)
E[fj] =(1- ﬁjm)E[fzc(m)] + 5ij[7:m]
(q and j RIFE frontier |)

Pt FFER, in equilibrium, there is a linear restriction on the expected rate
of return of any risky asset

’iﬁﬂgﬁé E[fj] = E[fzc(m)] + Bjm(E[fm] - E[fzc(m)]) ()

security market line ([K]/-1=% & N risky assets)

E[I:u] _E[i-‘:‘(’(iil)]

> ﬂ_]]il

£ E[r;] B 5y, P B security market line (KR [E N risky assets)
& Elfm] < E[f.o(m)] (LK market portfolio FF efficient portfolio)

= E[fj] - E[fm] + B]zc(m)(E[fzc(m)] - E[fm])
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o (4.11€) EFEHH market portfolio is an efficient portfolio under a special case
assume (i) r; ~N((),[ ]) (B mean-variance model)

(ii) w is increasing and strictly concave

individual prefers higher expected rate of return
individual prefers a portfolio portfolio with lower s.d.

=IC £ E[f] — o(r) FH_ERBIERZE (p.94~95 RKFEH IC REABIE)(E)

IC

7~ N() = 7 ~ N(E[Fp), 0%(7p))

- Elui(WE(1 + 7)) = Elu;(Wi(1 + E[Fy) + o(7p)2))],
where Z ~ N(0,1)

Define Vi(7p, 0(7p)) = Elu(WE(1 + E[fp] + o(7p)2))]

FEK indifferent curve Z #}2=

.. 0y ~ V; S\
. 8E‘[/7;p] dE[Tp] —|— mda(rp) = 0



L IC 2R = T = —Ep >
P dE[rp]
sotey = Blul(W)zWg] = Wi Cov(uj(W'),2) <0

Heh Wi = Wi(1 + E[fy] + 0(7p)2)

B IC ZIERIZE = BB AESE efficient portfolio, M market portfolio SGE{E A
portfolio Z convex & =-market portfolio ;& efficient portfolio

e Zero-Beta Capital Asset Pricing Model (N risky assets)

E[fq] - E[fzc(m)] + ﬁqm(E[f’m] - E[fzc(m)])
(where (E[m] — E[7,m)]) > 0)

Efy ) --==-= ==+

E[7, 1+ (= B ElF 1T~
ﬂq:u [fm]-l-( ‘Bq?”) ["C(m}] ﬁq:‘?ﬁ'?ﬁ'(l_ﬂ(pn)zc(n'?)

EI:};;C’(IH:I] ZC(F”)

> 0(r)



# 3 a riskless asset (LAT% EHARI)

if rp < 4, BEI% portfolio e B 2c(e) = rp & a1, az

(BLFF, e B2 7 ¢ ¥I7E portfolio frontier |) (EE MK RF /2 market portfolio)
Fg = (1= Bye)rs + Byele + Ege (3.19.2K)

(where (1 — Bye)rs + Bgefe = Q(Bae))

the necessary and sufficient condition for two fund separation is:
. 1A oy R
E[gqelQ(ﬁqe)] = E[5q6|7ne] = 0.
(IRBIE[Ege|7e] = 0 B {(fj)jvz 157 yexhibit two fund separation Z necessary

and sufficient condition)

If ry > , B)EEportfolio € B zc(e') = rp & a1, a2
TCI ( 5qe )Tf =+ ﬁqe’re’ + qu
(where (1 — Byer)r s + BeTer = Q(qu’))

necessary and sufficient condition for two fund separation

E[E4e|Q(B4e)] = Eléger|Fer] = 0
B HREL HEL, F2% (44) &

T f+two fund separation = two fund monetary separation

Two fund monetary separation + (r < ) + risky assets are in strlctly positive
supply (risky assets & supply BIE, %7’5% market Clearmg, H demand 7RE
BIE, RAAKREGHE risky asset, TRENR ] 2k i)+ BB AL efficient
portfolio & weighted sum, L& market portfolio, tB &7 N risky assets and
1 riskless asset Z efficient portfolio I = YJ%k e, M2 market portfolio

= BElrg| —rf = Bgm(E|rm] — 1)

(Capital Asset Pricing Model: CAPM)(independently derived by Lintner (1965),
Mossin (1965), and Sharpe (1964))

5’%% FE1 riskless asset BN risky assets ZfEUL T, B NHZREE D 7, &

e, HFTE ANZBREMEEINHE, HAE 1 riskless asset BN risky assets & portfolio
frontier I, XA market clear, FiE AZ e ZII#E, 155 market portfolio (market
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portfolio T4 LATE securities FTfEZ portfolio, FTLA—EHIERAE N risky
assets FTEE 2 portfolio frontier I, eEifa B ILEKE, & E 1 riskless asset B2 N
risky asstes fJ portfolio frontier 82 all risky assets & portfolio frontier ZME—
ALEL, FrLleBhi s market portfolio)

o & ry =2, M section 3.18 A4l an individual puts all his wealth into the riskless
asset ang holds a zero-weighted-sum portfolio = riskless asset be in strictly
positive supply, risky assets be in zero net supply.

HHEETE market clearing ZfEW T, risky assets & demand £ supply FFHEFHBIE
(BRAREGHHL T BERE risky assets)
o & rp > 4, BIRBMERHEE NFE BT A RELE PRI/ N B B
if E[ ] <Trf
= Elu(Wo(1+7))] < w(E[Wo(1 +7)]) < u(Wo(l+r7y))
B A& &y, #1S market THE clear
=N

o M EILFIHI, MER rp < é, ¥ & equilibrium, HIKF risk premium of the market
portfolio is positive (JRENE[7y,] > rf)

e Capital Market Line

capital market line
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o If 7j ~ N((),[ |), HE—AE, E CAPM
E[uj(Wi)(7j — )] = 0,Y i, j

i
- . N

Hrh W, = Wé(l +ry+ Z wij(fj — Tf))
j=1

= Bl (Wi)E[(7j — rf)] = —Cov(uj(Wi), 7))

Stein’s lemma
if X and Y are bivariate normally distributed
Cov(g(X),Y) = E[¢'(X)]Cov(X,Y) (RERFFEHRI delta method)

= Bl (W) B((7; — )] = — B[l (V)] Cov(WW;, i)
define i Zglobal ARA

B (W] "
0; = E[u;(Wa]( 2 ARA IME| ])

= &_E[fj — r4]=Cov(W;, ;)

= (X0 E[F; — gl = 3 Cov(W;, 7;)=Cov(3 Wi, 7;)=Cov(M ;)
(where M = > Wi = Wino(1 + 7))

= E[fj —rf] = Wao (3 0; 1) " Cov(Fp, 75)

(where WmO(Z 0 1)=1: aggregate RRA)

If Ty =Tm
= Bl — 1] = Wmo(z 0. 1)~ Var(7y,)

Wino(356; 1) = Sz REIH

= E[ij —rf) = 2 Cov(fm, 75) = BjmElim — 1]

Var(7,,)
(CAPM)

12



e Considering the quadratic utility, HA—EAEE CAPM. (4.16&0)

ui(z) = ajz — %22

= uj(z) = a; — bz
RAE[W(W)E[7j — 4] = =Cov(uy(Wi), 7))
= E[ai — szZ]E[f] — Tf] = —Cov(al- — biWi, fj) = biCOV(VNVZ', fj)

= (§: — EWi)E[7j — rf] = Cov(W;, 7))

1 - ~
= (;Z—j — EIM))E[7j —rs] = Cov(M, 7))

o E[fj — rg] = (5 & — E[]) " Wi, - Cov(im,75)

- Cov (7,7 -
= E[fj —r¢] = % - E[Fy — 1]

o %E A, B WfE&E, 1 H assume they have the same expected time-1 payoffs
R = A #f = Cov(Payoff,;, Payoff4) > 0= Gap > 0
= B Tf= Cov(Payoff,,, Payoffz) < 0 = gy <0
REEEE B, RREER, Er#@fH—T,
=T t=0K, B2EEER A 2EE
= E[ra] > E[Tp]

o 7y = (1= Bye)rs + Byete + Ege (BB ATRE—1ME one factor model)
A E[Eje|fe] = 0 Al two monetary fund separation, #3155 CAPM.
IMRBAEDS corr(je, Eie) =0
HE assets 1%, s.t. &,

S can be diversified away by forming well-diversified
portfolios. 6 one factor model, 7, is the only factor.
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=One (or more) factor model will hold for most of the assets approximately if
there is no arbitrage opportunity (in the limit) and there are a large number of
assets.

APT vs. General Equilibrium Method
(1) THE#E state of nature Z primitive security
(2) &R risk factor FFEHI primitive security

(3) FELL General Equilibrium & demand 1 supply BJEEZ explain B rate
of return Z &R, M2 EREZEZ primitive security & rate of return, 353
HMEZER rate of return. (General Equilibrium Theories are more ambitious)

General Equilibrium=-No-Arbitrage
=

£ CAPM 1, B General Equilibrium #3gH r, SHE RS
£ APT 1, A[IIAEEZ risk factor.

APT: identify the sourses of systematic risk
. spilt systematic risk into its fundamental components

Equilibrium theories aim at providing a complete theory of value on the basis of
primitives: preferences, technology, and market structure. However, arbitrage-
based theories can only provide a relative theory of value

APT ZJFEH

* Given the stochastic behavior of the underlying asset, APT R]& option price.
(#1 BS model)

* B fundamental security market prices EHi risk neutral measures. (41H
complete market f## binominal tree B risk neutral valuation)

* B complete set of complex securities Z prices B A-D securities & price,

A LA E K security or cash flow & value
* iz, APT 2H market data Rf#RE expected return #2 risk factor ZBif%
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e Arbitrage Pricing Theory (APT) by Ross (1976)

* An arbitrage opportunity (in the limit) is a sequence of arbitrage portfo-
lios whose expected rates of return are bounded away from zero, while their
variances converge to zero. It is “almost” a free lunch.

* FEEEBH, if there is no arbitrage opportunity, then a linear relation among
expected asset returns will hold approximately for most of the assets in a “large”
economy.

(where “large” means that the number of assets n is arbitrary large)

= aj + Z 5” + &7, j=1, 2,..., n (the rates of return on risky assets are

generated by a K factor model)
where E[e7] =0
E[é”éﬂ =0,ifl #j
02( n) < 52

(EE:: 5”% rates of return on portfohos)

assume y; = (1 — Z T A+ Z i Z is a portfolio of K factors(portfolios)

and the riskless asset Tf Wthh rephcate the return of asset j (from general
equilbrium model JREIE K-factor CAPM:

—rp= Z n(0F — 7))
(HLrpAEr By 37 S 807 2 IR SR BRI B R4S o R F T B0 2 R 58 A
5K 1E)
o 7 EEFHH, for most of the assets in a large economy
ai +e7 = (1- Z T
Case 1: €/ =0 (tr1v1al)
FLER o) = (1- Y1, B0y

K
if a < (1- z Ba)rs

k=1
U= y?, = 7“? (free lunch)

15



K
ifa? > (1- % 0%

k=1
AR v}, B r? (free lunch)

Case 2: €7 #0

BEEARERS N EIRE of ~ (1 - Z mry, ZRE T RZEmE (4.21.1)

= |a} — (1 - Zk—lﬁ' Jrel>e,i=12,...N(n) <N

(KE®) £ N REE, AIRTE () = {n =K +2,K+3,.},if n — oo,
N(n;) — oo (N(ny) £ n; risky assets H, H N(n;) fHZ K linear valuation
model.)

K
(REF DD assets TR of ~ (1 - /;1 T )
we can construct N (n;)fl arbitrage portfolios

K
(i) & a;.” > (1= > ﬁﬂ)rf, AIBRE S, &7 7 — y}Z arbitrage portfolio
k=1

K
(ii) %a?l < (11— @%)Tf, ST yj =75 Z arbitrage portfolio
k=1

rate of return <

R N (ng)fE arbitrage portfolio PAg— Z weight A&, A expectation

HJ expected rate of return > ¢

(B |a? — (1= 3, Bh)rsl = e, B BT =0)
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N ()
variance of rate of return=—r— Z (an) N

(A corr(e7,£7') = 0)
(E’i 0 N(n;) — oo K, HIZfE > 0, variance=0 =—E &, 7TEHN | IETHE

/

K
= ERFRGHL asset HAWRE off ~ (1 - Z nr s, BIFFFE arbitrage

opportunity , almost a free lunch
= BHEFIA] arbitrage [HULNFTE,
W78 AN, s.t. N(n) < N for all n
K

AL Bz asset W | off — (1 - Z Tl e

| XA (4.19.1) BUE[ JAI# B[/ — Yop, B0 = o
K -

RARG | E[F7] —rp— > B (B[R] —rf) [S e
k=1

e When n> N, a linear relation among expected asset returns holds approxi-
mately for most of the assets.

This relation is called Arbitrage Princing Theory (APT) originated by Ross(1976).
o (4.23)~(4.25) Eifft, En — oo, HRZHEEN S APT ¥, HAHEH-FEMS,

B EH TR ERE, SRR, RSt 2 ERTE, I3/ NE T R
upperbound.

(Equilibrium rather than arbitrage arguments will be used in the derivation in
sections (4.23) to (4.25). The resulting relationship among risky assets is called
“equilibrium APT”)

o (4.24) &i, FEMHwhen £; #0 = (1 — Z Bik)rs —aj <0 for Vj and

aij > 0 for Vi, j (o5 1nd1v1dual i ER asset j ZBH)(HEMP FEREH
T €jis independent of all the other random variablesZ Z@# p.111)
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K 5 B _
o (4.25) €1, [E[] — vy — > (Blox] — )| < 3 A- A5/ Van(e)

k=1
(Bu' > 0,u" <0,u” >0,A(z) = —ul(2)/ui(z) <A Elg] =0¢; > —1,
(€1,...,€N,01,...,0k) are independent)
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