Ch3. Math of the portfolio frontier

e Given expected return T, $—1E portfolio SSD all other portfolios, HIiE
& portfolio —EHER F/INYJ variance

7,

[

e Expected Utility Hypothesis (expected return + risk averse)

(BIfEANL, WAREHEE]—E FEY mean-variance model, HME L mean-
varance Z 5 H7lE )

1B PL1. expected rate of return & normal distribution(arbitrary preferences)
TE2. quadratic utility (arbitrary distributions)
¥ gEHE Fmean-variance model.

HE mean-variance model ST E—{ATER model, FEHEME b, Hif
HRG, AR UEAIRSE, FrlltE focus FEHZEET
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o Ifu <0, Al EXEE TAEIALEME B % Bir, BAIBRE variance of wealth
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e quadratic utility & fEY
__vw'()_ b IR
L. RA(') - W() T 1=ba 8xA > 0,
H Chl &Z proposition 2
= risky assets are inferior goods.

2. utility FF globally increasing, R7E @ < satiation point

FRE.

e #l: normal distribution = mean-variance model

(LA futures hedge FH41)

e Futures hedge
w1 = wo + Ap + QAf
ApRBERREML, AfRITEEERL

wo =0

Ap ~ N(/upa O_]%)
Af ~ N(pug,0%)
cov(Ap, Af) = Opf

= w1 ~ N(,0%)

1=ty F Quy o
0° =0, +2Qopr + Q0%
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FOC= —el5™ = a]—p; + a0,y + QJJ%)] =0

= Q* — M= a:pf

(ii) mQaX Elwi] — var(wy)

Hp + Quy — (07 +2Qoyf + Q%)
%é,uf—aapf—aQJ%:()

= QF = Mf QTpy
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o B3 7 N( ) 2P
7 € (—o0,00), (EFERT B
(1) B HAEE -100%, A BE—o0
(2) BH utility WEBBRERT
(3) Consumption &8 &

e N risky assets: 71,79, ..., 7y, Which are linearly independent,

with unequal expectations, finite variances. In addition, unlimited short
sales is allowed.

W1 E[fl] = €1
Wo E[ro] = ey
W= : e = .
WN E[rn] =en
J
V=i| ... 045 ... |, where 0;; = Cov(7y,7;)

e portfolio mean=w!e = E[)]
portfolio variance=w! Vw = ¢%(7,)

% portfolio frontier (given E[rp], find w as a function of E[fp] to minimize
portfolio variance o*(7))



mean

A portfolio frontier

>

variance

min %WTVW,
W

s.t. wle=E[f)

wlily =1
L = wIVw+A(E[fp] — whe)+y(1 — wlly)
gTLV:>VWp—>\e—71N=O
3%\2;;/\7\7 =Vw (N x 1)
WL —¢ (N x1)
oW Iy — 15 (N x 1)

= wp, = ANV le) +~4(V11y)

p

N E[fy) = wle = AelVle) + y(15Vle)
1=wlly =XV ) + (1R V 1y)

4 A=15V"le =07 le
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B=clV-le= Zeiejaigl
i
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= wp = 55(C- Elip] = A)(V™le) + 5(B — A~ E[r]) (V1)
= 5(BV 1y — AV le) + 5(CV e — AV -y E[F)]

(any portfolio represented byw,, is on the portfolio frontier)

Define:

g=5(BV 'y — AV~le), g B5— N x 1 # vector

h=%(CV~le— AV y), h H— N x 1 #J vector

= wWp=g+h-0=g

(where g is a vector of portfolio weight corresponding to a 0 rate of return)
wp=g+h-1=g+h

(where g+h is a vector of portfolio weight corresponding to a 1 rate of
return)



o ZEFEBHFA w, on the portfolio frontier, FJHH g B g+h FHK
#l: w, = g+ hE[f,] = (1 — E[f])g + E[f,](g+h)

o H'E portfolio frontier FRE—HZEMEG, & AIHBR{ENEZ frontier
portfolio R

Bl: BERFE o, Efg] = aE[7y,] + (1 — a)E[fy,]

awp, + (1 — a)wy, = a(g+ hE[r,]) + (1 — a)(g + hE[r,])
=g+h(al(rp,| + (1 — a)Elrp,])
=g+hE[7]
=W,

(linear combination of 2 frontier portfolios (not necessary efficient portfo-
lios) will yield another portfolio)

e Mutual Fund Thorem (Separating Thorem)

Under the above assumptions and the mean-variance framework, we can
find 2 portfolios (mutual funds) such that all investors are indifferent in
chooseing between portfolios from amongs the original N risky assets or
from these two mutual funds



o Bk 02(7y) = S Swiwjo B EE GRA 3.11, EEETR)
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(where Ezjwz %;wjaij = 02(7p), %:wiei = E[ry), %sz =1)

= (7)) = ME[F + 7
= (Bl + (PR (VB oy A
= 5 (C(B[))* — 2A(E[7)) + B)
=&+ 5(Elf) - 8)’
(fE N risky assets [K§, 7€ portfolio frontier £, E[F,] # o2(7,) ZE%) (&)

Bl
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|
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I > = e
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I P Portfolio frontier

E

o FEHA COV(fpqu):Wg’VWq = %(E[fp] - %)(E[fq] - %) + %
(p.66 3.11.1)
HH wy, = g+ Elip)h

w, =g+ E[fyh

A=1Vvle=elV 11y

B=e¢lyv1le
C=14V"11y
D = BC — A?

g=5[B(V ! y) — A(Vle)]
h=4[C(V7le) = A(Vy)]
wy Vwy = (g7 + E[ip/h")V (g + E[F]h)
= (gV + E[7]h" V)(g + Elig]h)
= ¢V + E[f)e"Vh + E[ip)hT Vg + E[f) E[f,Jh! Vh
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where
g'Veg=15
gl Vh = —%
h'Veg=—4
h'Vh=§

= SE[y)|Elrg) — 5Els] — 5B +

A2 | 1 _ A24+BO-A*> _BC _ B
(X +c e =Dpc =D)

= 5Bl — 2)(Bl — 2) + &
eifp=gq
= Cov(Fp, 7q) = Var(fy) = 02(7p) = S(E[F) — 8)> + ¢
L ) (BRI

1/C D/C?
= o(7y) # B[, ZRREEHF

o ZEH 2 risky assets KM FZ portfolio frontier

B
D

(i) the 2 assets are perfectly positively correlated ([&)
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(i) imperfected correlated (&)

Elis]

L[]

(iii) perfectly nagatively correlated ([&])
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e 3.12 &, Fpup: Cov(Tp, Frmup)=Var(Fpuwyp), HH p BE portfolio RAHE
£ frontier )

min Var(ary + (1 — a)Fmep) (o FER0)
= BER= a?0%(7p) + 2a(1 — a)Cov(7p, Frnwp) + (1 — )20 (Frnup)
2 = 2002 (7)) + 2(1 — 2a)Cov(7p, Fnup) — 2(1 — a)o (Finup) = 0
a = 0RA = Cov(rp, Frmup) = Var(Fmuep)

o 3.13 &, £ 7mop AL, W efficient frontier, H. efficient frontier + efficient
frontier FRE /& efficient frontier (K portfolio frontier & Mutual Fund
Thorem)({H mutual funds & weight TA[ZE, 2% p.69(3.13.1))

e For any p on the efficient frontier, except for the minimun variance port-
folio, there exists a unique portfolio on the portfolio frontier, which has a
zero covariance with p.

COV(Tz% zc(p)) ((E[Tp] )(E[fzc(p)] - %) + %):0

D

= Blee(p)] = ¢

Elr]-2

(given E[ry], then E[7 ;] can be derived, and w .,

2% p.71 Figure 3.15.1

) is obtained uniquely)

o 3.158 p B 2c(p) T o(F) — E[f] ¥ o%(F) — E[f] FH L& &AIF1%.
(p.71, Figure 3.15.1, p.72, Figure 3.15.2)
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e % p ANE minimal variance frontier I (or portfolio frontier), Rl ¢ = z¢(p)
G1E p # mop FIEEZ frontier |k
wy is the solution of
r%lgél %ngwq

s.t. ngwp =0
wely =1

2(% -1
':I 7! oy ; J— CO_ (Tp) . V 1N
WA Wo = ooy ™ — Tocoly) IV iy

3 A Vlly V-1,
mew =gt hElmy] = +hE = =5 =

_ 1 Co?(7,)
= Ve = 10or,) VP T T0o(r,) - Wmop

(qH pEmupfREE AT, ZRBEgFEpEmopPTiEEHY portfolio frontier )

S 1wl .o — 1 T , _  Cdo*7p) 15V—"te

= Blrgl = Wy - ¢ = 1=gomVp ¢ 1mcor(r,) TV,
__ B[R] _ Co®(7y) A
—1-Co2(r,) — 1-Co2(r,) C

:E[(fp)é_é(qQEFp)
E[fq“ﬁ”ﬁ% p E& mup EUz(fp) - E[%]@ﬁ.ﬁﬂ’ﬁ%ﬁZ@ﬁE (p.74 Figue
3.15.3)
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o Z&E N risky asset, 1 riskless asset
m“i/n %WTVW
s.t. wlhe+ (1 —wlly)ry = E[fp)(or rp+wl(e — rfly) = E[fp))
FOC = Vw, = Ae —rfly)
= w, = AV "1(e - ri1N), AIEIRR =
= Ae — rle)TV_l(e —rly) = E[fp] — 1y
oa = Bl v

:,E\:EP H:(e — 1N'7“f)TV_1(€ —1y- Tf)
= Z(ei — rf)afl(e — rf)
—Zeza L erU erezaj +7"3c%0'i31

ij
—B—2A7’ +C’rf>0

(>0:E<]O>O,HA2—BO<O)

= Wp = (LV%*”)V—l(e — ”r’le)
(vs. all risky asset Ff, w,=g+h-E[r})])
BAEE 02 1 B[, B
FOC of w; = Y wjo;j — Ae; —ryp) =0
j
[E] 3’ w;, X > = Zwiwjaij — AT wi(e; — Tf) =0

where S w;w;o4; = O'g
i

Swi(e; —rf) = L wie; — S wiry
1 1 1

(.W e+(1— TlN)T’f— [Fp]éwTe—leNrf:E[fp]—fr’f

éZW@Z Zer—E[] T, )
FINLEA =
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S o2 = Ry
7 N Ro

o%(7p) = WZVWP )

= (e—rf-lN)T-V_l-%-V-V‘l(e—rf-lj\r)

( H = (6 — Tle)TV_l(e — Tle))
— (E[fp};rf)z

E[fp} i
H

fE N risky assets, 1 risk free asset T, E[r,] Bd 5, ZEHIEAFR.

Enlre it BlRy) > ry

~ U(fp) B —l\?/[%]:rf if E[fp] <ry
H
FERTE L fRZ p, B2 N risky assets, 1 risk free asset 22 portfolio
frontier
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o Case 1: 1y < % (&)

B rp (FRERLAr, f558), He

~

muop

_~E[f] =ry+ VHo(F)

==t

Portfolio frontier
of (N + 1)assets ¥ e, BHry

ZEE o BERUIEL, AEEW (1) B (i) FRFEGL
(i) BHHA e BHFE all risky assetsiZ portfolio frontier I
Hrp (i) 278 e B/REIFFE 3.11.2a B(3.11.2b
= 02(F.) = $5(CE[f.)> — 2AE[Fe] + B) (3.11.2b)
| by F&F5E
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H% O_(fe> ZF[;;\
=22=¢
:>x2—§
i

Hy=ry =y = A= E[—?ﬂ BN, FUE Bl 5

D

:>E[7:'€] :% C2A7

H o%(7) =

%(CE[?”Q] — 2AE[f.] + B)
c<7«f 5 (ﬁ%Tﬁﬁiﬁ‘HﬁJ)
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(CE[F.)? — 2AE[F.] + B)
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D/C?

%)2 +¢ (A Elre] = % o Tf—A/C)

T‘f—A/C 6

X

5 1 240(r;—4/0)?
= —AJCE T T T T~ AJC)

2 2
_ B4Or324r+4 Or3—2Ar,+244

T =AJCY = A[O)

Or2—2Ar +8¢=442  0p2 2474 B
- Crpm4je T G AJC)?

- ___ =B
- O A)0)?

= o(7e) = ~ ot 470

(RERERS r; < 4, B o(7) BAE)

if Elo0 — VH, Bl
~ ~ > Te|]—T % Cry—4
Bl 8 o(7e) A= P = (& - o )= (jg ))
= (—oi) (-2 = VH
(K H = B —2Ar; + Cr5)
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IRIRERA(3.11.1),

= Bl e = % - E[fi]z—

BT o) B2 _ETETEIEY (+) 2RI EFAHSE
WM EH ps 2c(p)EE[F] — o(7F) b2 BRI %

Case 2: 7 > & (NG RHE) (H)

Fe', IRET,
=R EEITERY S o |, JRITE

r e 77 combimay
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a(r)
follow the definition of H = B — 2Ar; + C 7"J2f

= B —2A(4) + C(4)?
_ BC-A> _ D

o C

= XTE all risky case H1, F{&

WEERR e TR
Elfy) = & £ /Bo(f,) (BERA (3.11.20) 1)

=G HFEL N risky assets 4 1 riskless asset

- Lt Bl > 4
55, o=l A
7ol —r ol —5 ~
T Elrpl <y - gC,E[rp]<é
Z portfolio frontier —# (Hr = % e, H=2

_ﬁ)
N EREYIEL, LA portfolio frontier M FEH riskless asset £ a portfolio
on the portfolio frontier of all risky assets ZKAHEX,
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B portfolio frontier F|JEE{A[IE?
=4 RABI8L) wy =Vl e —rpln)(E
= 15w, = 15V e — A1) (Bl
=(A ~ AO) (P =0
(where 15V "te B A, 1LV 1y B C)
e 15w, = 0, F wy = 1 = BERME rp, BUFEFREREERREE,
MR EENIMEES &, B weight Z&H 0, REFE LiEHY S

portfolio frontier

) AR 1y

o 3.16&1 g Bff— portfolio; p B frontier portfolio.
Cov(7y, ) = ngwq = (AMV~le) + ’y(V_llN))TVWq
(wp = (AM(Vte) + v(Vl1y): FOC when there are N risky assets)
= 2TV Ww, + 15V TV,
= delw, + 715w,
= AE[rg] + v
= E[f,) = Cov(fi,fq)—y

CE[rp] A

‘ XHZ i FOC (3.9.3a) (3.9.3b)
B

~
I
S
S
_|_
@
%
/\

Tp] E[fzc(p)])
= (1 = Bep) E2cp)] + BopE7p]
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o 3.17EI, 7y = o+ BiT.c(p) + P2Tp + E¢, Where Tp, T.(), €4 are uncorrelated

e 3.198i ¢ RfE— portfolio; p £ frontier portfolio H E[f,)] # ry

Cov(7y,Tp) = WqTVWp

E[fg) = (1 —wlln)ry+wle
or 1y + WqT(e —7r¢ly) = E[7y]
= W:}F(e — T’le) = E[fq] — Ty
p FE portfolio frontier ]

=w,=V"1(e— rle)%f]I_rf)

= wlVw, = wiVV (e —rply) 20 = Elra Bl

< Cov (.7 N
= Bl ~ 1 = et (El] =)

(where M = 0%(7,), & portfolio p #E N risky assets+ 1 riskless
asset Z portfolio frontier _|)

~ ] Cov(r, i,
= Elfg] = rp = Bop(E[Fp] —rp), FH Bgp = (?;Efz))

g = (1= Byp)rs + Boprp + Egp with Cov(ry, €gp) = Eleg] =0
(CAPMZ 5c5R)
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