Ch2. Stochastic Dominance
o i E JE\fE & A Y BB P LR

W 1 2 3

P(wj) 04 04 02
rx  10% 50% 50%
ry  10% 50% 100%

E[fx] = 34%, o7, = 19.60%
E[fy] = 44%, o7, = 33.23%

R AE mean B variance, SEEDPEXIFEY 4, HAIRME X HY &
return distribution, FTE A& GESE YV IF

o Let Fx(-), Fy(:) denote cumulative distribution functions of the rates of
return on X and Y

Fi(z)= prob(z < 2), zZ €[L,U](L=0,U=1 in this chapter)
(El=v>

rspx:HWhigher returns are more likely)

(FSD: First Degree Stochastic Dominance)

10% 50% 100% 2



A L 5p Biff Fyu(z) < Fp(z2),V = (&)
> Elu(l+74)] = Elu(l +7p)], 7RE]

I u(l+2)dFa(z) > [ u(l+ 2)dFp(z),
[L,U] [L,U]

where u is increasing and continuous

prob

(—)Elu(1 +74)] > Elu(1 + 7p)
= [ AENE) 2 S w4 2)dE ()

= u(1)F4(0) + Jg u(l + 2)dFa(z) > u(1)Fg(0) + Jg u(1 4 2)dFp(z)
= u(1)(F4(0) — Fp(0)) + Jg u(1 + 2)d[Fa(z) — Fp(2)]

integration

R (1) (Fa(0) — Fp(0) + u(l + 2)(Fa(z) — Fg(2)) [}
— g [Fa(2) = Fp(2)]du(1 + 2)



= — Jg[Fa(z) — Fp(2)]du(1 +2) > 0
Rdu(l +2) >0, HF4(z) — Fp(z) <0, I3\ > 0 BL
BELE Fa(2) < Fp(z) = Elu(l1+74)] > Elu(1 +7p)]
(=) BKGEEE, BEEu(l +74)] > Elu(l + 7))L ,
835, Fa(z) > Fp()
REXFAEIERT [2,c]€[0,1] s.t. Fa(2) > Fg(2),Vz € [z, ]
(2% p.43 Figure2.3.1)
$%—1& utility (continuous and increasing), & E[u(l + 74)] > Elu(l +
7 )| N BAL
B&Bu(l + 2) = J§ Lpja1q(1 +t)dt (2% p.44 Figure2.3.2)
= U (1+2) = Ljg4q(l + 2)=

1 fl4+2<14+42<1+c¢
0 otherwise

(=« >0 B3L)
%%Emu+@m Elu(l +7p)]
= — g [Fa(2) — Fp(2)]du(l + 2) (R4 2.3.1)
= — [z[Fa(z) - M)]<UMIE4)>FM@hﬂ%®
—— V& E[u(1 +74)] > Elu(1 +7p)] = Fa(z) < Fp(2)
1S3E



e 1. A F%D B & Elu(l +74)] > Elu(l +7p)], u is increasing
2. Fu(2) < Fp(2), ¥z € [LU]
3. i Liptaas0
& =1 statements ;& equivalent
188 2 AR Z NTREE T
3=1 Flu(l+74)] = Flu(l+ 75+ &) > E[u(l +7p)]
(Ra >0, Eu' > 0)
1=3 AAREH, MRER FEZEHH
H3TIRI A 45, B = Elfa) = Elfs] + Ela] = Elfa] > Elfp] (RZAIE
%)
(Bb4& E[7a] > E[rp] 8 Elu(l +74)] > Elu(l 4+ 7p)] BEERMH)

o FHEPFTHEFE u is increasing (individual is nonsatiable) Z[&H T, BAE—
fil risk averse (R4LFE increasing), EEE prefers A or B IE?



o HE—{EAIT

prob 0.25 0.5 0.25 prob 1/3 1/3 1/3
ry 4% 5% 12% ry 1% 6% 8%

Elrx] =6.5%, or, = 3.2%, E[ry] = 5%, o, =2.9%

(MR — A NgEEX, BEHEEEENFx(2) < Fy(2), V 2, REIEEIE X
r5p Y = B FSD TREA)

prob
A

e ¢4

Fyv(Z)

l |
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o A oop B E[f4] = E[fg], S(2) = Jf(Fa(t) — Fp(t))dt <0,V z € [L,U]
< Elu(l+74)] > E[u(l +7p)], u is concave (u” < 0)

F(0)

o FHif A ;o) B= Elu(l+74)] > Eu(l +7p)],
given E[f4]=E[rg] and u” < 0

from (2.3.1)

= Jioyu(l + 2)d [ A(z) — Fp(2)]
— — JFA(z) = Fp(2)|du(1 + 2)
= — Jg[Fa(z) — Fp(2)]uw/(1+ Z>dz
= —folu’(l—kz)[FA( ) — Fp(z)]d=

— Jo ' (1 + 2)dS(2)



integration
by parts

—u'(1+2)8(2) |6 + Jg S(2)du’(1+ 2)

&S(0) = [Ofo] [Fa(2) — Fp(2)]dz =0
’ 0)=0

S() = J [Fa2) = Fp(2)d= "8 §lFa(2) ~ Fy(2))dz

integration

MEY[Fp(2) = Fp(2))z § — fg 2d[Fa(z) — Fp(2)]
— [Fa(1) - Fp(1)] - 1 - [F4(0) — F(0)] -0
— [} 2dF4(2) + J§ 2dFp(2)
—0—0— E[fa] + E[fg] =0

= [} S(z)du'(1+ z) = J§ S(2)u" (1 + z)dz > 0

B Elu(l +74)) > Elu(l +7p)] = A 42, B (FREIS(2) < 0, Vz2)

[REEE, assume 2, S(2) >0, BEREGEK Flu(l+74)] < Elu(l+7g)],
MRE = BEEFE = S(2) <0, V2

assume J[a,b] s.t. S(z) >0, Vz € [a,b]

define u"(1 + 2) = —1j1 44 144)(1 + 2)

= u'(l + Z) — f(')z _1[1+a,1+b](1 + t)dt

HLF%(b-a
=

)
W' (14 2) = J2 L igaqy (1 + t)dt

from(2.6.3)= Jip 1y u(l + 2)d[Fa(2) — Fp(2)]

= [} S(2)du/(1 + 2)

= S (1 + 2)dz

= — f[ajb] S(z)dz <0

—— , HIREERE S(2) <0, Vz



U'(1+2) =101y 1+ 2)

W(+2) = [ =1y 00+t dt

a b

ul+z)«u'l+z)+(b—-a)

1
u'l+z) = L lpianp@+1)dt

a\v




o BlIF: (1)

2(%) | Fx(t) Jg Fx()dt(%) | Fy(t) g Fy (t)dt(%) | S(2)(%)
0 0 0 0 0 0

1 0 0 1/3 1/3 -1/3
2 0 0 1/3 2/3 -2/3
3 0 0 1/3 1 1

4 | 025 0.25 1/3 4/3 -13/12
5 | 0.75 1 1/3 5/3 -2/3
6 | 0.75 .75 2/3 773 712
7 1075 2.5 2/3 3 1/2
8 | 075 3.25 1 1 -3/4
9 | 075 4 1 5 1

10 | 0.75 475 1 6 5/4
11 | 0.75 55 I 7 32
12 | 1 6.5 1 8 -3/2
13 | 1 7.5 1 9 -3/2

(where S(z) = [§(Fx(t) — Fy(t))dt)




o 1. A oy B Eu(l+74)] > E[u(l +7p)], MH E[fa] = E[fp), u is

concave.

2. E[r4) = E[fp] and S(2) <0,V z € [L,U]

3. 75 L 74+ & with E[&74] =0 ()
LA _E=1# statements 7& equivalent
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o 1EHOE(E ZWE%@%%%T

o 3= 1 EIAEERE, L5y, 12, HE[E|F4] =0
= E[fp] = E[fa], B Elu(1+7p)] < Elu(l+74)], " <0
AT Elu(l+7p)] = Elu(l+74 +&)] = E[E[u(1 + 74 + &)[74]]

Jensen’s inequality
if u is concave = Elu(-)] < uw(E[])

< E[u(E[L + 74+ E[ra))] = Elu(l + 74 + E[E[ra])]
= Elu(1+7,4)], Bk
o 1 = 3 REHE 2% Rothschild and Stiglitz (1970)
o K statement 3 F]LAKIE if A S§D B = E[f4] = E[rg] and Var(74) <
Var(7p)
(i) Eg] = E[E(E[ra)] = E[0] = 0 = Elra] = E[rp]
(ii) Cov(Fa,€) = E[fa - €] — E[r 4] E[¢]

H K E[r TA e] = E[E[r4 - £|7a]]
E[FaE[E ]rA = F[0]=0

K Var(Fg) = Var(rA) + Var(é)
= Var(74) < Var(rp)
e A 2 B Eli > Eligl, S(z) <0,V z € [L,U]
<= Fu(l+74)] > Elu(1 +7p)], u is nonsatiable (u' > 0)
and risk averse (u” < 0)

o 1. A S%k;) B < Elu(l+74)] > E[u(1+7p)], u is concave and increasing
2. E[ry] > E[fp] and S(2) <0,V z € [L,U]

3. g L 7y 1 &, with E[5|74] <0
LA B =1 statements 5 equivalent
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prob 0.25 0.5 025 prob 3 & 1
rx 1% % 12%  ry 3% 5% 8%

E[rx]=6.75%, o,,=3.90%, E[ry]|=5.33%, o,,=2.055%
Neither FSD nor SSD

(Stochastic dominance is useful in comparing the riskiness of risky assets.
However, it does not define a complete order among risky assets.)

All risk-averse agents will prefer SSD assets
FSD = SSD
FSD « SSD

2.10 EiFE, A SbZ*D B T, & risky asset Z riskiness Bf (# A — B), ¥
EANBRETE risky asset ZHZ o RO TEE. BRIE, Rr(2) <1, Ri(2) >0, B
Ry(2) <0 (= u" >0)

(1.20 8782 1. 26 BT Z A5 RIE SR E N BRI risk averse I, o & T &)
Suppose A SgD B, H¥¥/{E individual with &,
EeRESEUEEE A &

= B[/ (1+7rf) +a(fa—r1p)](Fa—1s) =0 (1)
i risky asset HH A 2B B, Hl individual & < o EEE B "§?
IR E[W/((1+7f) +a(fp —1p)(fp —17)] <0 (2)

Define «'((147¢) + a(z —ry))(z —1f) = V(2)
(1) = [Ofl] V(2)dF4(2)=0

(2) = J V(2)dFp(z) <0 (< 0BRIL, FFV (2) is concave,
[0,1]
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Bt RRA &<1, RRA & increasing, H. ARA /& decreasing.)
SEBAN p.51 (2.10.5)

Arrow-Ptatt 7E Ch1 38, HHEE A risk averse attitude 2KE, & Ry(2) >
RE(2), ¥ z, Bl i #&EFE risky asset ZHE—EER k BRETE risky asset
ZHER F ik #RE R EZ wealth TE risky asset, Bl ¢ FEERYE/N risk
premium &KX k FTEH risk premium. (E W{E asset #(72 risky asset,
Al ESBASERAT)

Suppose 74 =7 + 2, HE[Z | 7g] > 0

= E[is] > E[rp] (HE[Z] = E[E[Z | 75]] 20)

HVar(74) > Var(7g) if Z 81 75 independent (8Bl A tt B B risky H[RIKF
PR B #HRM)

Example

N 2, with prob = % _ - 1
e > E pr— E = — O
- { —1, with prob = 5 g Zl7B) 2 ~

P 1, with prob = %
B 0, with prob = 5

p|lz l4+rp+az a*:%
1 0
% -1 2—a g
1 -1 1—a 1

given uj,(3) = 0,up () = 2,44 (3) = 3, uj,(5) = 4

v’ is decreasing = u is concave (u” < O)

9 = Bl (1 +7p+a2)z] = 0= o = (HEHEuZREEAMipZ BE
A LVEH)
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(ELRFRBT O EEA)
Let G be a concave function

G (ur(3)) = 0,G (up(}) = 0, (up(3)) = 10, G (up($)) = 10,
ug(+)is increasing, G’ is decreasing (= G is concave, G < 0),

X ouj = G(uy), & i kb k B risk averse, JEIEEDTE 2.

Elu}(1 4 7 + 12)Z=E[G/ (ur(1 + 75 + 2)u},(1 + Fp + $2)Z]=5>0
(>0 RAEEREELE A) (8 Arrow-Pratt THE )

2.12 ~ 2.14 &, B Ross K definition of strongly more risk aversion, HI
ESRERRAE risky & FiRER] AR

(i) 2.12 &M Ross ZHE—BFIHER] AP 255 —Hh.
(ii) 2.13 #&BA Ross Z B _BHELEE LR SEEIN.

(iii) 2.14 FBHF i is strongly more risk averse than k, HlI'E A tt B ¥ risky
Rf, (R ETE A ZELBIE /N

iE Ross X H—BEAJHER] AP 255 —2

from Ross , 7 is strongly more risk averse than k

if mf(u;/(z)) > sup(uy{(z))

(1) (2)

l N
R (1) BT WRE (2) Bk L2
> forany 2, 23 > g > 3 > 4
= R > RY
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o B AP ZE—E A FIHERE] Ross 255 —
Bl ug(2) = —e(9%) uy(z) = —e~ %) and a > b
ui(z1) _ a ,—(a—b)z w(z) _ (%)2 6—(a—b)z2

wp(z) — b © ) u;;<22>
2o — 2 IR, AIER - < uk ((2))
e HHH Ross E’J%*%ﬁiﬁi%ﬁﬁﬂim equivalent

2=1
if uj(2) =X up(2) + G(2),if A >0,and G' <0, G" <0

G'(2) < Muf(2) (= 45 <))

z) + <
and u(z) = Mufl(2) + G"(2) < Muif(2) (= %15 > )
u!(2) ul(z)
ufs) 2 A 2 )
1=2
LRI = uf(2) — Muf(2) <0 (6 G'(2) = ul(2) — Muj(2) <0)
w(2) = Auj(z) <0 (1% G"(2) = uj(2) — Muj(2) <0)

AN E R GEG AR R ui(2) = dug(2) + G(2)
e FHH if 4 is strongly more risk averse than k , BIE A tt B 3 risky K, i #%
B A Z N
Suppose E[up(l1+7p+a2)zZ] =0 (2 =74 —7p)
Elu,(1+7p+az)z]
=FEMuy(1+7p+a2)z+ G (1+7p+ aZ2)zZ]
:E[G/(l + 7+ az)Z
[E[G'(1+7p+a2)z| 7Bl
=FE[Cov(G'(1+Tp+az2),z |TR) + E[G'(1 + 7+ aZ2) | 7g|E[Z | 7B]]
< E[Cov(G'(1 +7p +aZ), 2 | 7p)|(RG < 0, E[Z|7p] > 0)
0 (KG" <0 =21,G" |= Cov(z,G') <0)

=S¥HME, BHPHRE A, HEFEZEER< o, which is the optimal choice
of k.
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* A gsp B e Elu(l+ 7)) > Blu(l + 7)),
for all decreasing R4(z) utility function.
< E[fs] = E[rg|, T(t) = J} S(2)dz <0,V t € [L,U]
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