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e This chapter introduces two methods to derive the Black-Scholes formula. The traditional
method solves a partial differential equation and thus calculates the integral over the log-
normally (or normally) distributed underlying variable. However, it is difficult to extend
this method to price other options, e.g., path dependent options or rainbow options.

e Another method, the martingale pricing method (MPM), will be introduced in this chap-
ter as well. Since this method does not involve any integration, the calculation process is
simple. Furthermore, it is straightforward to extend this method to price other options.
Although the calculation process of the MPM is simple, it is not easy to understand
this method because the MPM employs the technique of changing measure for stochastic
processes.

. Partial Differential Equation for Derivatives

e The partial differential equation (PDE) for derivatives:
L = ydt + 0dZ
= dS = pSdt +oSdZ

If f(S,t) is the price for any derivative, according to the It6’s Lemma,

& = (5 + FnS + 5 55k0*57)dt + FhoSdz.
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Construct a portfolio :
—1 derivative
+% shares
== —f+ 2% 5= dr=—df + %as = (=% — 1245257 at
(Since there is no dZ in dm, holding 7 is without risk and should earn the risk free rate
for an infinitesimal time period dt due to the no-arbitrage argument.)
= dr = rndt
= (=9 - ;gsé(ﬂs?)dt = r(—f + 2LS)at
=>88—{—|—7“Sm QSQgS]; =rf.
Recall that I mentioned in Chapter 1 that df is not what we should care about, and

instead we are interested in the behavior of f given the time point ¢ and the stock price
Sy, 1.e., to derive the solution of f(S¢,t).

Taking the call option for example, it should satisfy the boundary condition that f(Sp,T) =
max (St — K,0) when ¢t = T'. The Black-Scholes formula is to find the analytic solution
f(St, t) to satisfy the above partial differential equation at any time point ¢ as well as the
boundary condition at T

In addition to the Black-Scholes formula, it is possible to solve this PDE via other nu-
merical methods, such as the finite difference method introduced in Chapter 5.

Note that since the underlying asset is tradable, we can construct a portfolio to elimi-
nate the terms including dZ in the derivative and the underlying asset. Therefore, we
can introduce r into the the partial differential equation. If the underlying asset is not
tradable, we need to employ two derivative assets (sharing the same dZ) to form a risk
free portfolio by eliminating dZ terms. During this process, the “market price of the risk”
of the underlying asset can be introduced as well.

(Advanced content) The PDE for derivatives under the following jump-diffusion process.
2 = (u— A\Ky)dt + 0dZ + (Y5 — 1)dg.
If f(S,t) is the price for any derivative, according to the It6’s Lemma,
df = {9 + 9L (= AKy)S + 18L5252 4 AE[f(SYs, ) — f(S, 1))}t
—i—manZ + (Y — 1) fdqg.
(Recall that the total jump effect on f (from (Yg—1)dq) equals the sum of AE[f(SYs,t)—
f(S,t)]dt and (Yy — 1) fdq, where the mean of (Y — 1) fdq is zero.)
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Construct a portfoho ™= — f +3 9 55"

= dr = —df + %£dSs = (Y — 1905252 _ \E[f(SYs,t) — f(S,1)]}dt
—(Yf —1)fdg + %L (vs — 1)Sdg

(Note that both —(Yy—1) fdq and f 5(Ys—1)Sdq depend on the identical Poisson process,
but these two terms cannot offset each other perfectly.)

= 7 is NOT an instantaneous riskless portfolio
= We cannot infer the instantaneous expected rates of return of any derivatives (e.g.
f and S) to be 7.
©® Case 1: Suppose the instantaneous expected rate of return of f is g(5,1).
= U (i~ AKy)S + 1240252 4 NE[f(SYs, 1) — f(S,1)]} = g(S, 1) f.
(The PDE for derivatives under the jump-diffusion process if the no-arbitrage argument
cannot be used.)
® Case 2: Suppose the jump is a type of firm-specific risk, and the firm-specific risk is
not priced according to the CAPM, so the instantaneous expected rate of return of =
(with a drift term and the firm-specific risk) should be 7.
= Expected change in m during the following dt period
— (O 105262 \E[f(SYs,t) — f(S, )] + ENKy S}t
(Note that the mean of (Y; — 1)dq is zero, and the mean of (Yg — 1)dq is AKydt.)
= r(—f + g§S)dt
= O L0 L5252 L NE[f(SYe,t) — £(S,8)] + 2(r — \Ky)S = rf.
(The PDE for derivatives under the jump-diffusion process is identical to Eq. (14)
in Merton (1976).)

II. Market Price of Risk and Degree of Risk Aversion

e The market price of risk
%‘9 = mdt + sdZ (6 is not necessary to be tradable. It can be a state variable.)

Find two derivatives, f1 = f1(6,t) and fo = f2(0,t), apply the It6’s Lemma, and rewrite
df1 and dfs in the form similar to the geometric Brownian motions:

dfi = 1 frdt + o1 f1dZ,
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dfy = po fodt 4 o2 fodZ,

where p; and o; are interpreted as the expected value and the volatility of the return of

fi- That is, u; = (8f1 —|—m98f1 202%012)0% and o; = af’s@/fZ

Construct a portfolio 7 = (02.f2) f1 — (01f1) f2 = dr = (02.f2)df1 — (01.f1)df2.
Substitute df; and dfs into the above equation:

= dm = [(o2f2) (1 f1) — (o1f1)(p2fo)ldt = rrdt = (roafafi — royfifa)dt
= 102 — 201 = 021 — O1T

= LT = £27 — )\ (the market price of risk of ).

o1 02

Rewrite the above equation to obtain p; — r = ;A = df; = (r + Aoy) fidt + o, f;dZ.

(For bearing o; percent of risk, which is caused by the dZ of 8, the holder of f; can earn
more excess return by Ao;%.)

The PDE for f; is [(% + m0%: + 1s26290) / f; — ] (%s0/ f:) = A

(If 6 is tradable, itself can be regarded as a derivative asset, i.e., f(0) = 6, and then we
can further obtain - = A. In addition, the Black-Scholes PDF for f; can be derived

m?“_,uz‘*

m—r

based on
Black- Scholes PDF., )

= ). Since we can replace \ with

A =0 = p; = r = risk neutral world.

A >0 = pu; >r = risk averse world.

A <0 = p; <r = risk loving world.

x different values of A = different expected return = different worlds
= different probability measures

(Later I will show that under different probability measures, the mean of a random variable
or the drift of a stochastic process should change.)

Multiple state variables
dg—gii = m;dt + s;dZ;, and dedZ] = pijdt
n
= % = pdt + > 0;dZ; (which is the result by the multi-variable Itd’s Lemma)
i=1

n
= u—r= Z AiOj.
i=1
(Note that the expected growth rate p is a function of p;;, which means p;; influences the

excess return and thus the market price of risk A;.)

(Refer to Chapter 27 or Technical Note 30 in Hull (2011) for details.)
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IT1. RNVR and Black-Scholes Formula

e Risk Neutral Valuation Relationship (RNVR):
das

First, we consider to replace p with r for the process S on p. 2-1, ie., ¢ = rdt + odZ.
(The intuition for this replacement is that there is only r (but no u) in the final PDE.)
Note also that it is equivalent to considering the underlying stock price in the risk neutral
world.

Second, for the Stochausti(:2 process df, its drift term (% + %MS’ + %%025’2)6125 then
becomes (88—{ + g—érS + %%0252)& = r fdt, where the last equality is due to the partial

differential equation for the derivative f. Therefore, we obtain df = rfdt + %adZ or

% = rdt + %gdZ, i.e., the expected growth rate of the derivative f is also r, so we can

treat f to be in the risk neutral world as well.

As a result, to solve option prices based on the partial differential equation on p. 2-2 is
equivalent to considering both S and f to be in the risk neutral world, i.e., the expected
growth rates of both the underlying asset and its derivatives are equal to r, and thus the
payoff of any derivative f should be discounted at the risk free rate r.

e Feynman-Kac formula: to price any derivative, one needs to calculate only the expectation
of the present value of the payoff (with the risk free rate as the discount rate).

Given dX (t)=p(X(t),t)dt + o(X(t),t)dZ(t) and X (0) = z, then f(X,0) =
Ele” foTr(X(T)’T)dTg(X(T))] is the unique solution of the following PDE.
B gn(X.1) + 50° (X, 1) ek = r(X.)f(X,1),
where g(X(T)) is the boundary condition (or said the payoff function) at 7" of f(X,1),
ie, f(X,T) = g(X(T)).
* If r is constant, f(X,0) = e " E[g(X(T))].

x This formula was formally proposed after the introduction of the Black-Scholes formula.

e Apply the Feynman-Kac formula and RNVR to deriving the Black-Scholes formula:

Based on the RNVR and the Feynman-Kac formula, the unique solution of the target
PDE can be obtained by calculating the expectation of the present value of the derivative
payoff at the maturity in the risk neutral world. Considering a constant risk free rate and
taking a call option for example, the option price today is

c(So,0) = e "I E[payoff at T|in the risk neutral world]
= e " Elmax(St — K,0)in the risk neutral world]
=T fooo max (St — K,0)f(Sr|in the risk neutral world)dSr,

where f(Sp|in the risk neutral world) is the probability density function of St in the risk
neutral world.
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e One can express the integral with the lognormally distributed probability density function.
¢(Sp,0) = e T f;o(ST — K) f(S7|in the risk neutral world)dSy

lognormal probability density function under the risk neutral measure:

f(St|in the risk neutral world) = f(S7) = ST f\/ﬂ exp [— (In ST;f:;[ln ST])Q]

—e T fK St f ST)dST — Ke T fK ST dST.

After performing the technique of changing variables between lognormally and normally
distributed variables and using the probability density function of the standard normal
distribution (see the appendix in Chapter 14 in Hull (2011)), we can derive the famous
Black-Scholes formula.

¢(Sp,0) = SoN(dy) — Ke "I N(dy),

So -2 s o2
In(Z ):\(/7; )T . dy = di — oVT = LF, and N(-) denotes the

cumulative distribution function of the standard normal distribution.

where di =

e To implement the computer program for the Black-Scholes formula, two methods to
calculate the cumulative distribution function N(x) are introduced:

1. Call the NORMSDIST function in Excel.

In Excel, you can insert NORMSDIST into a cell on a worksheet to calculate N(x).
However, in the VBA environment of Excel, you need the following statement to call this
Excel-providing function, “Application. WorksheetFunction.NormSDist(x)”.

2. A polynomial approximation:

N(z) = 1 — N'(z)(a1k + ask?® + ask® + ask* + ask®) when z > 0
7Y 1= N(=2) when z < 0

where

1
14z

1 2
a3 = 1.781477937, ag = —1.821255978, a5 = 1.330274429, N’(w) = e /2,
V2T

(Useful features of polynomial functions: integrable and differentiable, and the corre-
sponding calculus calculations are simple.)

, v = 0.2316419, a1 = 0.319381530, as = —0.356563782,
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IV. Martingale Pricing Method

e This method can derive Black-Scholes-like formulas for many different types of deriva-
tives without evaluating the complicated and tedious integration to derive N(-) terms.
However, how to change the probability measure for stochastic processes is not easy to

understand.
° % = (— q)dt + 0dZ" | where dZ¥ is the Wiener process under the probability measure

P and ¢ denotes the dividend yield.

x The probability measure P is also called the physical measure, which is the probability
measure in our real world, i.e., in a risk averse world.

® Transform to the Wiener process under the risk neutral measure @)

dzP = dz@ — \dt = dZ° — (E=1)dt, where dZ9 is the Wiener process under Q.

-
Multiplying both sides of the equation with o = 0dZ” = 0dZ% — (p — r)dt.
After rearranging = % = (u— q)dt + 0dZ? — ( —r)dt = (r — q)dt + 0dZ°.

(Since it is known that for all security prices in the risk neutral world are with returns
to be the risk free rate, we can infer that the measure @) is the risk neutral measure.)

(When o is constant, changing probability measure affects only the drift term.)

x Corresponding to the measure P, there is a measure (), under which the drift term of
the stock price process is the risk free rate. We call this measure () to be the risk neutral
measure.

Table 2-1 dZ¥ and dZ@ in different probability measures

probability measure P Q
A >0 =0
ds p
<= (u—q)dt + odZ (r—q)dt + odZ®
Wlene.r process in the dzP 170
specified measure
EP[] EP[dZF]=0 EP[dZ?] = Adt
E°[] EC[dZP] = —Adt EC[dZ°] =0
varf[] varP[dZP] = dt varf[dZ?] = dt
var®[] var?[dZP] = dt var?[dZ?] = dt




Figure 2-1

ZP(t) under P Z(t) under P

A A

N\ g

e Under the risk neutral measure @), the stock price process becomes as follows.
= (1 — q)dt + 0dZ” (replacing dZ* with dZ9 — (1=1)dt)

= L& = (r —q)dt + 0dZ?

=dnS=(r—q—%)dt +0dZ% =Sy =InSy+ (r —q— %) + o AZ%(T),

where AZQ(T) ~ ND?(0,T)

e Definition of measure
2: universal set (the set of all possible events)

F: a set of “events” (For stochastic processes, F changes over time and is called the
filtration, which will be introduced in Appendix A.)

A measure is a nonegative and countable additive real-number function, which assigns
each subset a real number, intuitively interpreted as the size of the subset.

That is, a function u: F — R with the following two properties is a measure:
(i) (Non-negativity) pu(A) > u(¢) =0 for all A € F

(ii) (Countable additivity) If A; € F are countable disjoint sets (i.e., A;(4; = ¢ if
i # 7), 1n(U; Ai) = 20 n(4)

e Examples of measures:

1. A typical example of the measure is the function to count the number of items in each
set A;.

2. Lebesque measure m on the real line R is defined as m((a,b)) = b — a (or m([a,b]) =
b — a), where (a,b) (or [a,b]) is an open (or closed) interval on the real number axis.
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o If P(Q) = 1, we call P a probability measure. The probability measure of a random
variable is its cumulative distribution function. For example, if = follows the standard
1

normal distribution, we have P(z € [—o0,c]) = [©_ 76_%$2dl’ or P(x € [x,x + dz]) =

ﬁe’%xzd@". Note that since dP(x) = P(z € [z,z + dz]), we further obtain dP(x) =

\/%e_%ﬁdx = fP(x)dx.

e The effect of changing probability measures is to change the mean of a random variable
(see Appendix B) or the drift of a stochastic process. Note that this chapter actually
focuses on the probability measure for a stochastic process, which represents a series of
random variables.

e The RNVR holds in both our risk averse and the risk neutral worlds = Measures () and
P are equivalent measures

1. Risk neutral valuation relationship (RNVR): we construct a risk free portfolio and this
portfolio should earn the risk free rate based on the no-arbitrage argument. Therefore,
the risk free rate is introduced in option pricing, and we can price options as if they were
in the risk neutral world. It is worth noting that even under RNVR, we actually derive
the option prices in the risk averse world.

2. Definition of equivalent measures: Two measures are equivalent as long as they return
zero probability for zero probability events. Of course, for sure events, two equivalent
measures both return 100% probability.

3.1t is known that the arbitrage profit is a sure event, and a no-arbitrage portfolio in our
risk averse world (corresponding to the measure P) is also a no-arbitrage portfolio in the
risk neutral world (corresponding to the measure @), so we can infer that the risk neutral
measures () and the physical measure P are equivalent.

* One can change probability measures only between equivalent measures.

e The existence of the risk neutral measure () is equivalent to excluding any arbitrage
opportunity (Harrison and Pliska (1981) or Harrison and Kreps (1979)).

(<) The no arbitrage argument implies that there is a measure () under which the stock
return changes from p to r.

(=) If the @ measure exists such that the drift term changes from p to r under the
measure (), it is implied that the no-arbitrage argument holds.

e After employing the no arbitrage argument to obtain the RNVR, we can price options
as if they were in the virtual risk-neutral world, in which all security returns are the risk
free rate. Since the drift term u is changed to be r under the measure @), it implies that
considering the risk neutral world is equivalent to considering the measure (). As a result,
the option price today is the present value of its expected payoff under the measure @), i.e.,
c(Sp,0) = e "TEQ[c(Sy, T)]. (E?[] denotes the expectation in the risk neutral world.)
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e Martingale (FB&): A process Y = Y'(¢) is a martingale under any probability measure P
if EP[Y (s)|F] = Y(t), where ET[-|F;] is the expectation under P conditional on F;.

For example, in the risk neutral world, since the expected stock return is r, i.e., E?[S;|Fy] =
Soe™, we can infer that e™"S; is a martingale process under the measure ). In fact, in
the risk neutral world, since the expected return of all securities is the risk free rate r,
for the price of any security f; (including all derivatives), e”"" f; is a martingale process
under the measure Q).

e Girsanov theorem (to change measure for stochastic processes)

GiventZQ and Z% to be standard Wiener processes under the measure @ and R. If
Elez o H*()d7] < o0 and define the Radon-Nikodym derivative as

A= gg — ¢~ Jo HdZO(n)=3 [§ H? (r)dr
then dZ® = dZ°9 + H(t)dt or Z®(t) )+ fo 7)dr. In addition, @ and R are

equivalent measures.

* An important application of the Girsanov Theorem: E%[A - X] = ER[X].
Pf: B[N~ X] = [AXdQ(X) = [ X2dQ(X) = [ XdR(X) = E"[X]
1 1f the event A occurs

x Furthermore, if X =14 =
0 o/w

= EQ[A . 1A] = ER[lA]

e ¢(S0,0) = e "TEQmax(Sr — K,0)] = e "TEQ[(Sy — K) - 14],

1 if Spr>K
where A: {ST | ST 2 _[(}7 and 1A =
0 o/w

C(So, 0) =T EQ[ST . 1A] —Ke T EQ[lA]
—— ——

(1) (2)
(2) = E9[14] = Pr9(Sy > K) = Pr@(In Sy > In K)
= Pre(In Sy + (r — g — Z)T + 0AZ(T) > In K)

2
= PTQ(_AZQ(T) < 1n(%)+(T_q_%)T)

TS T
\ \
NDP(0,1)  dy

=N(dy)
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(1) = EQ[ST 14] = EQ[Soe(r—q—ﬁ)TJraAzQ(T) - 14]

o

= Sper—aT . EQ[g—;TJwMQ(T) . 14] (= Soe("’Q)TfAlAdQ(ST))

Apply the Girsanov theorem
Setting H(t) = —o
= A= le_R — 6—%f502d7'—f0T —0dZ?(t) _ e—%T—&—UAZQ(T)

= dZR = dZ9 — adt (or dZ° = dZF + odt)
(Note that when changing measure P to measure @, H(t) = A = £L))

[

Replace dZ€ in the stock price process in the risk neutral world, we can obtain

‘}—S = (r—q)dt +o(dZ% + odt) = (r — q+ o?)dt + odZ"

=% = (r—q+o0?)dt + odZ"

=dnS=(r—q+ %Q)dt+adZR =InSr=mInSy+ (r—q+ ”—22)T+JAZR(T),
where AZR(T) ~ NDE(0,T).

= SQG(qu)T . ER[lA] (: S()e(Ti(J)T f 1AdR(ST))
= Soel"= 7. Pri(Sp > K)
= Sper=0T . Pri(In Sy > In K)

|
InSo+ (r—q+ %2)T + o AZE(T)

S 52
= Spelr=0T . ppR(_AZUD) o G —at5 )T

VT VT
\ \
NDE(0,1) dy

= Spe™ DTN (d,)

c(Sp,0) =e - (1) — Ke™T - (2)
= GirTSQ€(T7q)TN(d1) — KGiTTN(dQ)
= SoeiqTN(dl) — Ke*TTN(dQ)

Pri(n Sy + (r —q— %)T +0AZ?(T) > InK) (suppose AZ?(T) ~ NDE(oT,T))
= Pri(nSo+ (r —q— )T+ o(oT +VTe™) > In K) (¢® ~ ND*(0,1))
S, o2
=Pr(InSy+ (r —q+ %Z)T +0VTef > InK) = Pri(—¢f < 1n(70)+0(7:/;1+7)T) = N(dy)
(The above derivation is exactly the same as the result using the Girsanov theorem.)
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* Prove that AZ?(T) ~ ND®(oT, T):

® Stein’s Lemma: Given z ~ ND(u,0?), Elg(z)(z — p)] = 0*E|¢'(z)], if g is a
differentiable function.

© It In(y) ~ ND(u, 02), Ely] = o+

Define X = AZ?(T), and thus X ~ ND%(0,7)
ER[X] = EQ[XA] = EQ[Xe_azTT“X] (see the top on p. 2-11)
— e R [XeoX] = e_UQTT(TEQ[(e"X)’]) (according to the Stein’s Lemma)
— ¢ " (TEQ[o(e"X)] = e~ "2 o TER[e7X]
— e oTe " (since In(e?®) ~ ND®(0,0%T))
=oTl

var(X) = EF[X?] = (E[X])? = ER[X?] = (oT)* =T,

because
2 2

BR[X?) = EQ[X?A] = EQ[X?% %7 *X] = =% BO[X %]

= ¢ "2 (TEQ[(Xe"X)]) (according to the Stein’s Lemma)
2 2 2 2 2

= e 2 (TEQ[e"X 4+ 0Xe™X]) = e T(EQ[e"X] + 0 EQ[Xe"X]) = e 2 T(e"T + 02Te™)
=T+ o*T?

o FX [S% 1y] = EQ [5362(r—q—§)T+20AZQ(T) -1 4]
_ 5(2)62(r—q)T+02T . B9 [6—202T+20AZQ(T) . 1A]

Apply the Girsanov theorem
Setting H(t) = —20
o A* = AR =L [ do%dr— [ —20d29(r) _ —202T+20A29(T)

= dZ" =dZ°9 — 20dt (or dZ° = dZ® + 20dt)

Replace dZ€ in the stock price process in the risk neutral world, we can obtain
dinS = (r — q — Z)dt + 0dZ®
=dnS = (r—q— Z)dt + o(dZ® + 20dt)
= dInS = (r — q— %)dt + 0dZ® + 20%dt = (r — q + 32 )dt + odZ"
=Sy =Sy + (r — g+ 3T + e AZ®(T), where AZ® (T) ~ ND®(0,T)

Qo[

= 5(2)62(r—q)T+02T - ER[14]
— 5(2)62(r—q)T+02T . PTR* (ST > K)
= §2e2r=a)T+o*T . prR*(In S > In K)
S

* 0_2
_ 5(2)62(r—q)T+cr2T ) P?‘R*(—AZ\I;T(T) < 1n(7°)+((77”\;;+37)T)

= SgQQ(T—q)TJrﬁTN(dI)
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Appendix A. Illustration of Filtration and Probability Measure

e Here a two-period, discrete-value process is employed to illustrate the filtration (or the
infomation structure) F; and the probability measure.

Figure 2-2
Payoff
P(w |F)=1/3, fori =1to 3 ayort y
P(w | F) =0, fori =4to5 fw) .
E[y|F]=2
AJ ={V\ﬁvW21W3}
{w,} 2

Q :{V\&,WZ,Wg,W4,W5}

{w} 3
P(w | 7) =1/5 {w,} 4
P(A | 7)) =3/5
P(Aj | Fy) =215
Ely|F]=3

AHZ{WNWS}
P(w |F)=0, fori =1to3
P(w | F)=1/2, fori =4to5
Ely|Fi]=45

{w} S

.7:{|={V\€,W2,W3,W4,W5} -?'—lz{{\l\ﬁ’wz’ws}’{WMWS}} ]j‘j:{{wl}v{wz}1{W3}!{W4}!{W5}}
Information set is ¢ Information is to distinguish

Information is fully disclosed
Ajand Aq
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Appendix B. Changing Measure for Random Variables

e Given X ~ ND®(0,1) under a measure @, examine the effect of changing measure for
this random variable X.

Suppose Y = X + p, and it is obvious that Y ~ ND®(u, 1) under Q. Find an equivalent
probability measure R such that Y (= X + p) ~ ND®(0,1) under R.

[§]

Define A = dg = dgg) — e #X=7_ (A plays the role of Radon-Nikodym derivative in

the Girsanov theorem.)

~

Figure 2-3

e Suppose f@(X) is the probability density function of X under Q.
X] = [, X[O(X)x
where f9(X) = \/é e=2%" because X is normally distirbuted.
Since Q(X) = [ f9(X)dX, we have
dQ(X) = f(X)dX and EQ[X] = [ X f(X)dX = [ XdQ(X).

= [, XdQ(X)

= 0 (because the mean of X is zero)

o EQlY]= [T Y fO(X)dX
= [T (X +p) fO(X)dX
= [T XfOUX)dX + [T pfe(X)dX
=0+p
=
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e Consider fE(X) = fQ(X)% = fOUX)A = f9(X)e ¥ 7. Since [7°_fH(X)dX =1, by
the definition of the probability measure that R(2) = 1 on p. 2-9, we can conclude that
fE(X) is still a probability density function.

o ERY] = [T Y HX)dX = [T (X + p)fH(X)dX

= (X 4 ) X )e X dX

= 25X + et fO(X)dX
= ff°oo(X+u)AdQ( ) (= E9(X +p) - A])
= L (X + 1) g5dQ(X)
= J2 (X 4+ w)dR(X) (= EF[X + p)
= [T (X A+ p) - A e a A gy
= [T (X ) A em XX

(define Y = X + p, and thus dY = dX)

S [YgetaY =

e Changing measure for a random variable is a special case of changing measure for a
stochastic process:
© Suppose the H(t) in the Girsanov Theorem to be p.

= A\ = dQ — o3 o AT [g pdZR(r) — =3P T-pAZR(T) _ o=uAZT)= 5T

2
which is similar to A = e #**~% in the above example based on the assumption of

T =1 and thus AZ%9(T) ~ ND®(0,1) under the measure @) can act a similar role as
X.

= dZ® = dZ° + pdt (or dZ° = dZ® — pdt).

© Consider AY =puAt+AZCP(At) (AY ~ ND?(p, 1) under the measure ) given the assumption
At = 1). If we replace AZ?(At) with AZE(At) — uAt, we can derive AY=AZF(At)
such that AY ~ NDZ®(0,1) under the measure R given the assumption At = 1.
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Appendix C. Option Values Under the Jump-Diffusion Model
e The content in this appendix belongs to the advanced content.

e Under the risk neutral measure @), given
dlnS = (r —q—% — AKy)dt + 0dZ® + In Y 9dq®,

where dg? is a Poisson counting process with the jump intensity A\, InY? ~ ND®(u;,0%), Ky =
EQ[YQ — 1] = e +2°97 — 1, and dZ9, dq?, and Y9 are mutually independent, how to
evaluate

C(So, O) = efrTEQ[(ST — K) : 1,4] = "TEQ [ST . 1A] — KeiTTEQ[lA],

1 if Sp>K
where 14 = ?
0 o/w

©® E94] = Pr@(Sy > K) = Pro(In Sy > In K) N
= Pro(InSo+ (r — g — Z — MKy)T + 0AZ9(T) + 3. In Y9 > In K)
i=1
H NIQ is a Poisson variable with the jump intensity AT under @)
— T prR(In Sy + (r — g — & — AKy)T + 0 AZ9(T) > K) +

2

0D prO(n Sy 4 (r — g — % — AKy)T + 0AZ9T) +InY? > InK) +

AN pro(In Sy + (r— g — % — AKy)T + 0AZ2(T) + > InY? >InK) +

n!
=1
N 7

-

(1)

CODEPrO(In Sy + (r — g — % — AKy)T +0AZ9(T) + Y, InY? > InK).

=1
« For (II):

Pro(—oAZT) = 3. InY? <In(2) + (r — ¢ — & — AKy)T)

=1
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=1

—oAZ9(T) ~ ND®(0,0°T),
— > InY% ~ ND?(—npuys,nc?),

—oAZO(T) — S InY¥ ~ ND9(—npuy, 0T + no?).

=1

n
—oAZR(T)-S InY® 2
B PTQ( o (T) 121 nYCQ4npuy < ]n(s—é))+(r7q7%7AKy)T+nM‘]>
\/02T+n03 - \/O’QT-‘rnO'%

_ N( ln(%)-ﬁ-(r-ﬁ-n,uJ/T—)\Ky—q—%)T)

\/02+n03/T\/T

S| 'u%
= N(HEEE D) - N(dy),

where 7, =+ n(puy + 3503)/T — AKy, and v2 = 0 + no3/T.

® EQ[ST . 1A] =

N&

2 T
(r—q— % —AKy)T+0AZ9(T)+ 3 InY?
EQ [506 i=1 . 1A]
NQ@
2 T
(G HAKY)T+oAZ9(T)+ 3 InY?

Soem 9T ERle = - 14]
The Girsanov theorem for the jump-diffusion process:

Consider the Radon-Nikodym derivative,
~NQ

2 T
A an — JS (G AAEy )dr— [] —0dZ® (1)+ -21 InYy®@

= —_— = 1=
aQ — ¢ ’

we can obtain
dZ% = dZ% — odt,
and under the measure R,
N2 can be viewed as a Poisson variable NF with a different jump
intensity N'T" = A(Ky + 1)7T" and the corresponding jump size
InY® ~ NDE(uy+ 0%, 07).
By defining dg® to be a Possion process with the jump intensity )\’ and
the corresponding jump size to be In Y ~ NDE (u; + 02, 0%) under
the measure R, the stochastic differentiation equation for S is rewritten as
A8 = (r—q- % — Ky ) dt + 0 (dZ" + odt) + In Y g™
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= Soer= DT BR[1 4]
= Sper T Pri(Sy > K)
= Spe DT PrE(In Sy > In K)
NR

= Spe T PrR(In Sy + (r — g+ % — AKy)T + cAZR(T) + S YR > In K)
=1

Note that N is a Poisson variable with the jump intensity \'T" and
InY® ~ NDE(uy+ o2, U?,) under R.

= Spelr—aT & rf(In Sy + (r — g+ % — AKy)T + o AZR(T) >InK) +
Soe(r‘q)T¢ BinSy+ (r—q+ % — AKy)T + o AZR(T) +InYE  >InK) +

Soer= 0T NI prR(ln §) 4 (5 — g+ % — AKy)T + 0 AZR(T) + > YR >InK) +
=1

(D

Soelr I TEBDE PrR(in Sy + (1 — g + 5 — \Ky)T + 0AZYT) + 3 YR > I K).
i=1

x For (I):
Pri(—aAZR(T) — 2 YR <In(52) + (r— g+ % — AKy)T)

—oAZR(T) ~ ND®(0,0°T),
— > InY® ~ NDE(—n(uy + 0%),no?),
i=1

—aAZR(T) — ; ImY? ~ NDE(—n(u; + 0%),0%T + no?).

n
—oAZE(T)= > nYB+n(us+o02)
i=1

2
1n(5—1?>+(r—q+%—AKY>T+n<w+03>)

— R
=br ( \/02T+ncr§ - \/02T+n03

_ N(1n(70)+(r+nm/T_AKy—q+§+na?,/T)T)
\/0'2+n03/T\/T
2
0(50) 4 (rn—q+ )T
= N(2E V_jf 202) = N(dy).

(Note that dy, = day 4+ v,VT.)
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e Combining everything leads to
C(So) = Soe™" z IO N (d,) — Ko z —TOT N (dy),

where XN = AKy +1) = )\eWﬂL%U?,

2
do = D+t T
In — 'Un\/T )

S v,%
d2n = 1n(70)+1_EZT\L/_T:]_T)T = dln - 'Unﬁu

rn=1+n(us+ %o?,)/T — \Ky,
v:=0?~+no3/T.

(The above formula is identical to Eq. (19) in Merton (1976) due to the fact that

e_TT e*AT()\T)n —rnT efA/T(A/T)n )

=e
n! n!
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Appendix D. Option Values Under the SVJ Model

The content in this appendix belongs to the advanced content.

Stochastic volatility and jump (SVJ) process (Bakshi, Cao, and Chen (1997)) under the
measure ():
9 = (r — AKy)dt + VVdZs + (Ys — 1)dg,

dV = k(0 — V)dt + oy VdZy,

where InYg ~ ND®(uy,0%), dq, dZs, dZy and Ys are mutually independent except that
corr(dZs,dZy) = p.

For a European call written on S with a strike price K and a time to maturity 7, ¢(S, V, t),
it must satisfy the following PDE:

(r— AKy)SZ + k(0 — V) e — 0 4 1y g2 0 4 L2y e

FpayV S52e + AE[c(SYs, V. t) — ¢S, V,1)] = re,

subject to the boundary condition ¢(Si;,, Viyr,t + 7) = max(S;, — K, 0).

The value of the call option today can be expressed as

C(St7 ‘/h t) = StHI(St7 ‘/h t) - Ke_TTHQ(Sh ‘/257 t)?
where II; and Iy are risk-neutral probabilities and can be recovered from inverting the
respective characteristic functions.

(Note that I1; and Il play similar roles as the cumulative distribution probabilities N (d;)
and N (dg) in the Black-Scholes formula.)

A characteristic function of any real-valued random variable completely defines its prob-
ability distribution. If a random variable admits a probability density function, then the
characteristic function is the inverse Fourier transform of the probability densiy function.

Two equivalent approaches to determine behavior and properties of the probability dis-
tribution of a random variable X:

Cumulative distribution function: Fx(z) = E[l{x<q})-
Characteristic function: fx(¢) = E[e"*] = [, e dFx(z).

(A special feature for the characteristic function is that fx(0) = [, dFx(z) = 1 by
definition.)
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ND(u,o?) , fx(g) = e i
o If X follows Poisson()) , fx(9) = (e —1) _
Ezponential(\), fx(¢) = (1 —igA™1)~1

e Due to the one-to-one correspondence between Fx(z) and fx(¢), it is always possible to
find one of these functions if we know the other one. The relation is expressed as follows.

Fy(z) = 57 [7 7 fx(d)dg.
x For example, if fx(¢) = €397 then

Fi(z) =& [ bz eidn—38%0% 4o

2w J —o0

=L eid@—m—39%% g4

o0

o2 i(@—p) 2
— 1 (o =G (e+—g)+k
T 27 ffoo € d¢

o2 rilz— _
k=g (M) = ()

= 1 e_%(%)z foo 1 e_%dy

2mo —00 /27

—4 = =5 (o + 151
= dy=odo

(55

=) (the probability density function for X ~ ND(u,c?)).

e However, under the SVJ model, the distribution of S is unknown. The following approach
is proposed to solve the characteristic function and option value under the SVJ model.

e Suppose we know the characteristic function f;(¢) corresponding to I1;, for j = 1,2. Then
II; can be derived as

Li=5+1 0 Re[#i%]d@

where Re| - | denotes the real part of a complex number.

x For most cases, the above integral does not have an analytical solution. For instance,
even for the normal distribution, although we can obtain the probability density func-
tion as shown above, we cannot obtain the analytical formula for its cumulative distribu-
tion function. So, it is usual to employ the technique of numerical integration to solve
I1

« Therefore, the only remaining task is to solve f;(¢).

j.
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e Define X = In(5) and rewrite the PDE for ¢(S, V. ) to be
(r—3V - AKy) 2 4 5(0 - V)2 — % 4 Ly 2e 4 162V O 4 poy V00
+AE[c(X +1InYs, Vi t) — (X, V,t)] = re.
® By replacing ¢ = e*II; — Ke "T1l,, one can obtain

x 2 — eX—%r)[(l + X1, — Ke Tk

X X
2 11 21 —rT %11
* —88;2 = XTI + QeX—%XI + eX%X21 — Ke ’“T—axg,
dc XU —rT 9lly
* gy =€ g — Ke G
&%c _ X0, —rT 0211y
¥ gz =€ Gy — K Ve
%c X 0% Xoll; —rT 0%,
¥ oxov = € axov T ¢ Gy — K X0V’
Oc _ X0y —rT 01l —rT
* gt =e Gt — Ke ™ G2 +rKe "y,

* A\E[c(X 4+ InYs, Vit) — (X, V,1)]
— AE[eXHYSIL (X + In Vs, V,t) — Ke "TTI,(X +InYs, V,¢)
—eXTL (X, V, ) + Ke " TIL,(X, V, )]
= X {AE[YsIL (X +InYs, V. t) — T (X, V. )]}
—Ke ™ T{AE[I,(X +1InYs, V. t) — Ty(X, V. )]},
x re = r(eXIl; — Ke " Tl,).
® Insert the above equations into the PDE and separate II; and II, to derive the PDEs
for II; and Ils, respectively.
(r 4+ 3V = AK) 2L 4 [5(6 — V) 4 poy V]2 — O Ly 8Ty 152 /0 g 1 020
—AKyIL + AE[YSIL (X + InYs, Vi t) — I, (X, V )] =0,
and
(r—3V = AKy) %2 4 k(0 — V)22 Al 4 Ly 0y 152y 00 4 5y 2l 1 AETL
(X +InYs, V)t) — (X, V,t)] = 0,
with the boundary conditions IL;(X;yr, Viir, t + 7) = 1(x,,. >mky, for j =1,2.
©® PDEs for f; and f; (see Bakshi, Cao, and Chen (1997)):
(r+ 2V = AKy) 2 4 [k(0 = V) + poy V]2 — 00 L Ly &0 4 152 VO 4 oy V2L
—AKy fi + AE[Ysf1(¢, X +InYs, Vi t) — fi(d, X, V,1)] =0,
and
(r— 3V = AKy) 22 4 k(0 — V)22 2 Ly Ol (12 O po, VL L NE[fy
(¢, X +InYs, V1) = f2(0, X,V 1)] = 0,
with the boundary conditions f;(¢, X;ir, Viir, t +7) = €%+ for j = 1,2,
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® Conjecture the solutions of f; and fy as follows.
11(6, X, Vin ) = expla(r) + ay (1)Vi + i6.X,),
Fo(6, X, Vi) = exp(B(7) + Br(r)Vi + i6X,),
with a(0) = ay(0) = B(0) = By (0) = 0 such that the boundary conditions of f; and fo

can be satisfied.
® Solve «(7) and ay (7) in fi(o, Xy, Vi, t):

O —ipfi, S =ay(n)fi, 9L =[a/(1) + o (1) V],
32f1 = ~¢f, Gl = lov(DPh, by = idav(n)i.
Replacing the above partial derivatives into the PDE of f; yields
(r + 3V = K )i6fi + [5(6 — V) + povV]ay (1) fi ~ [0'() + o (VI + 3V (=6°)
+308VIav (1) fu + povVigay (r) fi] = ARy fu + Afi[eli®Drrs30ot0%5 1) = 0
AE[Ysfi(¢, X +InYs, Vit) — fi(o, X, V1))
= ME[Ysexp(a(T) + ay (7)V; + id(Xy + InYs)) — fi]
= ME[Ysexp(ip(InYs)) f1 — fi]
= MNAE[YET — 1]
"InYg ~ ND(uy,0%)
S InYg T ~ ND((i¢ + 1)y, (i¢ + 1)%07)
and thus E[Y§¢+1] — elitDus+3(ig+1)%07
= (r+ iV = AKy)i¢ + [k(0 = V) + povV]ay (r) — /(7) — O/V(T)V —1Vo
+10tViay (1)]? + igpovVay (1) — AKy + Afeli@tDrstz s(i+1)%0) _ 1] = (.

2

Next, two ordinary differential equations (ODESs) for ay (1) (based on V-terms) and

a(7) (based on other terms) can be derived.

ol (7) = S0t lav (72 + [252 + pov(1 + ig) aw(r) + S6(i — 0),
o (1) = (r — AKy)ip — AKy + e (ip+ D)+ L (ip+1)20% _ 1)

For the above two ODEs, there exist analytical solutions (see Bakshi, Cao, and Chen
(1997)). One can also refer to Appendix A in Nielsen and Schwartz (2004) for the de-
tailed steps of solving o, (Z). If analytical solutions are not available, the Runge-Kutta
method (with the fourth-order being enough) can be employed to solve ODEs numeri-
cally.
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©® As for 5(7) and By (7) in fo(d, Xy, Vi, t), they can be solved by performing similar
steps.
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