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Compactness
Def:K is compactiff

V mover ofK, UU RK)
-

=>finite subcover N Vs, AEAis finite, such that onWIK.d'EA

Intuition:When I is cous on compactset K

*230, 1830 such that(x-xk5 -> 1f(x)-f(x).
Set 230, for each point dock, can find & (Xo) such that

1f(x)-fixos)-> These open balls (No-dIXo), xo+d(Xol) covers K.

=>Need onlyinsubsetof this tocoverk ->15(x)K5IX0)+ 2N.a.

say, iof them
=>I is bounded.



Examples:
1. (0,17 is notcompact.(t,I-i) I (0,1) Fuys,

=> N191,3 It,-) I (0,1), butno finite subset covers (0,1).

2. emptysetis compactsince any cover would contain it.



Proposition:S is compact -> S is bounded.
~

ambientspace (like (RY)
(pt) suppose I is not bounded in(X, d).

Pick peX andopen ball NuCp) for me such that near NalP>23.
For

any
finitesubcover YANnlp), there existsa maximal in A, a,

such thatANn(P)=NaCP) A5 since I is not bounded.



Prop. S is compact -> 5 is closed.

(5) suppose I is notclosed, thenI8AS as a limitpoint of 3.

P = S
consider open cover

5

West, pick rex,For all finitecover,

d(r,z) >d(p,2) - d(r,p') striangular in equality)

> d(p18) -* =9), min1E
pE}

But since g is a limitpointof 5.

there exists we S such thatd(r',g) < t. => vAK.
pet?



prop. For K&Y&X, K is compact in X => K is compactin Y.

IX, dS k,(Y,d)
ppts For anyopen cover No CK, WIEY =X

Ifinitesubcover U W, CK since I is compact
in X.

deA

Hence, K is compactin Y. #



Prop. Anyclosed subsetofa compact setis closed.

(PA) Consider FIK, F:closed, K:compact.
For any open cover Us of F. (Eq Ws) UICEeneFi
Since K is compact, Ifinitesubcover (Wa) UFC(IK)
=>EWa:( Fi) is a finitesubcover ofF.#


