
       20: Functions - Limits and Continuity



FUNCTIONS.

Let X and Y be metric spaces, f: X + Y

· Visualize:- as mapping, · f as graph
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Def:X, Ymetric. ECX, pelimpts of E. let f:Et
To say "f(x)-& as x t p"or 4 f(x)

=8.

⑰ if Iq - Y s.t.

+230, I8>0 s.t.
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xxtE,o>d(,p)<8
=d(f(x),q)<.
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To show convergence. Given EC0, find a 8 thatmatch.
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X

Ihm him, f(x) =g iff X seq 3Pn3,in E
PnEp. pr-P.

....
Pn ...i;

we have f(p) -> 8. t
(seg,couv.).

proof (-7) Given Ex0

=830 s.t. 0cd(x,p> <8 => d(f(x), q)<E.

So for a given 3Pn] as above,

I Ns.t.d(pn, p) < 8, I
so nIN implies b(f(qn). 8) <EA.

(E). If kim f(x) #8, then 1970 s.t. K830 s.t.
- (*).

F XGE s.t. o<d(X,p)<8, but d(f(x), 8)> E

·We propose bad see.

use 8n=h, choose Xn by (*).

Then Xn-P, but d(f(x), 9) = 8 by (A),
so f(x) * 8.

From this on segs

-limits are unique,

-limits of sums are sums of limits.

limf(x)g(x) =limf(x) /im g2xt.

CONTINUOUS FUNCTIONS.

Lef:X, Y metric space. PGECX, f:EtY.
say of is continuous at p, 4p is in E.

if V Ex0, I8>0 s.t.

FxGE,d(X,p)<S =>b(f(x), f(P)) /E.

↑xmay be p.



Ihm:If p is a limpts of E.

of contin at p lmf(x) =f(p).
Also, if n is convergent seq.

f contin > f(Xn) =f(himXn).

Gr Sums, prods, of contin funcs are conti

quotent f/g, (970)

Cr f.g X - 1". s.t.f=(f,fr, ..., fx)
a) of contin > each fi conti.

b) f +g, f.9 contr

cpt). a) If:(x)-filg)) = 11f(x)-fcg())
idea

b) use components in part (a).

Im f: X - Yconti E) F open sets it in X

f(x) is open in X.

f z openfi(z) open
->

i ⑪
X Y

prove next time.


