
           Lecture 25: Taylor's Theorem, Sequence of Functions



TAYIOR'S THEOREM.

Suppose we know f(a). want approximate f(b).

MVT says:f(b)
=f(a) +f(c)(b- a) for some cz(a, b)
e
"error"not precisely know.

· This supposts:
I
some 2 =(a, b)

f(b) =f(a) +f(a)(b- a) +error.In fact (bral".

More generally, if Pr(x) =f(a) +fi(a)(X- a) +E(x-a+... +Ex-as

fly. deg n-1

Taylow's Thm:If fir contine on (a, b]

fir" exists on (a,b)

then Pr-(X) approximates f(x)

andf(x) =Pr(x) +I(X-as", ce(a,b).

· When n=1, it's MYT

·Pr(X) is "best"poly approx of ordern of a
-
same value itisthat a

Roof:Clearly, for some number M, f(b) =Pr(a) - M(b-al". (*).

Letg(x) =f(x) - Pm(X) - M(X- a)".

gi"(x) =f(x) - M.n!
a b

so enough to show gl(C) =0 for some 2 = (a, b). I I A I

g(a)
=0 q(b)

=0

Check g(a) =0 (since f(x) =Pr(as). g((a) =0

g"(a) =0 f"(a) =Pin, (a) ginil,a)=0 in****
i

g(a) =0 f'(a) =P; (a) g"(a)=0 ③ 79"(3)
=0

genial =0 =g(r =0
Also, g(b) =0 by (x).



SEQUENCES OF FUNCTIONS.

&:What does it means for seg
of func to converges

?

fi(X) · fz(X). fg(X). ...

A:Pointwise convergence: --i
Fix x, does [fulx)3 converges? A
If so, ptwise limitf(x) = hmfu(x).

ExD

#
fa(x) =pt f(x) =0.

On [0,1]

Ex f(x) =x"->

ptwise
f(x) = S att

Ex1-
&

fu(x)-> f(x) =0.

-Itis ni

Ex*

u
fn(x) =Isin(rix) -> f(x) =0.

⑫:Whatproperties preserveby
limititisa

derivatives? No .

integral? No (B



istheiC
Need stronger notion, let 11fl)= SE11fl w
Lef:(Uniformlyconvergence) Say for "if (fn converges uniformlyto f") on E

if H E >0, = N

same N

s.t. n =N => 1fn-fl) < 8. wereentrebbonsaboutthem).works for
all x = E

Fact [b(E) is complete.

so we have Cauchy Critician.

Thm:fn-f on E E ESCO, INs.t.

Un, m > N, s.t. WxGE

Ifu(x) - fm(x)) < E.

*:fa: [0,17- IR.

so it converges.

#I
like so, seeit's saute.

what's its limit?

Cit'scontine) by
I

Thm:If fuF, fo contin then f cntin.

prof: idea:
If(x) - f(y)) =(f(x) - fn(x)) +1fn(x)-fucy))+)fuly) -f(y))

Fix X.

F2<0, D choose on so Ilfn(x)-f1) < 43

2 Then for conti, 7850 s.t. (x-y)<8 => Ifacx-fucyck B

So Usso, we find 850 s.t. (f(x)-f(y)/</f(x) - fa(x)) +1fn(x)-fucys)+1fuly) -f(y))

-43 I 2/3 t 43
=E.

App). Thm:2f:C0,17 -> [0,172 box, thatis space-filling

~


