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» Data (N=1,000) N

mixture_sim.dta

» STATA Command: .
hist y

» STATA Results:

2 Types of Subjects?
Mean at 3 and 67

Density

y




» Type 1:

» Mixing Proportion P;‘(Type 1) =p 1 o

» Choose y ~ N(u1,07) with f(y|Type 1) = —¢ (J /l>
» Type 2: 01 01

» Mixing Proportion Pr(Type 2) = (1 — p) .

| (Y —
» Choose y ~ N (us,05) with f(y|Type 2) = —¢ ('/ i 2>
» Marginal Density (Likelihood): )

1 [y e
f(ZJ?ﬂlaUlaMQaUQ;p)Zp-g—lgb(y Ml)_l_(]-_p)—(b(y /*LQ)

g1
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Estimate uy, 01, fia, 02, p to max.

» Sample log-Likelihood: log L = Zlnf(y@j;/ilgo_lg/@}O_Q:p)

(for Y10 Yo -ov yn) =1
» Calculate Posterior Probability:
f(y|Type 1) Pr(Type 1)
Pr(Type 1|y) =
ULype W) = F0Type D Pr(Type 1) + F(y|Type 2) Pr(Type 2)

L1 Yy—p1
p C,]Gf)( - )
L Yy— m _ 1L Y— 2




»mul ,mu2,s1igl, sig2 p: [1,01, [, 02,
| y — WU
» £1: f(y|Type 1) = —0 (/ / 1)

» £2: f(y|Type 2) = (U/D
»logl:

1ﬂ[f(y)];1n -P‘U—l‘?fﬁ'( 3+ 1 —p —gb(y “2)_

02

» postpl: Pr(Type 1)

» postp2: Pr(Type 2)




program drop _all
* LIKELTHOOD EVALUATION PROGRAM STARTS HERE:
program define mixture

args logl mul sigl mu2 sig2 p

empvar f1 f2

Global Variable: y
Local Variable: ‘mu1’,‘sigl’,..

* GENERATE TYPE-CONDITIONAL DENSITIES:
quietly gen double ‘f1’=(1/‘sigl’)x*normalden/(
quietly gen double ‘f2’=(1/‘sig2’)*normalden(

* COMBINE TYPE-CONDITIONAL DENSITIES WITH MIXING PROPORTIONS TO GENERATE MARGINAL DENSITY.

y-‘mul’)/‘sigl’)
y-‘mu2’)/‘sig2’)

* THIS IS THE FUNCTION THAT NEEDS TO BE MAXIMISED WHEN SUMMED OVER THE SAMPLE:

quietly replace ‘logl’=ln(‘p’*‘f1°+(1-‘p’)*‘f

* GENERATE THE POSTERIOR TYPE PROBABILITIES,

27)

AND MAKE THEM AVAILABLE OUTSIDE THE PROGRAM:

quietly replace postpl=‘p’*‘f1’/(‘p’*‘f1’+(1-‘p’)*‘£2’)

quietly replace postp2=(1-‘p’)*‘f2°/(‘p’*‘f1’
quietly putmata postpl, replace

+(1_cp:)*cf2:)




rogram drop _a

* LIKELIHOOD EVALUATION PROGRAM STARTS HERE:
rogram define mixture

args logl mul sigl mu2 sig2 p

tempvar f1 f£2

* GENERATE TYPE-CONDITIONAL DENSITIES:
lquietly gen double ‘f1’=(1/‘sigl’)*normalden((y-‘mul’)/‘sigl’)
quietly gen double ‘f2’=(1/‘sig2’)*normalden((y-‘mu2’)/‘sig2’)

* COMBINE TYPE-CONDITIONAL DENSITIES WITH MIXING PROPORTIONS TO GENERATE MARGINAL DENSITY.
* THIS IS THE FUNCTION THAT NEEDS TO BE MAXIMISED WHEN SUMMED OVER THE SAMPLE:
quietly replace ‘logl’=Iln(‘p’*‘f1’°+(1-‘p’)*‘£f27)

* GENERATE THE POSTERIOR TYPE PROBABILITIES, AND MAKE THEM AVAILABLE OUTSIDE THE PROGRAM:
quietly replace postpl=‘p’*‘f1’/(‘p’*‘f1’+(1-‘p’)*‘£2’)
quietly replace postp2=(1-‘p?)*‘£f27/(‘p’*‘f1’+(1-‘p’)*‘£27)

quietly putmata postpl, replace :
quietly putmata postp2, replace Save postpl, postp2 with STATA

end mata command putmata for later use
x END OF LIKELIHOOD EVALUATION PROGRAM
+ READ DATA:

fluce mixture sim. clear




» STATA I* INITIALISE TWO POSTERIOR PROBABILITY VARIABLES:

Code: gen postpl=.
" |gen postp2=.

Assign Initial Values by Plotting hist v,
or Using Results From Linear Regressions

ml model 1f mlxture /mul /31g1 /mu2 /sig2 /p
ml 1nit start, copy
ml maximize

* EXTRACT POSTERIOR TYPE PROBABILITY, AND PLOT THE
drop postpl postp2



Wald chi2(0) =

} STATALDg likelihood = -1908.2805 Prob > chi2 =
RGSUltS: v Coef. Std. Err. z P>|z| [95% Conf. Intervall
_____________ + —~ ' A ——
_cons | 2.981757 .0743116 40.13 0.000 2.836109 3.127405
_____________ + - — e e — — — — — — —— — — — — — — — — — — — . —— — — — — — — — — — — — — ]
POpUlation haS  cons | 1.014725 .0499721 20.31 0.000 .9167818 1.112669

64.9% from eq3 | I,uo = 5.950 (0. 116)'

N(2 982 1 0152)  cons | 5.9503563 .1158028 .38 0.000 5.723384 6.177322
. , L.yLto~)r-———~ .~ - e

35.1% from eqd | |(T2 = 0.977 (0. 072)|

2\ Lcons . 9768525 .0721166 13.55 0.000 .8355064 1.11819§
N(5.950, 0.977%)f

.6494311 .0296983 21.87 0.000 .5912235 . 7076387




» STATA Code:

* EXTRACT POSTERIOR TYPE PROBABILITY, AND PLOT THEM AGAINST vy:
drop postpl postpZ2

getmata postpl
getmata postp2

Retrieve Temporary Variables postpl, postp2
with STATA mata command getmata

‘Plot Posterior Probability vs. y

Heterogeneity: Finite Mixture Models



STATA: Mi

» STATA
Results: | @-

‘y < 3: Distribution 1‘

s/
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» STATA fmm 2: regress y

Results: |2 Types Model of Each Type: Regress on Intercept
Fitting class model:
Iteration O: (class) log likelihood = -693.14718
Iteration 1:  (class) log likelihood = -693.14718

Fitting outcome model:
Iteration O: (outcome) log likelihood
Iteration 1: (outcome) log likelihood

-1340.784
-1340.734

Refinine startine values:



efining starting values:
Iteration O: (EM) log likelihood

Iteration 1: (EM) log likelihood = -2144.1684
Iteration 2: (EM) log likelihood = -2155.951
> STATA Iteration 3: (EM) log likelihood = -2159.9264
Results:|rteration 4:  (EM) log likelihood = -2159.9464
Iteration 5: (EM) log likelihood = —2157.861%
Iteration 6: (EM) log likelihood = -2154.6472
Iteration 7: (EM) log likelihood = -2150.8481
Iteration 8: (EM) log likelihood = -2146.7758
Iteration 9: (EM) log likelihood = -2142.6116
Iteration 10: (EM) log likelihood = -2138.4622
Iteration 11: (EM) log likelihood = -2134.3904
Iteration 12: (EM) log likelihood = -2130.4335
Iteration 13: (EM) log likelihood = -2126.6137




» STATA
Results:

Iteration
Iteration
Iteration
Iteration
Iteration
Iteration
Iteration

Iteration
Iteration
Iteration
Iteration

Iteration

14:
15:
16:
17:
18:
19:
20:
Note: EM algorithm reached maximum iterations.

O:
1:

=W N

(EM)

log likelihood = -2122.

log likelihood = -21109.
(EM) log likelihood
(EM) log likelihood
(EM) log likelihood
(EM) log likelihood

-2116.0816
-2112.8942
-2109.8699
-2107.0071

(EM) log likelihood = -2104.3034

Fitting full model:

log
log
log
log
log

likelihood
likelihood
likelihood
likelihood
likelihood

-1909.8137
-1908.4031
-1908.2811
-1908.2805
-1908.2805




inite mixture mode
og likelihood = -1908.2805

| Coef. Std. Err. z P>|z]| [95% Conf. Intervall
_____________ +_____-___-__--___-__--___-_____-___-__-___-__-___-__-___--_____-___-__-___-__-___-__-___
1.Class | (base outcome) -
» STATA it [F=0.617 (0.130}
2.Class |
Results: _cons | ~-.6165402  .130444  -4.73 0.000  -.8722058  -.3608746|
Class 1
hesponse y
odel regress
Coef. Std. Err. z P>|z| [95%, Conf. Interval]
R T = 2.082 (Q.07A)rrrrrrmmere e
_cons | 2.981758 .0743115 40.13 0.000 2.83611 3.127406}
_____________ +_________________________________.__________________________._____
var(e.y)l 1.029668 .1014158 .848905 1.248921
______________ |01 = 1.030 (0 1()1)[_""""""""""""""""m
Elass




Class 11
esponse C Y
odel . regress

Coef. Std. Err. z P>|z]| [95% Conf. Intervall]
» STATA A I,LLl = 2.982 (0.074) T
Results _cons | 2.981758 .0743115 40.13 0.000 2.83611 3.127406
___________ +_________________________________._______________________________
Results Similar to| var(e.y)| 1.020668 .1014158 .848905  1.248921
MLE estimation!! [T b1 = 1.030 (0.101 ) T
Cl 1 2 .
Eezinse . Jpredict postl , pos eq(componentl)
odel . regress I
predict yields || lpredict post2 , pos eq(component2)
the same Coef. Std. Err. z P>|z] [95% Conf. Intervall
posteror type || = 5.5 (0TG-
prObab|||t|eS” _cons | 5.950353 .1158024 51.38 0.000 5.723385 6.17732
_____________ e e e e e e e e e e e e e e e e e e e e e e e e e e
var(e.y) | .9542398 .1408942 . 7144585 1.27449

— 0.954 (0.141




Part |I: A Level-k Model For
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» Choose a whole = Modes at 33, 22 and O‘
number in 0-100

» Number Closest to
“p=2/3 of the
Average’ wins

Simulated Data of

N=500 Players:
beauty_sim.dta

Density
04 .06

.02

0 20 40 60 80 100

uess
:



» Level-0 Reasoners Choose Randomly from Unif|0,100]

» Level-1 Believe Others are Level-0 and Choose 33
» Mean Guess = 50 and 50 x (2/3) = 33.333

» Level-2 Believe Others are Level-1 and Choose 22
» Mean Guess = 33 and 33 x (2/3) = 22

» Level-3 Believe Others are Level-2 and Choose 15
» Mean Guess = 22 and 22 x (2/3) = 14.667

» Level-4 Believe Others are Level-3 and Choose 10, etc.



» If All Subjects Believe Others are Level-K, K — oo
» All Guess 0 and Have Equal Chance to Win

» Same as Nash Equilibrium!
» But real subjects do NOT play Nash (at least initially)

» To Estimate the Level-k Model:
» Assume the Maximum Level = J
» Let Level-J = naive-Nash (Choose Nash)
» Let Level-0 choose randomly from uniform distribution

Heterogeneity: Finite Mixture Models




» Level-j Chooses: y|Type j = ¥; +¢€, €~ N(0,07%)
» Where % = best guess of Type j(j = 1,...,J )

» Conditional Density Functions:
» Level-0: f(y|Lo) = 1/100, 0 <y < 100

. 1 — Y3 .
» Level-5: f(y|L;) = —¢ (y yj) , 0<y <100 (j — 1,....J )

o O

» Sample Log-Likelihood:

» For y, v — 1,...n:log L = Zln 100 ij ( _yj>

4 MiXtUre (p()yply * 9 p]) J —

Heterogeneity: Finite Mlxture Models




eauty_mixture

args 1nf pl p2 p3 p4 p5 sig
tempvar fO f1 f2 f3 f4 f5 1

quietly{
»J =0
_ . gen double ‘£0’=0.01
» STATA: Maximized gen double ‘f1°=(1/‘sig’)*normalden((y-33.5)/ ‘sig’)
LOg—LikelihOOd gen double ‘f2’=(1/‘sig’)*normalden(|(y-22.4)}/‘sig’)
gen double ‘f3’=(1/‘sig’)*normalden(|(y-15.0)}/‘sig’)
) Best Guesses: gen double ‘f4’=(1/‘sig’)*normalden((y-10.1)}/‘sig’)
gen double ‘f5’=(1/‘sig’)*normalden({(y-0)/‘9gi
» = 33.5
lcen double ‘1°=(1-‘p1’-‘p2’-‘p3’-‘pd’-‘p5’)*‘f0’ ///
> y2* — 224 +p1oKF17+ P27k £+ p3 % 37+ pa’*f4’+ p5’* £5’
k
) Ys — 15.0 replace postpO=(1-‘pl’-‘p2’-‘p3’-‘p4’-‘pb’)*£f0’/‘1’
* replace postpl=‘p1’*‘f1°/‘1’
4 Y=o — 10.1 replace postp2=‘p2’*‘£f2’/‘1’
k - replace postp3=‘p3’*‘f3°/¢1’
» - * = 0 (Naive Nash)replau__‘_E Dostpd=pa’ 24771

Jelfeldreplace postpb=‘ph’*‘f5? /1>




»J =5

» STATA: Maximized
Log-Likelihood

» Best Guesses:

— 33.9

22.4
15.0
10.1

= 0 (Naive Nash)

+pl2*f1°+p2?*x £2°+p3’ % £3’+p4d’*x‘f4°+ ‘pb’*£5’)

putmata
putmata
putmata
putmata
putmata
putmata

}

end

postpO,
postpl,
postp2,
postp3,
postp4,
postpo,

replace
replace
replace
replace
replace
replace




» Estimate
plz p27 p37
])47 ]%37 )

mat start=(0.3, 0.4, 0.1, 0.1,0.05, 2)

ml model 1f beauty_mixturel/pl /p2 /p3 /p4 /pb /sig

ml init start,

ml]l maximize

ldrop postp*

getmata postpO
getmata postpl
getmata postp2
getmata postp3
getmata postp4
getmata postpo

Heterogeneity: Finite Mixture Models

nlcom pO: 1-_b[pl:_cons]-_b[p2:_consl-_b[p3:_cons]-_b[p4:_cons]-_b[p5:_cons]

pattern(- 1 1 11 1)




umper o oDs =
Wald chi2(0) =
Log likelihood = -1985.0613 Prob > chi?2 = .
» STATA e
R |t _ Coef. Std. Err. P>|z| [95% Conf. Intervall]
ESUILS. ;;"""""-;11)1 — 0.398 (0. 024)[ -----------------------------------
_cons . 3982665 .023804 16.73 0.000 .3516116 .444921
O/ AavAal Avial 1 e s T~ AN A4 /01— e
40% are Level-1, 5 |1p2 = 0.113 (0.016)
o dre€ Level-Z, _cons | .1128533 .0163975 6.88 0.000 .0807148 .144991
11% Level-2
9% are Level-3 [ ﬂ])g = 0.090 (0. 016)[ __________________________________
(5% Naive Nash)ff _____ B L s
p4 ,1])4 = (0.046 (0.014)
_cons .0462681 .0135852 3.41 0.001 .0196415 .072894
s ,1])5 = 0.050 (0.012)[ ______________________________
_cons | .0500939 .0117892 4.25 0.000 .0269876 .073200
i T"](f = 1.930 (0 1()3)[ """"""""""""""""""
cons | 1.929627 .1027345 18.78 0.000 1.728271 2.13098




mat start=(0.3, 0.4, 0.1, 0.1,0.05, 2)

» Estimate
ml model 1f beauty_mixturel/pl /p2 /p3 /p4 /pb /sig
p17 p27 p37 ml init start, copy
Pas Pss; O Iml maximize
Inlcom pO: 1-_blpl:_cons]-_b[p2:_cons]-_b[p3:_cons]-_bl[p4:_cons]-_b[p5:_cons

‘Use Delta Method to obtain p,

Coef. Std. Err. z P>|z]| [95% Conf. Intervall]

Heterogeneity: Finite Mixture Models



Pr(Naive Nash) >

0.75 for Guess =0

SUGITITIAGUa LIl

mat star

» Estimate
p17 p27 p37
]947 2257 )

m]l model
ml init
ml maxim

nlcom p]
ldrop po
getmata

getmata
cotmato

Plot Posterior
Type Probabilities

6

posterior type probability
4

Pr(Level-0) = 1
for Guess > 40

Pr(Level-1) > 0.9
for Guesses Near 33

‘Pr(Leve -2) > 0.85 for Guess =22 |

Pr(Level-3) > 0.8 for Guess =15
|
Pr(Level-4) > 0.7 for Guess =10 ‘

2023/12/12
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at star

» Estimate
p17 p2) pg; 1 model

1 init
p4, p5, O 1 maxim
Pr(Level-0) > 0.7
for Guess in (0,10)
(Level-5,6... Types

Here? Try J > 5!)

ISaToaTs
Plot Posterior

Type Probabilities

Average Guess = 32.5,

Winning Guess = 22!

Pr(Winner = Level-2)
= 0.86 for Guess = 22

_cons ]

Heterogeneity: Finite Mixture Models



Part Ill: A Public Goods Game Experiment
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» n (= 7) Subjects per group with endowment e, (= 10)
» Contribute to Public Account (or keep in Private Account)

» Public account multiplied by &, but divided equally between
all n members (MPCR = k/n)

» Doubly Censored Data: Contri

» Use Two-Limit Tobit Mode
» Unique Nash: Zero Contri

(Ne

Dute

son,

oution

» Experimental Data: Some positive contributions

» Bardsley (2000): Uncover Motivations Behind Them

etween 0 and e,

1976)



1. Learning to be Rational (learn incentive structure)

_ Seciakkearning- I hers-behavior
» Bardsley (2000): Conditional Information Lottery (CIL)

» Play 1 Real Round mixed with 19 Fake Rounds against
Computer, but only pay the real round

Subjects treat each round as real, but past rounds are
not informative: They are fake if this round is real!

» Bardsley (2000): Take Turns to Contribute

» See Previous Contributions Before Contributing

Heterogeneity: Finite Mixture Models



» See Previous Contributions Before Contributing
» Use Mixture Model to Address Different Motivations:

1. Reciprocator (Depends on Previous Contributions)
» Contributes if Median of Previous Contribution is High

2. Strategist (Depends on Position in Sequence)
» Contributes to Induce Later Contributions

3. Free-Rider
» Contributes O Regardless

Heterogeneity: Finite Mixture Models




9
W ANA

/W

A\
“WAA
VLA

_ s A weere A ——

Free-Riders g —_— " = e

Z LA e W e Wi

) Data (n=98) R S \’CJ\A u"\? Al TVF\JW\/ Ve \\};\ 5
bardsley.dt a§ A R T [N
) STATA i\ oS s
Command:  “ 4 "7 N W A o
xtset 1 t — Nl o R Bl o e
xtline y S T Y VU NI Y WA | \_
» Results: .M?L,M. M\ A-:—— .J\fﬂw .WT\ZW\, “ " .......

» Do it to all panel data to catch Between- Subject Heterogenelty



» Data (n=98)
bardsley.dta
» STATA Command:
hist y
» Results:
» Many censored at 0
» Some censored at 10
» Mean = 2.711 o
o J1 2 3 4 5 6 7 8 9L 10
» Median = 1.0 —

Heterogeneity: Finite Mixture Models

800

600

Frequency
400

200




o
—

» Data (n=98)
bardsley.dta
» STATA Command:
hist y=0 7
» Results:
» Identify Free Riders
» 14.3% always give 0

» 24.5% mostly give 0 =1+ ; - 1 -
in ]_6 Out O'F 20 rou nds number of zero contributions \

Heterogeneity: Finite Mixture Models

o
=

Frequency

5




Lowess smoother

Lowess smoother
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After we 0 1 2 3 45 6 7 8 9 10
median of previous contributions (MED)
Exclude 24 |  venowian=7
Free-Riders
Lowess smoother
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0 10 20 30

task number
handwidth = 7

8 - ™ ‘"~ - hod "~ -
" . H Y " % '
= ¢ '} - W p 9
o ¥ “w ¥ e (0 \ ¢
S q¢ o N “ W 2 ‘
= — % ¥ ¥ ¢ o :
T Ar R e S - 1
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order in sequence
bandwidth = .7

» Contribute more if:

» Higher MED (Median of
Previous Contribution)

» Earlier Order in Sequence
» Earlier Task Number
All Monotonic/Linear!



» Bardsley and Moffatt (2007)
» Observe n Subjects for T tasks

» Either Reciprocator, Strategist and Free-Rider for all T tasks
» Subject 7 contributes 7., in task ¢ between 0 and 10

» 2-Limit Tobit Model for Reciprocator and Strategist:
0 ify, <0 (Regime 1: No Contribution At All)

Yit = yh it 0 <yl < 10(Regime 2: Contribute b/w 0-10)
Actual 10 if y% > 10 (Regime 3: Full Contribution of 10)
‘Desired ‘

Heterogeneity: Finite Mixture Models



» Desired Contribution of Subjects 7 = 1-n in tasks ¢t = 1-T are
» Reciprocator (rec) ‘I\/Iedlan of Previous Contributions ‘

Yir = 510 + 511%"‘ Bis(T'SKit) = = 1) + €it,rec

‘Deswed ‘ ‘>O for Reuprouty‘ €it.rec ™ ]\7(0j O'%)

» Strategist St”f‘)‘ Decision Order ‘ Minus 1 Task Number (1-30)
y@t — 520 + 522 ‘ ) T 523 ‘ ) T €it,str

E(Contribution | ‘<O for Strategic Behawor‘ €it str ™ N(O,, 02)

Task 1, Order 1)

» Free-Rider (fr): None y;+ = 0



» Prior Expectation of Others’ Contribution
» Set MED = 8.00 if ORD = 1 (trial-and-error to max. log-L)

» Mistakes (Moffatt and Peters, 2001): Tremble w

4
4

Decreasing magnitude over time w;; = wgexp (w1 (TSK;; — 1)]

nitial tremble probability wg vs. rate of decay w; < 0

» Regime 1 (y = 0)
» Regime 2 (0 < y < 10)
» Regime 3 (y = 10)

Heterogeneity: Finite Mixture Models



» Regime 1 (y — O): Tremble: 0-10 with Equal Chance
» Pr(y;: = 0|z = rec) =
—B10 — BuuMED; — Bi13(T'SKi — 1) Wit
(1 — Cd,ét)(b

01 11

10@’“
Heterogeneity: Finite Mixture Models

» Pr(y;; =0i = fr) =1




» Regime 2 (0 < y < 10):

f(yit|i = rec)

1
(1 — (,d”t)—(I)

01

7 N\

yit — B10 — B11MED;; — B13(T'SK;¢ — 1)) i Wit

J1 11

Wit
Heterogeneity: Finite Mixture Models

f(yse]i = fr) =




» Regime 3 (y = 10):
» Pr(y; = 10]i = rec) =
(1 — w;y) {1 _ (10 — G190 — BuiMED;; — B13(T'SK;; — 1))} n Wit

Tremble: 0-10 with Equal Chance

91 11
)

» Pr(y; = 10]i = fr) = “1/{

Heterogeneity: Finite Mixture Models




) Likelik}ood Function is L,

— Drec H Pr(y;; = O|rec)’vit=0 f(y;;|rec) o<vit<10 Pr(y,;, = 10|rec) vit=10

t=1

+ pee | [ Pr(yie = Offr)fvie=0 f (s |fr) o<vie <10 Pr(y;; = 10]fr) vie=10
t=1 n
5103---3523 01,02; W0, W15 Prect, Pstr, Prr Maximizelog L = Zlog L;)

(Sample Log-Likelihood) i=1
Heterogeneity: Finite Mixture Models




»pl_1,p2_1,p3_1:Pr(y = O|rec), Pr(y = O|str), Pr(y = O|fr)

» pl_2,p2_2,p3_2:f(ylrec), f(y[str), f(ylfr), 0 <y <10
» pl_3,p2_3,p3_3:Pr(y = 10|rec), Pr(y = 10|str), Pr(y = 10|fr)

» pl:

Pr(y;; = 0|rec)’vit=0 f(y;; |rec) o<vir<10 Pr(y;; = 10|rec) vit=10
> p2:

Pr(y":t — O‘Str)lyitzof(yit‘Str)lo<y?3t<1o Pr(yit — 10‘Str)1yit:10
» p3:

Pr(yit — O‘fr)fy?;tzof(yit‘fr)fo<yit<1o Pr(yit _ 1O|fr)1y?lt:10



ppl:r
H Pr(yit — O|I‘e(j)fy@t:0 f(y?;t\rec)%’(yit“o Pr(y?:t — 10‘I’€C)Iy'it:10
t=1

pp2: T
H Pr(yit p— O‘Str)l'yitz() f(y?jt‘Str)IO<yit<1o Pr(yit — IO‘StI')Iy’if:m
t=1

pp3:T
H Pr(yit — O‘fr)lyitzof(yit‘fl")10<yit<10 Pr(yit — 10‘fr)1'yit:10
t=1

Heterogeneity: Finite Mixture Models



» thetal: B0, B11, B13

» theta2: B20, P22, P23

» sigl,sig2,wO,wl,w: 01,02,Wo,wW1,wW
»p_rec,p_str,p_fr: Prect, Pstrs Pfr

» pp, lnpp: L;, LogL = Z log(L;)
i=1
» postpl: Pr(i = reclyjt, ..., ¥i1)

» postp2: Pr(i = str|y;1, ..., Y1)
» postp3: Pr(t = frly;1, ..., vir)



prog drop _all

* LIKELIHOOD EVALUATION PROGRAM STARTS HERE:

program define pg_mixture
args todo b 1lnpp

tempvar (pl_1 p2_1 p3_1 p1_2 p2_2 p3_2 pl_3 p2_3 p3_3 pl p2 p3 ppl pp2 pp3 pp
tempname¢] thetal theta2 sigl sig2 wO wl p_rec p_str

* ASSIGN PARAMETER NAMES TO THE ELEMENTS OF THE PARAMETER VECTOR b:

leval [thetal’ = ‘b’ eq(l)
leval |‘theta2’ = ‘b’| eq(2)
leval |‘sigl’ = ‘b’, €q(3) scalar
leval |‘sig2’=‘b’, eqf4) scalar
leval |‘w0’=‘b’, eq(5) scalar
leval [‘wl’=‘b’, eq(6] scalar
leval [‘p_rec’=‘b’, eq(7) scalar
leval \p_str’=‘b’, ¢f(8) scalar

1'*

Local Variable: ‘thetal’, ‘b’ ,..
vs. Global Variable: tsk_1 (below)




quietly{

* INITIALISE THE p* VARIABLES WITH MISSING VALUES:

gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double
gen double

rec"= b, ©
leval |‘p_str’=‘b’, e§(8) scalar

\i) otalal

Local Variable: ‘thetal’, ‘b’,..

vs. Global Variable: tsk_1 (below)

!lilﬂﬁiﬁﬁil




Local Variable: ‘thetal’,‘b’,..

en double ‘w’=‘w0’*exp(‘wl vs. Global Variable: tsk_1

* COMPUTE TYPE-CONDITIONAL DENSITIES UNDER REGIME 1:

(1-‘w?)*normal (- ‘thetal’/‘sigl’)+‘w’/11
(1-‘w’)*normal (- ‘theta2’/‘sig2’)+‘w’/11
‘p3_1°+1-(10/11) *‘w’

replace
replace
replace

* COMPUTE TYPE{CONDITIONAL DENSITIES UNDER REGIME 2:
replace (1-‘w’)*(1/°sigl’)*normalden((y-‘thetal’)/‘sigl’)+‘w’/11
replace (1-‘w?)*(1/‘sig2’)*normalden((y-‘theta2’)/‘sig2’)+‘w’/11

replace ‘w>/11

* COMPUTE TYPE{CONDITIONAL DENSITIES UNDER REGIME 3:

(1-‘w’)*(1-normal ((10-‘thetal’)/‘sigl’))+‘w’ /11
(1-‘w’)*(1-normal ((10-‘theta2’)/‘sig2’))+‘w’ /11
‘w’/11

replace
replace
replace

I MATCH TYPE-CONDITIONAL DENSITIES TO ACTUAL REGIMES (d IS REGIME):



* MATCH TYPE-CONDITIONAL DENSITIES TO ACTUAL REGIMES (d IS REGIME):

ge,
W
!

replace
replace ‘p3’

oy i: replace ‘ppl’=exp(sum(ln(max(‘pl’,

oy i: replace ‘pp2’=exp(sum(ln(max(‘p2’,
by i: replace ‘pp3’=exp(sum(ln(max(‘p3’,

* (ONLY REQUIRED IN FINAL ROW FOR EACH SUBJECT):

if last™=1

|j GENERATE POSTERIOR TYPE PROBABILITIES. AND MAKE THESE AVATLABLE OUTSIDE THE PROGRAMI

(d==1)*‘p3_1’+(d==2)*‘p3_2’+(d==3) *‘p3_3’

* COMBINE TYPE-CONDITIONAL DENSITIES TO OBTAIN MARGINAL DENSITY FOR EACH SUBJECT

p_rec’*‘ppl’+‘p_str’*‘pp2’+(1-‘p_rec’-‘p_str’)*‘pp3’

pl’ = (d==1)*‘pl_1’+(d==2)*‘pl_2’+(d==3)*‘p1_3’
(d==1)*‘p2_1’+(d==2)*‘p2_2°+(d==3)*‘p2_3’ I I Pt = €XP E lnpt
t=1 t

* FIND PRODUCT OF TYPE-CONDITIONAL DENSITIES FOR EACH SUBJECT: |

‘Sum In(p,) instead of product ‘

Use “1e-12" if close to O to
avoid negative infinity at In(0)




* GLENERZA P S R1UR Y P "RUBAD : AND MAK

replacefpostply‘p_rec’*‘ppl’/‘pp’

replace| postp2=‘p_str’*‘pp2’/‘pp’

replace| postp3s(1-‘p_rec’-‘p_str’)*x‘pp3’/‘pp’
putmata postpl,| replace

putmatal postp2,| replace

putmatal postp3,| replace

L

end
* END OF LOG-LIKELIHOOD EVALUATION PROGRAM

clear
set more off

READ DATA
" ‘ Data: bardsley.dta

use |'bardsley’

by 1: gen last=_n==_

icen 1nt d=1




E‘GM L4l et 4L
replace d=2 if y>0
replace d=3 if y==10

gen doublef ord_1=ord-1 : :
gen dguble To make Constant = E(Contribution | Task 1, Order 1)

* SET MEDIAN OF PREVIOUS CONTRIBUTIONS TO 8 FOR SUBJECTS IN FIRST POSITION:

replace‘set MED = 8 if ORD = 1 (trial-and-error to max. Iog—L)‘

+ SPECIFY EXPLANATORY-VARIABLE LISTS FOR RECIPROCATOR (LIST1) |Prior Expectation of
* AND STRATEGIST (LIST2) EQUATIONS: Others' Contribution

local [listl "med tsk_1"
local jlist2 "ord_1 tsk_1"

* INITIALISE VARIABLES TO BE USED FOR POSTERIOR TYPE PROBABILITIES:

gen postpl=.
gen postp2=.
gen postp3=.




at start=(0.57,-0.10,6.1,-0.93,-0.05,5.2,3.3,3.7,0.11,-0.05,0.26,0.49)

* SPECIFY LIKELIHOOD EVALUATOR, PROGRAM, AND PARAMETER NAMES:

1 modelpg_mixture (=‘listl’) (=‘1list2’) /sigl /sig2 /w0 /wl /pl /p2
1l init start, co . . .
PY 1Cannot use 1f since mixture model has non-linear log-L ‘
* USE ML COMMAND TO MAXIMISE LOG-LIKELIHOOD, AND STORE RESULTS AS ”WITH_TREMBLE“i

Inl max, trace search(norescale) Use D_Famlly do requ.ires Onl.y |Og‘L
est store with_tremble (d1/d2 requires analytical derivatives of log-L)

* COMPUTE THIRD MIXING PROPORTION USING DELTA METHOD: ‘

1-[p1]_b[_cons]-[p2] _b[_cons] ‘Derive p3 using the Delta Method!‘

* EXTRACT POSTERIOR TYPE PROBABILITIES AND PLOT THEM AGAINST
* NUMBER OF ZERO CONTRIBUTIONS:

drop postpl postp2 postp3




Wald chi2(2) = 108.0
Log likelihood = -3267.6884 Prob > chi?2 = 0.0000
» STATA b
. | Coef. Std. Err. Z P>|z]| [95% Conf. Interval]
Results: | ___________ poer: GRe Rer. B TlEL o em Tomd Tmtervel
|qu |
2 0 EQC _. med | .598677  .0611812 9.79  0.000 4787641  .7185899
.*-3)11 = 0.999 (0-061) tsk_1 | -.0961739  .0202229  -4.76 0.000 -.13581  -.0565379
B13 = —0.096 (().(‘)2(‘) _cons l 4.004374  .4541832 8.82  0.000 3.114192  4.894557
[z " [Bio = 4.004 (0.454)
o ooy ord_1 | -.9644643  .0823741 -11.71 0.000  -1.125915  -.803014
3)22 = —0.964 (0-082 tsk_1 | -.0516766  .017189  -3.01 0.003  -.0853664 ~-.0179867
Bos = —0.052 (()_()]7 _cons J, 5.299353 3828498  13.84  0.000 4.548981  6.049724
- 1820 = 5.299 (0.383)
5. — 2 AL , _cons |  3.442241  .1674649  20.56  0.000 3.114016  3.770466|
bl - 30442 (001671 ______ o e e e e e
FigZ |
S , , _cons | 3.705603 .1611296  23.00  0.000 3.389794  4.021411
oo = 3.706 (0.161 )] -c e e




» Reciprocator (rec)

Yir = P10+ BuiMED;; + Bi3(TSKit — 1) + €it rec

E(y*|MED,TSK) = 4.004 +{0.599M ED|— 0.096(T'SK — 1)

‘>O & <1 for Biased Reciprocity ‘ ‘<0: Learning‘

» Strategist (str)

Yiy = P20 + B22(ORD;y — 1) + Bas(T'S Kt — 1) + €t str

E(y*|ORD,TSK) = 5.299(~ 0.964f ORD — 1)(~ 0.052J TSK — 1)

<0 for Strategic Behavior: First mover
contribute 5.3, Last (ORD=T7) contribute 0

‘Slower than Reciprocators‘

Heterogeneity: Finite Mixture Models



» STATA Fie

Results: |-

(50 = 0.104 (0. 0321
o1 = —0.049 (olw(1)22>|
[Prec = 0.271 (o|P0148>|
(

Ip2
|]3st1 — (0.483 (0. ()O_lx cons

3778311 .5887316




* EXIRACI POSTERIOR TYPE PROBABILITIES AND PLOT THEM AGAINST
*+ NUMBER OF ZERO CONTRIBUTIONS:

ldrop postpl postp2 postp3

getmatal postpl
lgetmatal postp2
getmata postp3

label variable postpl "rec"
label variable postp2 "str"
label variable postp3 "fr"

by i: gen n_zero=sum(y==0) Plot posterior probabilities (with tremble) ‘

|scatter |Jpostpl postp2 postp3 n_zero if last==1, title("with tremble") ///
ytitle("posterior probability") msymbol(x Dh Sh) jitter(3) saving(with, replace



constraint 1 [wO]_b[_cons]=0.00
constraint 2 [wl]_b[_cons]=0.00

ml model dO0 pg_mixture (=‘listl’) (=‘list2’) ///

/sigl /sig2 /w0 /w1l /pl /p2,]constraints(1l 2)

ml init start, copy
ml max, trace search(norescale)
est store without_tremble ‘Est|mate Restricted Model (without tremble) ‘

nlcom p3: 1-[pl]_b[_cons]-[p2]_b[_cons]

* EXTRACT AND PLOT POSTERIOR TYPE PROBABILITIES FOR MODEL WITHOUT TREMBLE:

drop postpl postp2 postp3




AND PLOT POS

drop postpl postp2 postp3

getmata fpostpl
getmata Jpostp2
getmata (postp3

label variable postpl "rec"
label variable postp2 "str"
label variable postp3 "fr"

Iscatter postpl postp2 postp3 n_zero if last==1, title("without tremble") ///
ytitle("posterior probability") msymbol(x Dh Sh) jitter(3) saving(without, replace)

* CARRY OUT LIKELIHOOD RATIO TEST FOR PRESENCE OF TREMBLE:

lrtest with_tremble without_tremble

* COMBINE THE TWO POSTERIOR PROBABILITY PLOTS

284 combine with.@h without.gah

Likelihood Ratio Test (with/without tremble)‘




L

Likelihood-ratio test LR chi2(2)

(Assumption: without_trem”e nested in with_tremble)

= 149.89

Prob > chi2 = 0.0000

Resu

tS ————————————— +—————————

w0

koo = 0.104 (0. 032)| cons |T1(‘111[)|o starts at wg = 0.104] #2216 167125

0. 048)| cone |p1u ~ 1/4):924.5% mostly give 0 in

A

pstl ~

14.3% always give 0

16 out of 20 rounds vs.
73"

[P ~ 1/45*9No Tremble: pg = 0.143 (0.035)

.2456333 .0436144 5.63 0.000 .1601506 .331116



4 Pl‘(% — reC‘yil} o ooy sz) —
I, H?:I Pr(y;; = O|rec)tvit=0 f(y;4|rec)o<vit<10 Pr(y;; = 10|rec)!vie=10

> Pr(i = strlyi, ..., yir) =
% Hle Pr(yit o O‘Str)l—y“:[}f(yit‘Stf)lg{y“<lo Pr(y‘it — 10|St]f')fyit:10

4 PI‘(% — fl“yﬂj « ooy y@T) B
i H?:l Pr(y;; = O|fr)fvie=0 f(y;|fr)fo<vie<io Pr(y;; = 10|fr)!vie=10

L;
Heterogeneity: Finite Mixture Models




Posterior T

» STATA
Results:

6-14(or 6-19)
are Strategists

0-5 are
Mixture of
Strategists and
Reciprocators

2023/12/12

6

posterior probability
4

with tremble

0 O * P OO0 0000 -
o

O

9

6

posterior probability
4

10 15 20 0 5

* rec O str

vithout tremble

QCOOOOOO <><><><B

" 116-20
(Tremble)

vs. All 20

“ |(No Tremble)

Few In-between ‘

O @@3 G O OO B TRE DR R

10 15 20
n_zero

x rec < ostr

il # of Tasks contributing 0

o fr




» Mixture Model accounts for Types in the Population
» Infinite Mixture Model = Random Coetfficient Model

» How it Works?

» Economic Theory Predicts and Name Various Types
» Construct Parametric Model for Behavior of Each Type

» Estimated Using Popu

ation Data to Obtain:

Mixing Proportions and Parameters of Each Type
Individual Posterior Probability of being a Ty

Heterogeneity: Finite Mixture Models

DE



» This presentation is based on
» Section 5.1-5 of the lecture notes of Experimetrics,

» Prepared for a mini-course taught by Peter G. Moffatt
(UEA) at National Taiwan University in Spring 2019

» We would like to thank FETHE for his in-class
presentations

Heterogeneity: Finite Mixture Models
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