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» Rule 1: Don't use more than 20 slides
» It takes on average 1 minute to go over 1 slide

» Rule 2: Don't use font sizes below 28
» Try looking at your slides from far behind
» Font sizes < 28 means: You DON'T want people to see it

» Rule 3: This is a teaser-trailer of the movie
» Show the experiment + a snapshot of the results

» Write down a script and NOT memorize it
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» Zero-Sum Games (zans)

» Rock-Scissor-Paper (smnamEms)

» Sports (PK, tennis serves, basketball drives, etc.) (zmxass.

N @IRSEIR. EEIR

» Military attack @sransmmsnnnsg) A ST E)
» Deter Undesired Behavior iz memsasnas)

» Searches of passengers after 9/11 (=, mmimEmn)

» Randomizing across exam questions (Zeikat )

» But, there are folk theories about these games... (zu%

—LEHHEY N2 )
Mixed Strategy Equilibrium
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» How do you play Rock-paper-scissors (RPS)?

O R REBBL )G, IR
» What is the MSE here? mnzssz=snmasa

» Mix with probabilities (1/3, 1/3, 1/3) (==
» Would you really play this MSE in RPS?

» News article suggests a level-k model... (ramemserrmmm:
FENERERNSERESENEANRE? BAEESHE &$%£§)

» Janken /RPS Robot with 100% winning rate:

» vl: http://www.youtube.com/watch?v=3nxjjzt QKtY
» v2: https://www.youtube.com/watch?v=7ZVNnoOcohaU

Mixed Strategy Equilibrium



http://www.youtube.com/watch?v=3nxjjztQKtY
https://www.youtube.com/watch?v=ZVNnoOcohaU

» Typically have unique equilibrium (mr—5s)
» All games discussed have unique equilibrium

» Constant sum: No room for social preference

» Not possible to help others without hurting self
(REHASHTESEIERT, RARDAIA—EHIED)

» Maximin leads to Nash in zero sum zxsmzme)
» Maximin is a simple rule: @rsnesssnmesen)

» "l want to maximize the worse case scenario..."
» A good place to test theory! (zzmmmmmsens)

Mixed Strategy Equilibrium



H T
H 1 -1
T -1 1

*We assume preferences satisfy axioms

» Rowena thinks: @izz=)

» Play H: Worse case = -1 (xrasezss
» If Colin wants to destroy me B H)
» Play T: Worse case = -1... zraEse )
»(1/2, 1/2): Worse case 0% (—«—x=z0

R EE)

» Same for Colin (FxFrgRE)
» This is the MSE! =rnsrasnrasmme)

for EU... (IR RIS mEBAEN A AE)
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» Epistemic Foundation ma=wn: sszmnessmzr)
» Requires precise knowledge of opponent strategy
» Learning Dynamics may not work (ziszzreEm)
» Gradient processes spiral away (gEEnegkntsE)
» No incentive to mix properly at MSE (r@msalinzs)
» Randomization can be unnatural
» Especially in repeated play (z==igmss, migaerAan)
» Purification (mii: meegmrmsmss, seses NES ) )

MSE can occur at population level, not individually
Mixed Strategy Equilibrium
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» Earlier studies: Play between MSE and random

» But had computerized opponents and/or low incentives,

so hard to interpret the results... (=pEBEE RMSEMEESMH, &
BENFREKERREEHER)

» First "Modern" Studies: O'Neill (PNAS 1987)
» Good Design Trick: @ensmsestzs )

» Risk aversion plays no role when there are only two
possible outcomes (gEnpEEREMETLER, ERESTEYESHENRE)

Mixed Strategy Equilibrium



1 | 2 | 3 | J MSEActuall QRE| | At frequency

-5 5 5 -5 02 0.221 10.213 quite Clcse to
5| 5 | -5 ]02|02150.213f MSE

0.2 10.20310.213| » QRE better, but

5| -5|-5| 5 |0.40.362(0:360 ﬁ?”ft‘)OT get ”
IMDAalanNces

MSE| 0.2 2 2 4 | BREHEESEREMSE _

>E| 0 0 L 0.4 EEIR IR With A = 1.313

Actual|0.226/0.179(0.169/0.426|, QREmmEm=iEiR, &

BOREERE [ A3
QRE |0.191/0.191|0.191|0.427

— Wi =
O
|
O
|
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» QRE - McKelvey and Palfrey (1995)
» Better Response, not best response
» Logit payoftf response function:

)«- z P(S_,I;)Mi(Si,S_i)
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> e Lo -
Sk
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» A = 0: Noise (do not respond to payoffs)

» A = oo: Nash (perfectly respond to payoffs)

e -
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» Brown and Rosenthal (ECMA 1990) criticize O'Neill:
» Overly support MSE (xBxisra®rE)
» Aggregate tests not good enough (Ra®EmER)

» They run (temporal dependence):
Jiv1 =ap +arJy + as iy (FER% R e B HA AR b

bOJt*Jrl -+ blt]: -+ bQJ:_l
C1 JtJ: + CQJ{;_ljt*_l + €
Ji: = Own Choice; J;” = Other’s Choice;

» MSE implies only a, is not zero (za: =5 4, 720



Guessing by 870

Previous Opponent Choices b, , b, 30%
Previous Outcomes C; 5 Cy 38%
Previous Choices + Outcomes b;, b, , ¢; , ¢, 44%
Previous Own Choices a; , Gy 48%

All Effects 62%

Source: Table 3.4, BGT.
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» Run: 2 JJJJ 1 2 33 zsxse)

» Too Short runs: play J twice too rarely (s=s=@))

» Subjects react to what they see and do iE=smE)

» But most cannot use temporal dependence to guess
opponent current action (& BB EiEmItEDE5ERTE)

» Equilibrium-in-beliefs somewhat supported (=#e= rome)
» Each player may deviate from MSE (sAzaasms)
» But these deviations cannot be detected (znsmmez)

Mixed Strategy Equilibrium



» Purification interpretation of MSE (s1tgamsE)
» Equilibrium in beliefs, not in mixtures (= IEEE)
» Other similar studies (iBg33E @EAzR)
» Rapoport and Boebel (1992): [BGT, Table 3.5]
» Mookerjhee and Sopher (1997): [BGT, Table 3.6-3.7]

» Tang (1996abc, 2001): [BGT, Table 3.8]
» Binmore, Swierzbinski and Proulx (2001): [BGT, Table 3.9]

Mixed Strategy Equilibrium



C L F I O IMSE|Actuall QRE
C /10| -6 | -6 | -6 | -6 |0.375/0.293 |0.286
_ -0 | -6 | 10 | 10 | 10 |0.250/0.305 [0.302
- -0 | 10 | -6 | -6 | 10 |0.125/0.1230.138
I -6 | 10| -6 | 10 | -6 |0.125/0.119/0.138
O -6 | 10 | 10 | -6 | -6 |0.125/0.160/0.138
MSE [0.375/0.250(0.125/0.125/0.125| » = Ei#5ER#EMSE
7838 (1285% 18 A $Ei)
Actual|0.352/0.180(0.218/0.099(0.151|» QREmFEREEE, B

MAERE T REL

QRE 10.412/0.169/0.140/0.140/0.140 ppr=mwm

» Actual
frequency
close to MSE

85% subjects
reject x° test

» QRE better,
\, = 0.248

(Cannot get
imbalances)



C L F I O IMSE|Actuall QRE
C 15 -1 | -1 | -1 | -1 [0.375/0.306 |0.309
_ -1 | -1 | 15 | 15 | 15 |0.250|0.324 |0.296
- -1 {15 -1 | -1 | 15 |0.125/0.1000.132
I -1 {15 | -1 | 15 | -1 |0.125/0.115]0.132
O | -1]15 |15 | -1 | -1 |0.125/0.1550.132
MSE [0.375/0.250(0.125/0.125|0.125|» ZE_EBMAEE T
E{EMSEEBI+8E
Actual|0.346/0.193/0.202|0.116/0.143|» QREHIFERIE iR
» BERIEEMEE—EL
QRE ]0.410]0.184(0.135|0.135|0.135 pwr=mm

» Same MSE
Different
payoffs

» QRE better,
\, = 0.327

» Actual result
IS similar to
Experiment 1



» Stylized Facts: (meEmESR)

1. Actual frequencies not far from MSE
(L HRSEER K MSE)
1. Deviations small but significant
» (RMSEZ5/\B%E FEE)
1. Temporal dependence at individual level
» (BABEHERm)
» Can a theory explain these?
 (BTERTUREELERER?)

Mixed Strategy Equilibrium



» Ask subjects generate random sequences (&E=#5))

» Sequences resemble the underlying statistical process
more closely than what short random sequences
actually do (zxwrarmssss rme) )

» Too balanced (xTai)

» Too few runs (Ezxd)
» Longest run is too short (2smEskmE)

» Children don't learn this misconception until 5th grade
» A learned mistake ;eE2—mExx2em®s, I\ RIERERAZEEERSE)

Mixed Strategy Equilibrium



» Rapoport and Budescu (1992, 1994, 1997)

» Compare sequences from a production task to strategies in a
constant-sum game (R&B, 1992) (t#mzEsmusnEnsEs=ERhnss)
» Condition D: Matching pennies 150 times 1-by-1
y 1500ERBEE
» Condition S: Give sequence of 150 plays at once
y —RIE1500 S BEBIRE
» Condition R: Produce the outcome of tossing an
unbiased coin 150 times (= =@misonmns)

Mixed Strategy Equilibrium



» iid rejected for 40% (D), 65% (S), 80% (R) of the
subjects in the three conditions
» =D BEITA0%, 65% FIB0%MZI B iid 5
» Game play reduces deviations from randomness
ENE TSRS E RS E RS
» Are subjects better motivated?
) ERAASHETESNHER,
» Or, are their working memory interfered and

randomize "memory-lessly"?
y BEEAMPOKEEE(TERE)SHTE, NAR (HEE%E, BHEE 2

Mixed Strategy Equilibrium



MSE

1/3

1/3

1/3

1] 23
1| 2| -1]-1
2 | 1] 2 | -1
3| -1 -1 2

MSE|1/3]1/31/3

» Rapoport and Budescu (1994)
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Xy
XY X
XYZ
YXZX
XYXZ
XYyZX

llllllllllllllllll

llllllllllllllllll

9.9% 7.9%

66.7%

23.7% 16.0% 22.2%
29.7% 35.9% 22.2%

7.4%
7.4%

12.1% 7.4%

Mixed Strategy Equilibrium

Source: Table 3.10, BGT.



» Subjects only remember last m elements

» Chose the (m+1)st to balance the number of Hand T
choices in the last (m-+1) flips

» If m is small, alternate choices too frequently

» Experimental Data: (Should all be 0.5 if iid)
P(H|H)=0.42, P(H|HH)=0.32, P(H|HHH)=0.21

» Requires m=7 to generate this (Magic 77)
ERER NRINEERSR0S , BB~ EREEHER

Mixed Strategy Equilibrium



» Observe the randomization subjects want to play =1

» Bloomfield (1994), Ochs (1995b), Shachat (2002) i

. . L A=
» Explicit Randomization: (zmazzss=) )
1. Allocate 100 choices to either strategies (zz100%mE=MmLE)

2. Choices are shuffled and computer selects one (=i —=)

» Deviations cannot be due to cognitive limit! remenrz=ms
. . B2
» Result: Deviations from MSE small but significant =)

» About 10% purists (sevseaness. 10% remma )

Mixed Strategy Equilibrium



» Ex: Ochs (1995b) - Matching Pennies (=g
» Row player payoff of (H, H): 1 — 9 — 4 @313 ma)

» MSE: Column MSE changes; row is same...
» ITXHIMSEENE,; JFHIRMAZTE

» Allocate 10 plays of Hor T se+mzerrar)
» Becomes a 10-play sequence (g rig+zmesi) )

» Note: Random draw without replacement

> This is not exactly randomization of MSE...
» 5 EREMMEARKE, REEHIMSE..

Mixed Strategy Equilibrium



» MSE:
H{ T R: (0.500, 0.500)
C: (0.500, 0.500)
H ||l 0] |01 » Actual Frequency:
R: (0.500, 0.500)
T 01| (1.0 C: (0.480, 0.520)
» QRE:

R: (0.500, 0.500)

C: Eo.500, 0.500)
Mixed Strategy Equilibrium




» MSE:
H{ T R: (0.500, 0.500)
C: (0.100, 0.900)
H |9 0 (0,1 » Actual Frequency:
R: (0.600, 0.400)
T 0.1/ (1.0 C: (0.300, 0.700)
» QRE:

R: (0.649, 0.351)

C: 50.254, 0.746)
Mixed Strategy Equilibrium




» MSE:
H | T R: (0.500, 0.500)
C: (0.200, 0.800)
H |4 0| |0 1 » Actual Frequency:
R: (0.540, 0.460)
» QRE:

R: (0.619, 0.381)

C: EO'BBL 0.669)
Mixed Strategy Equilibrium




» Rapoport and Almadoss (2000)

» Patent Races Game @isn=s)
» Two firms with endowment e (mxEmE, 25iE)
» Invest 1, 2, ..., e (integer)
» Win 7 if invest the most

» Unique MSE:

» Invest e with prob. 1-¢/r, invest others with prob. 1/r
» Not obvious!

Mixed Strategy Equilibrium



Investment MSE Actual MSE Actual
0 12.5% 16.9% 5.0% 14.1%
1 12.5% 11.6% 5.0% 5.5%
2 12.5% 8.8% 5.0% 5.3%
3 12.5% 11.8% 5.0% 5.3%
4 12.5% 9.0% 5.0% 6.9%
5 37.5% 41.8% 75.0% 62.8%



» 3 Firm Hotelling: Collins and Sherstyuk (2000)
» 2-Firm: Brown-Kruse, Cronshaw & Schenk (1993)
» 4-Firm: Huck, Muller and Vreiend (2002)

» Location Games (3 Firm Hotelling Model)

» Three firms simultaneously choose [0,100]
» Consumers go to nearest firm
» Profits proportional to units sold

» Unique MSE: Randomize uniformly [25,75]



Freq uency Source: Figure 3.2, BGT; Based on Colins and Sherstyuk (2000).
0.12

0.1 Nash Equilibrium
0.08
0.06
0.04
0.02

O..III III-.

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Distribution of location choices
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» Walker and Wooders (2001)

» Serve decisions (L or R) of tennis players in 10 Grand
Slam matches

» Result:

» Win rates across two different directions are not
statistically different (p<0.10 for only 2/40)

» Players still exhibit some over-alteration in serve choices
through temporal dependence (p<0.10 for 8/40)

Weaker than lab subjects

Mixed Strategy Equilibrium



» Palacios-Huerta (2001): soccer penalty kicks
» Code both kicker and goalie's choices
» No selection bias (look at all games)

» Win rates are equal; no serial dependence

» Not surprising since penalty kicks are few and are often
done by different players

» Recent: Huang, Hsu, and Tang (AER 2007)
» Chen-Ying Huang (here at NTU)

Mixed Strategy Equilibrium



» Take-Home Message:

» Aggregate frequencies of play are close to MSE but
the deviations are statistically significant.

» QRE seems to fit behaviors well
» Temporal dependence frequently observed

Mixed Strategy Equilibrium
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» With explicit randomization, the existence of purists
hint on equilibrium in beliefs
» Players cannot guess what opponents are doing
» Beliefs about opponents are correct on average
» But, they may not be randomizing themselves

» Field-Lab-Theory: Ostling, Wang, Chou and Camerer

(2011), "Testing Game Theory in the Field: Evidence from
Swedish Poisson LUPI Lottery Games," American Economic
Journal: Microeconomics, 3(3), 1-33.

Mixed Strategy Equilibrium



http://swopec.hhs.se/hastef/abs/hastef0671.htm
http://swopec.hhs.se/hastef/abs/hastef0671.htm
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