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» Zero-Sum Games (=rER)
» Rock-Scissor-Paper (s10a5E%)

» Sports (PK, tennis serves, basketball drives, etc.)
0 EEKEIS. MERESEK, EERRTDASNIZES

» Military attack (EsFamemEewxmz)

» Deter Undesired Behavior (s rizzessmiss)
» Searches of passengers after 9/11 (#iB=ig. BRMERL)
» Randomizing across exam questions (ZhkEtsLsE)

» But, there are interesting folk theories about
these games... (Brs—ra@Em rE2m, )
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» How do you play Rock-paper-scissors (RPS)?
o MRIRRGBL I EE, (RS HEE?

» What is the MSE here? @mnamsssmizssm? )
» Mix with probabilities (1/3, 1/3, 1/3) (==t
» Would you really play this MSE in RPS?

» News article suggests a level-k model...

» (MENERDERERTE? FENEMRBNSERESERRARD?
BAEE S AERSERE)

» Janken /RPS Robot with 100% winning rate:

>
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» Typically have unique equilibrium (amr—8)
» All games discussed have unique equilibrium

» Constant sum: No room for social preference

» Not possible to help others without hurting self
(REMABEHTEEEMERE, ARENIA—EERBEC)

» Maximin leads to Nash in zero sum (&sxz2198)
» Maximin is a simple rule: (@ssEE=mM@@SEE)
» "l want to maximize the worse case scenario..."
» A good place to test theory! (semam@mnszies)
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v

Rowena thinks: (3F58%4)
Play H: Worse case -1

v

v

Play T: Worse case -1

H 1 -1 1» (1/2, 1/2): Worse case 0*
(LEFESEEHFERE, HREREEY
FREE, —%— LT RHEFE)

T 1 1 [» Same for Colin (FxFmzEm)

This is the MSE!
(EEBENERNESRIIDE )

*We assume preferences satisfy axioms

for EU... (IR52 IR mEHAE M AL IE)
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» Epistemic Foundation (@m=zm: mszmensnss)
» Requires precise knowledge of opponent strategy
» Learning Dynamics may not work (az2arses)
» Gradient processes spiral away (#E@iE =R st E)
» No incentive to mix properly at MSE (19@imsaimizs)

» Randomization can be unnatural
» Especially in repeated play (z&mmss, EaERASER)
» Purification (s Eeamrasmnsr, seses HEg) B)
» MSE can occur at population level, not individually
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» Earlier studies: Play between MSE & random

» But had computerized opponents and/or low

iIncentives, so hard to interpret the results...
(BHIEREERNTIMSENAECHE, BEREHFEERBAREETFER)

» First "Modern" Studies: O'Neill (1987)
» Good Design Trick: (remmmatzs )

» Risk aversion plays no role when there are only

two possible outcomes
» (BERERREMETER, ARREIEFESHENRTE)
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» BFRHVERELE
ZIRMSEEHI
Rzl

» QRERVTERISE
B, BEE
e [ RFIT

» Actual frequencies are

» QRE better, but cannot

Mixed Strategy Equilibrium

1 2 3 J |MSEActuall QRE

1 |55 | 5 |-5]0.2]0221/0.213

2 5 [-5| b5 | -5]0.20215/0.213

3|15 |5 |-5|-5]0.2/0203/0.213

J | -b|-b|-b| 5 |0.4]0362/0.360
MSE| 0.2 | 0.2 0.2 | 0.4
Actual|0.226(0.179(0.169[0.426 quite close to MSE
QRE |0:191/0.191(0.1910.427| get "imbalances"



» QRE - McKelvey and Palfrey (1995)
» Better response, not best response (/3=
» Logit payoff response function: (#mlogitaxmme)

)\- Z P(S_,,;)u,,;(sf,;,s_,,;)

S

e L ¢ -

P(Sz) — = =
Al D> P(s_;)u;(Sg,s_;)
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» A = 0: Noise (do not respond to payoffs)
CELELT)

» A = o0o: Nash (perfectly respond to payoffs)
(2 )

)\- Z P(S_,,;)u,,;(sf,;,s_,,;)

e L ¢ -

P(Sz) — = =
Al D> P(s_;)u;(Sg,s_;)
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» Brown and Rosenthal (1990) criticize O'Neill:

» Overly support MSE (xBx#sRa%IE19E)

» Aggregate tests not good enough (RE®EEEF)
» They run (temporal dependence):

Jiiq = ag + a1Je + asJi_1 (FEEZ 18 = B R AERRIE)
bo £I<+1 T let* + b2 :—1
LT T+ codi 1 JE +e
J; = Own Choice; J; = Other’s Choice;

» MSE implies only a0 is not zero (13@: 2% 20 &*=0)
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Guessing b,
Previous opp. choices b,, b,
Previous outcomes C;, Co

Previous choices & outcomes b,, b,, ¢, , ¢,

Previous own choices a;, a,

All effects
Source: Table 3.4, BGT.
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30%
38%
44%
48%
62%



» Run: 2 JJJJ 12 33 e

» Too Short runs: play J twice too rarely (g&5@@))

» Subjects react to what they see/do (sEsaRmRE)

» But most cannot use temporal dependence to

guess opponent current action
(3% RS HAMER I I ch s 75 B 01T &)

» Equilibrium-in-beliefs somewhat supported
» (BEZBESFWIDE)
» Each player may deviate from MSE (8 A&E&T:iRR)
» But these deviations cannot be detected (alx#%#)
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» Purification interpretation of MSE (mitmmsE)
» Equilibrium in beliefs, not in mixtures (E=k%EK)
» Other similar studies (sgE mHzE)

» Rapoport and Boebel (1992) [BGT, Table 3.5]

» Mookerjhee and Sopher (1997)
[BGT, Table 3.6-3.7]

» Tang (1996abc, 2001)
[BGT, Table 3.8]

» Binmore, Swierzbinski and Proulx (2001)
[BGT, Table 3.9]
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» Stylized Facts: (zesne=z)

» Actual frequencies not far from MSE
(HE B8R 125K MSE)

» Deviations small but significant
(BEMSE£ 86/ B 5t B8 %)

» Temporal dependence at individual level
(1A B EE1aRa )

» Can a theory explain these?
» (BAERTUREELERER?)
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» Ask subjects generate random sequences (Ex23!)

» Sequences resemble the underlying statistical
process more closely than what short random
sequences actually do (emrarmrasEE=mg)
» Too balanced (k%)

» Too few runs (ExxY)
» Longest run is too short (REmEHAR)

» Children do not learn this misconception
until after 5th grade (nz3er=gzmzaEEm)
» A learned mistake (jE2—Erx2ENER)
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» Rapoport and Budescu (1992, 1994, 1997)

» Compare sequences from a production task to

strategies in a constant-sum game (R&B, 1992)
O LEBREERVESINIEMNERE BRI

» Condition D: Matching pennies 150 times 1-by-1
» 150 RERBERE

» Condition S: Give sequence of 150 plays at once
» —RIS150E S BEBIRE

» Condition R: Produce the outcome of tossing an

unbiased coin 150 times
y BB E IR 150X H s S
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» iid rejected for 40% (D), 65% (S), 80% (R)
of the subjects in the three conditions
» =185 RIB40%, 65% FI80%HIZa\ & iid FREx
» Game play reduces deviations from randomness
BENEMERZTABILREER(BREREEBEE)

» Are subjects better motivated?

» Or, are their working memory interfered

and randomize "memory—lessly"7

» SRARZHEBTELHGR, RERBMFIAVMELE(E(TIFELIE)
2E T, DER ,b\naﬂj& WﬂEHUJ ?
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MSE

1/3

1/3

1/3

1| 2|3
1| 2 |-1]-1
2 | 1] 2 | -1
3| -1]-1]2
MSE|1/3|1/3|1/3
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» Rapoport and Budescu
(1994)




XX
XXX
XXY
Xyy
XXXX
XXXY
YXXX
XYXX

XXYX

26.9%

7.3%

19.6%
19.6%

2.0%
5.3%
5.4%
5.6%
5.8%

27.2%

6.3%

20.9%
21.0%

1.8%
4.5%
4.5%
3.5%
3.7%
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33.3%
11.1%
22.2%
22.2%
3.7%
7.4%
7.4%
7.4%
7.4%



Xy
XYX
XyZ
yXZX
XYXZ

XYZX

73.1%
23.7%
29.7%
9.6%
9.9%
12.1%

Source: Table 3.10, BGT.

72.8%
16.0%
35.9%
7.8%
7.9%
17.3%

Mixed Strategy Equilibrium

66.7%
22.2%
22.2%
7.4%
7.4%
7.4%



» Subjects only remember last m elements (2E8#nES)

» Chose the (m+1)st to balance the number of H and
T choices in the last (m+1) flips
» ZEBS(m+])BISHRERFEFEHERBEAEmM+1) RPHIRAIRE

» If m is small, alternate choices too frequently
» IR m R/, MEBIEREEKNIEE

» Experimental Data: (Should all be 0.5 if iid)

4
4
4

)=0.42 (BERHER: MRidMWEEEHEZ0.5)
H)=0.32
HH)=0.21

» Requires m=7 to generate this (Magic 77) (#@a®r®)
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» Observe the randomization subjects want to play
» BEAMESREABEERNTE MIEREEKIRMN
» Bloomfield (1994), Ochs (1995b), Shachat (2002)

» Explicit Randomization: (fE &L BIE 4 28)

-

1. Allocate 100 choices to either strategies

2. Choices are shuffled and computer selects one
» FRFL1003RAE /(EIE, REMEZMARREKMEKIT —REZEK. ..

» Deviations cannot be due to cognitive limit!
» MRRREEITE, MASERPEEL A

» Result: Deviations from MSE small but significant
» About 10% purists (EBEMSER/NBEEE., 10% ESHEIIA L )
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» Ex: Ochs (1995b) - Matching Pennies (EE%B)
» Row player payoff of (H, H): 1 = 9 — 4 (@33 RHH)
» MSE: Column MSE changes; row is same...
» TXRBIMSEE N, JFHIRMAZ S
» Allocate 10 plays of H or T (pE+E2EHREDNR)
» Becomes a 10-play sequence (&5 M+ 2HIE3] )
» Note: Random draw without replacement

> This Is not exactly randomization of MSE...
» 5 EEMEEHEAND, RE2EAIMSE...

A
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» MSE:
T | R (0.500, 0.500)

» C: (0.500, 0.500)

0, 1| * Actual Frequency: (=msax)

» R: (0.500, 0.500)

» C: (0.480, 0.520)

10 » QRE:

» R: (0.500, 0.500)
» C: (0.500, 0.500)
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» MSE:
T | R (0.500, 0.500)

» C: (0.100, 0.900)

0, 1| * Actual Frequency: (=msax)

» R: (0.600, 0.400)

» C: (0.300, 0.700)

10 » QRE:

» R: (0.649, 0.351)
» C: (0.254, 0.746)

Mixed Strategy Equilibrium




» MSE:
T | R (0.500, 0.500)

» C: (0.200, 0.800)

0, 1| * Actual Frequency: (=msax)

» R: (0.540, 0.460)

» C: (0.340, 0.660)

10 » QRE:

» R: (0.619, 0.381)
» C: (0.331, 0.669)
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» Rapoport and Almadoss (2000)

» Patent races games (sHsMER)
» Two firms with endowment e (mxmE, SEYE)
» Invest 1, 2, ..., e (integer)
» Win r if invest most

» Unique MSE: Invest e with prob. 1-e/r,
invest others with prob. 1/r (not obvious)
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Investment

0

1T A W N =

MSE  Actual MSE
12.5%  16.9% 5.0%
12.5% 11.6% 5.0%
12.5% 8.8% 5.0%
12.5% 11.8% 5.0%
12.5% 9.0% 5.0%
37.5% 41.8% 75.0%
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Actual
14.1%
5.5%
5.3%
5.3%
6.9%
62.8%



» 3 Firm Hotelling: Collins and Sherstyuk (2000)
» 2-Firm: Brown-Kruse, Cronshaw & Schenk (1993)
» 4-Firm: Huck, Muller and Vreiend (2002)

» Location Games (3 Firm Hotelling Model)
» Three firms simultaneously choose [0,100]
» Consumers go to nearest firm
» Profits proportional to units sold

» Unique MSE: Randomize uniformly [25,75]
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Frequency
0.12

0.1
0.08
0.06
0.04
0.02

OIIII

Source: Figure 3.2, BGT; Based
on Colins and Sherstyuk (2000).

Nash Equilibrium

0O 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

Distribution of location choices
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» Walker and Wooders (2001)

» serve decisions (L or R) of tennis players in 10
Grand Slam matches

» Result:

» Win rates across two different directions are not
statistically different (p<0.10 for only 2/40)

» Players still exhibit some over-alteration in serve
choices through temporal dependence (p<0.10
for 8/40) [weaker than lab subjects]
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» Palacios-Huerta (2001): soccer penalty kicks
» Code both kicker and goalie's choices
» No selection bias (look at all games)

» Win rates are equal; no serial dependence

» Not surprising since penalty kicks are few and
are often done by different players

» Recent: Huang, Hsu, and Tang (AER 2007)
» Chen-Ying Huang (here at NTU)
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» Take-home Message:

» Aggregate frequencies of play are close to
MSE but the deviations are statistically
significant.

» QRE seems to fit behaviors well.
» Temporal dependence frequently observed
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» With explicit randomization, the existence of
purists hint on equilibrium in beliefs

» Players cannot guess what opponents are doing

» Beliefs about opponents are correct on average

» But, they may not be randomizing themselves

» Field-Lab-Theory: Ostling, Wang, Chou and
Camerer (2011), "

" American Economic Journal:
Microeconomics, 3(3), 1-33.
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