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Power Series

Section 11.8-11.9

Outline

= Power Series:
= Definition
= The Radius of Convergence and the Interval
of Convergence
= Representations of Functions as Power
Series
= Geometric Power Series

= Differentiation and Integration of Power
Series

= Taylor Series of some special functions.

Power Series
= A power series is a series of the form
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n=0

where z is a variable and the ¢, s are

constants called the coefficients of the series.

= The sum of the series is a function
f(x) =co+az+cox® +caz’ +---

whose domain is the set of all i for which the
series converges.

Power Series

= More generally, a series of the form

o>

ch(scfa)"‘ =co+ei(z—a)+tealr—a) 4.
n=0

is called a power series in (; —q) ora
power series centered at a or a power
series about a.

= Notice that when x = aall of the terms are
0 forn. > 1 and so the power series always
converges when g = q.

The Radius of Convergence

= Theorem: For a power series Z en(z —a)"
only one of the following is true.”=’

= 1. It converges at only one point z = a.
= 2. It converges for all « .

= 3. There is a positive number R such that the
series converges if |z — a| < R and diverges
iflz—a|>R.

The Radius of Convergence

= The number R in case 3 is called the radius
of convergence of the power series. By
convention, R =0incase 1and R = «in
case 2.
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The Radius of Convergence

= Theorem: If > °°  cn(zo — @)™ converges,
then for any = such that |z — a| < |zo — a),
> o enlx — a)™ converges absolutely.

= Corollary: If > cn(xg — a)" diverges,
then for any z such that |z — a| > |z — al,
oo o en(z — a)™ diverges.

The Radius of Convergence

= How to find the radius of convergence?

= Theorem: Suppose that the power series
Yoo Cn(gm —a)" has nonzero coefficients.

. n+1
If lim |[="% =L (or lim {/]en| = L), then
n=reo il n—00

the radius of convergence of the power
seriesis R=1/L whenL #0,and R =

when L = 0.

The Interval of
Convergence

= The interval of convergence of a power
series is the interval that consists of all
values of z for which the series converges.

= It may be the single point {a}, or the whole
real line or a finite interval centered at a.

= When ¢ is an endpoint of the interval, that
is, * = a £ R, anything can happen.

Examples of Power Series

“ Radius of convergence Interval of convergence

Z .CEn R = ]_ (—1, 1)
'n.ozo()
Z il R=0 {0}
n=0
o0 _9)n
> | Rt 13)
oo *l)”.’B2n+1
Z ECES R=o0 (—00,00)

Representations of

Functions as Power Series
= Geometric Series

l_x_1+x+3;2+m3+---—2):r”
=

= This equation expresses the function
f(z) =1/(1 —x) as a power series.

Representations of
Functions as Power Series

= Differentiation and Integration of Power
Series:

= We would like to be able to differentiate and
integrate the sum of power series, and the
following theorem says that we can do so by
differentiating or integrating each individual
term in the series, just as for a polynomial.

= This is called term-by-term differentiation
and integration.
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Representations of
Functions as Power Series

= Theorem: If the power series > cy(z —a)"
has radius of converges R > 0, then the
function f defined by f(z) = > ." ,calz —a)"
is differentiable on the interval (a — R,a + R)
and f'(z) =3 . nen(z—a)”
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Moreover, the radius of convergence of the
above power series are both 2.

Representations of
Functions as Power Seri

= Examples: For |z| <1,

1 d 1 o= ..
1-22 drl—z _,;m;
i = a8t
— — 71 2 Wemm—
In{1 <) j 1+$dx nZ::l( ) T

¢ i / i d 20 > x2n+1
an r = 1 — e
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Taylor Series

LELITENG
Taylor Series Convergence

T
e HZO n! R=occ
29 :L.2n+l
sin z > CF @nt 1) i —toc
R;O xzn
cos & Z(_l)n(zn)z fi=oc
n=0_,
1+ z)* (E)Jﬁ” 3 —
n=>0

Taylor Series
« Let Tu(2) = Tisy L (= — @) be the nth
degree Taylor polynomial, and
R, (z) = f(x) — T,,(x) be the nth remainder
term.
= If |+ ()] < M for |z —a| < d, then
< M
~ (n+1)!
for |x —a|l <d .

n+1
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Review

= What is a power series?

= What are the radius of convergence and the
interval of convergence of a power series?

= How do we differentiate or integrate a power
series function?

= Review some representations of functions
as power series.

= Review Taylor series of some special
functions.




