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Lecture 8: Orthogonal Frequency Division Multiplexing (OFDM)

Scribe: HE H ~ RS 4w Lecture Date: 4/26, 2017 Lecturer: I-Hsiang Wang

1 Outline

1. Eigenfunction of LTI system
2. Circular Convolution and Cyclic Prefix

3. Matrix View of OFDM

2 Recap

1. Last time we introduce wireline channel and its equivalent discrete-time baseband model.
input: z [n]
output: y[n] = ZJL:_OI hiz[n =1 + z[n] = hox [n] + 25:_11 hix [n —1] + z[n] (desired signal + past interference +
noise)
L~ %: number of taps in the LTI channel
“Inter-Symbol Interference (ISI)” is a new challenge.
2. We can use Viterbi Algorithm to optimally solve the MLSD pattern. However, the complexity is proportional to 2%,

L is typically 100 to 400 for wideband system. Thus, even though Viterbi Algorithm is an optimal approach, L is
still too large in most cases and hence we use OFDM.

3 Eigenfunction of LTI: concept of OFDM
1. Basic Idea of OFDM

pre-processing post-processing

U = hidy is ISI-free, i.e. still ISI-free if noise-free.
Observation
If you are willing to go back to the “analog” world, then there is a simple solution!

Fact

Y(f)=H()X(f)

But we don’t want to go back to analog. Is there a digital solution?
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2. Discrete Fourier Transform (DFT) (# Discrete-Time Fourier Transform, DTFT)

x [n] LK z[n]e TN = Eprpr (;)
n=0
N-1
5y ) & 1 Fpei2mkn

Can we achieve the same with DFT? No, it cannot be ISI-free.

Remark

For linear convolution, DFT and IDFT cannot translate into multiplication in the other domain, i.e. DFT (h x x) #
DFT (h) - DFT (z)

3. Linear Convolution v.s. Circular Convolution

Recap
Proof of the convolution-multiplication property:

yln) = (hxa)[n]= Y h[kaln—k

k=—o0

g(f) = i i h[k]x[n — k] e~ 927 f (n=k)g=i2m Sk

n=—oo k=—oo

i h (k] ( i x[n— k] eﬂﬂf(nk)) e d2mfk

k=—o0 n—k=—oo
=h(f) & (f)

Since the range is not from infinity to infinity for DFT, the function cannot be shifted as in DTFT.

Def. (Circular Convolution)
N-1

(h@nz)[n] = >  2[(n—k)peq x| [K]
k=0

Fact
DFTy {h®yz} = VN - DFT {h}- DFT {z}

If the channel is doing circular convolution instead of linear convolution, then the following architecture is ISI-Free!

{x[n]} {ylnl}
x} - ‘IDFT‘ - ‘ Circular Convo]utiunh‘ - - il

We need to pay a price for converting linear convolution into circular convolution. But as long as N is large enough,
the price can be overlooked.

Redo convolution-multiplication property:
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N—1
yln) = (hona)[n] = S A2 [(n — k)0 o]
k=0
] NoiN-d o -
U= ﬁ 2. 2 hiklz[(n—k),,.q N 6*J27rﬁ[(nfk)mod N]e_ﬂﬂwk
1 N N-1 . N
= ﬁ Z h [k?] x [(n — k)mod N] e-y?#w[(n—k)mud N} e—J2ﬂ'ﬁk
k=0 t=(n—k),oq n=0
1 7 A
-7 (VN ) (V)

4 Implement Circular Convolution on the LTI Channel

Original Channel (ignore noise)
Linear Convolution

L—1
y[n] = Zhlx[n—lL n=0,1,---,N-1
1=0
Desired Channel
Circular Convolution

L—-1
Y [n] = Z hlx [(n - l)mod N]

1=0
1. Add “cyclic prefix (CP)” to implement circular convolution on a linear convolution system!

Original Sequence

| x[0] ] x[1] | - ][ x[n— 11|

New Sequence: numbers of symbols = N + L — 1

| xIN—L+10 [ |xIN=21] xIN—11 [ x[0] | x[1] | - | x[n— 11 ]
Cyclic Prefix, L — 1 N

2. OFDM Architecture

(W= OWlogN) {uln]}¥=3 OW+L-1)

= - [Cauce
| (e~
| hy |
!
- DFT < | Remove CP | {y[n]}3

(i @WlogN) (v[nl}zg OW+L—1)

Overhead = ﬁLl_l <1lif L« N
5 A Linear Algebra Perspective
y[0] 2 (0]
y[1] x (1]
y= L=
y [N —1] z[N—1]
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Linear Convolution

ho O 0

hi  ho 0 0

y=Haz, H = ha hi hg 0

ha hi1 ho

Circular Convolution

[ hg O -+ 0 he hy]

hi hg 0 -+ 0  he

ho hi hg O --- 0
. 0 -~ 0 hy hi ho |

He is a “circulant matrix”, i.e. row (i + 1) is the right-shift of row ¢

For post-processing,

For pre-processing,

which is ISI-free iff. (VHU) is a diagonal matrix and that {V,U} € orthonormal.

We wish:
D = di(lg ()\1,)\2,' c ,)\N)
D=V -H-U
H=Vv"'pyu-!

Det: Circulant Matrix

C is an n X n matrix, and it is circulant if consecutive rows are circular shifts of the same vector.
Prop: Eigenvalue & Eigenvectors of Circulant Matrix

ok
Let ¢y [n] = e/27wn

. [0]
b [1]
o
or [N —1]
For any N x N circulant matrix, ?k is the eigenvector.
(C?k :)\;@k fork=0,1,--- N -1
Hence
C =oDo!
where & = [QO,Ql,QN_l]
A O 0
D=1 o 0
0 0 An-1
Co ¢t - CN-1
CN—1 Co ' CN-2
C =
Cl 02 ... CO



Communication Systems Lab Spring 2017 National Taiwan University

determined by ¢ = [co, ¢1,-++ ,en—1]
9,
o,

o
cN-19y,

" component: (¢, [1)) "' g, = Soh g P bmas v = NN Gy 2RO Dot 5 = /N - DFT (e}
This is true for all [.
Co, = Ak - ¢, where A\, = VNDFT {c,}

M\ = DFT {¢}
Back to OFDM,
y=Hc-z+z
He = dDd
y=o"y=0"Heax + "2
Letz=® -2
y=o" (eD®")dT+Z=DZ+Z2
VN
VNhy
where D =

The “IDFT Matrix” is

1
= ﬁ(q)k”)k:,ne{o,l,m ,N-1}
where @y, = ¢y [n] = 727
6 Summary
Wi}
| s/p |
-Lﬁo -Irﬁl lﬁN—l
| N-point IDFT ®y |
Jul0] Jufl] - Ju[N—1]
| Add CP |
Ix[0] x[1] - x[N+L—-2]
| pls |
Hx[nl}

pulse-shaping !

1. implement circular convolution

. (From SP point of View)

! ) i 2. Create Circulant Channel Matrix
: down=conversion : . .

LPF + sampling (From 1A point of View)

' up-conversion '
: continuous-time channel

y[nl}
‘ s/p ‘
W0l y[] - |yIN+L-2]
Remove CP |
Wwlo] vll] - Jv[N-—-1]
| N-point DFT @¥ |
1o 101 1Vn-1
| pls |
How}
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Equivalent System: N Parallel AWGN Channels

f}kZ(\/ﬁflk>~ﬂk+2k,k20,1,-~-,N—l

Remark
How to choose N7

1. If we want to use FFT to implement DFT/IDFT, we will pick N = 27 for some p

2. N also depends on total bandwidth and the allowed frequency spacing A f

Example:
DSL modem
W=6 MHz
N = 256 ~ 1024
Af~12 kHz
L—-1



