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Lecture 3: Demodulation with Noise

Scribe: 3EF ~ wE& Lecture Date: 3/15, 2017 Lecturer: I-Hsiang Wang

1 Outline
o Demodulation with noise (Detection) : £ 3369 4% > WL B 693 IE & 4 » £ Detection 4 & & R 69335%
e Basic Principles of Detection

— Binary Detection in scalar

— M-ary Detection

— Minimum distance (MD) : 332 Gaussian distribution » K/ & K FE R K » ATUR RAEHERBLEBREZ
A

— Detection in Multi-Dimensional Space : A /R R —4k > R AL BA % — %
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Figure 1: Basic Diagram of Received Signal

Random Process {z(t), Vt € R}

— sampled at tq,t2,...,tn,...
— obtain: z(t1),2(t2),...,2(ts),...

How to specify the "probability distribution” of this random process?
o Answer: specify the joint distribution of {z(t) : ¢ € S C R} for all |S] finite
— e.g. need to specify P,;,) Vi1 € R, Py(4))2(1,) V1,12 €R

o Def: (Gaussian Process) continuous time

— {z(t)|t € R} is a Gaussian Process if for all n € N = {1,2,3,...} and any {t1,¢2,...,t,} CR
— (2(t1), 2(t2), ..., 2(ty)) is a multivariate Gaussian (jointly Gaussian)
o Def: (Joint Gaussianity) discrete time
w1
— (21,22, ..,2,) : J.G. iff there exists iid N(0,1) w1, wa, ...... s Wy, W 2 ,m <n and constant B € R™ and
Wi

matrix A € R**X™
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— A Gaussian distribution & -~ 0% T - %iEE ... B FEJE SL B R R o L — A > 48 v 8y £ Gaussian
distribution

o Def: (Additive White Gaussian Process)

— Recall: Power Spectral Density
— For a random process that is wide-sense stationary(WSS)
mean: E[z(t)]=p VteR
auto-correlation: E[z(t1)z(t2)] = R.(T) Vti,ta, sty —ta =7 (RIREFEIZH )

Its P.S.D S.(f) & F{R.(r)}
— {w(t)} is a white Gaussian Process iff R,,(7) = %5(7)3 Sw(f) = %7 VS (SAERE )RR FHAR)

o Claim: If z(¢) is a WGN, then {z,(,f)}: iid Gaussian, {zﬁ?)}: iid Gaussian, {zg)} and {zﬁ,?)} are independent.

3 Basic Principles of Detection

e Binary Detection in Scalar
model: y =+ z, x € {£A} 2~ N(0,0?)

o BPSK/Binary PAM:

c € {0,1} [ symbol | Black 'Y =X+z 5 £
—_— —y ! — —p
Mapper : Box ! etector
[

Figure 2: Block diagram of BPSK/Binary PAM

o Goal: Decide z = +A4 or — A (equivalently, ¢ =1 or 0) such that "Probability of error” is minimized.

¢ Problem Formulation:

— Given
1. Prior distribution Pr{c =3} and Pr{c =1}

2. Py|c(ylc): likelihood function
— Find a rule, ¢(y), such that P, £ Pr{c# ¢(Y)} is minimized.
e Deeper Look into P,:

— P.=Pr{c#¢Y)}
¢ is a mapping from R to {0,1} and is equivalent to "Decision Region”

— Do and D; :
* Dy = {y e R:ély) =0}
* DS {yeR:éy) =1}
—1-P.=Pr{ic=¢Y)} = igo:lPr{c =iand éY) =i}

= liz(HPr{c =i|lY € D;}Pr{Y € D;} = _;}1 Jp, Py (e =ily) fv(y) dy

e Q: Given y, should it belongs to Dg or D17
— Py (e =0ly), Poyy(c=1y): FHMKFE (a posterior probability)
— general: D; = {y|Pcy(c =ily) is larger than Pgy (c = jly)Vj # i}
* In Do: Pcy(c = 0|y) should be larger than Py (c = 1|y)
* In Di: Py (c = 1ly) should be larger than Pejy (c = 0]y)


https://en.wikipedia.org/wiki/Spectral_density
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o Answer: (maximum a Posterier Probability Rule) "MAP”
évap(y) = argmax{Pejy (c =ily)} (M ={0,1} in the binary case)
ieM

= argmax{fy|c(ylc = i) - Pr{c =i}}
ieM

1
= argmax{ fy|c(ylc =)} (when Pr{c=i} = — is uniform prior)
ieM M

e Look into a posterier probability

=1)Pr{c=1
Poy(c=1ily) = fY|C(y|ny(L) { ) x fyjc(yle =i)Pr{c =i} for fixed y

¢ Maximum Likelihood Rule

evr(y) = argmax{ fy|c(ylc = i)} = émap when prior is uniform
ieM

e Summary:
— MAP detection: éyrap(y) = argmax{ fy|c(ylc = i)Pr{c =i}}
ieM

— ML detection: ¢éyr.(y) = argmax{ fy|c(ylc = i)}
ieM

MAP is the optimal detector
— ML=MAP when prior is uniform, i.e., Pr{c =i} = 55 Vi€ pu, M = |y

e Specialization to the additive Gaussian noise case

ceM—xe A A : constellation set
A={ay,as,...,ap}, M =2
y=x+z2 2~N(0,0°)=>Y|C =i ~ N(aj,0?)
oy 1 —(y — a;)?
= friolyle = i) = —senn (T

(If prior is uniform)éy ap = éarr(y) = argmin{(y — a;)*} = Minimum Distance Detection
ieM

o Detection in Vector: scalar — vector: straight forward extension!

— Model:
y=z+22€ACR" |A|l=M cepszed A={aa,...,anu}, M=2
21
y=x+z z=|: 21,29, ...y 2nt iid N(0,0?)
Zn

=Y|C=i ~ N(a;,o?l,)
) — 1 " *(Z/k *aik)z
= fX|C:Z(y|C - ’L) - <W> H exrp ( 20_2
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e Example:
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Figure 3: 4-PAM Figure 4: 8-PSK Figure 5: 4QAM

o Probability of Error and SNR:
Now let’s compare the performance of MD detector under iid Gaussian noise and see the performance of detection.

e Binary PAM
—y=x+2z 2z~ N(0,0?) + prior: uniform

P, = Pr{e(Y) £ ¢}
= Pr{c=0}Pr{¢(Y) #0|lc=0} + Pr{c=1}Pr{¢(Y) # 1l|lc =1}

Pr{é(Y) #0/c=0} = Pr{Y € Dq|c =0}
= Pr{Y > 0lc =0}
= Pr{N(—d,o?) > 0}
= Pr{N(0,0%) > d}

= Pr(NO1) > = Q)

e Def: (Q-function) Q(z) = Pr{N(0,1) >z} = [* L3t gt

Vo
d 1 _d d
P, = %Q(;) + 5@(;) = Q(;)

2
= —log P, ~ d—2 = P.=Q(VSNR)
o

. d d .
P, increases when — decreases; P, decreases when — increases.
g g

— Bound on the Q-function: Q(x) = [ —3 gt < Le=37% vy

L e
T 27

N

e Signal-to-Noise ratio

— Noise variance: o2

— Signal energy: Eg = %|—|—d|2 + %|—d\2 = d?
_ SNR — Signal energy _ B, —ﬁipe:Q(%):Q( SNR)

noise variance o2 7 o2
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