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Series Solution of Linear Equations

Solve aa(z)y” + a1 (x)y + ap(z)y =0
about a point z = xg

Convert it into
Y+ P(x)y' + Qx)y =0

P(2), Q(x)| analytical at a7

T is ordinary

Plug in
Yes |y =52 penle — )"

Two linearly independent
power series solutions

No

Convert it into

(z — m0)%y" + (z — zo)p(x)y’ + q(x)y =0

(@), q(.x)lam\ls ical at 707

T is regular singular’

Plug in
Y= (v —20)" X0l nl® — 70)"

Case 1: 1y > and 1 — 15 € 2

pi@) =D ™M g £0, yalw) =Y dyu™t?, dy £0
"m0 =

Case 2: ry >rpandry —ry €7

yi(@) =D ™ o £0, ()= O pia)nut . dyumtT, dg #0.

n=0 ean be 0 n=0

Case 3: 11 =717

ni(@) =Y ™ e 20, ya(a) = prlw) nu+ Y dyu T

n—0 n—1
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Series Solution of Linear Equations

Deriving the Recursive Formula

(2 4+ 1)y" +ay —y Z{ n? — ey, + (n+2)(n+ 1)epa} 2"
n=0
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Series Solution of Linear Equations

Deriving the Recursive Formula

o0
+ y" + Z {(n® —1)en + (n+2)(n+ 1)cpya} 2"

n=0

l‘zy// +ay —y
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Series Solution of Linear Equations

Deriving the Recursive Formula

o0
+ y" + Z {(n® —1)en + (n+2)(n+ 1)cpya} 2"

n=0

l‘zy// +ay —y

oo oo >
22y = a? E con(n —1)z" 2z =z E Copnz™ ™ty = E cpx™
n=0 n=0

n=0
0 o
= g cpn(n —1)z™ = E cona”
n=0 n=0

6/ 44 EEM DE Review 2



Series Solution of Linear Equations

Deriving the Recursive Formula

o
y' = Z can(n —1)z" 2

,[/ 4 n=0

o
= Z can(n —1)z" 2

n=2

= icHg(kJr 2)(k + 1)z

k=0
o0
+ y" + Z {(n® —1)en + (n+2)(n+ 1)cpya} 2"

n=0

l‘zy// +ay —y

oo oo >
22y = a? E con(n —1)z" 2z =z E Copnz™ ™ty = E cpx™
n=0 n=0

n=0
0 o
= g cpn(n —1)z™ = E cona”
n=0 n=0
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Series Solution of Linear Equations

Deriving the Recursive Formula

7,71 n—l

Mx HMX

can(n —1)z" 2

E3

Z crpa(k+2)(k+ 1)z

k=0
+ y”+ . Z{n —Depn+(n+2)(n+1 cn+2}1"
= n=0

l?y// + ly —y

o o
22y = a? E con(n —1)z" 2z =z E ezt oy = E cpa”
n=0 n=0

n=0

B B

= g cpn(n —1)z™ = E cona”
n=0 n=0
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Series Solution of Linear Equations

Method of Frobenius: Indicial Equation

Consider a series solution of the following DE about the regular singular
point x = 0:
ay" + ap(a)y + q(z)y =0

where p(z) = >0 ) a,2™ and g(z) = >~ bpa™.

For a series solution Y ° ) ¢, 2"*", ¢o # 0, {¢,} and 7 have to satisfy

n—1

enl(n+1) + Z ce{lan—r(k+7)+by_i} =0, n=0,1,...,
k=0

where I(r) = r(r— 1) + agr+ bo.

For n = 0, the condition reduces to

‘I(r):r(rfl)JraorJr bp=0|

9 /44 EEM DE Review 2



Series Solution of Linear Equations

Radius of Convergence:
When writing the solution in the form of a series, do not forget to specify
the radius of convergence.

From Series Solution to Analytic Expression:
m Once you found the power series or generalized power series solution,

try your best to convert it back to an analytic expression using
known Taylor series.

m Do not forget to plug it back to see if the analytic solution you found
is indeed a solution.

Method of Frobenius and Reduction of Order:
If the roots of the indicial equation, r = r, r2, differ by an integer
(r1 > 12, 11 — 12 € Z), solve for 1y first. For ry, try to find a series
solution first; if the found solution is the same as that for 2, try to use
the formula on Page 2 or use the method of reduction of order.
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Laplace Transform

Laplace Transform
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Laplace Transform

Laplace Transforms of Some Basic Functions

(1) F(s) Domain of F(s)
n n
t STLT s>0
1
e s> a
s—a
. k
Sln(kt) m s > 0
s
COS(kt) m s > 0
. k
sinh(kt) g s> |k
cosh(kt) i 5> |H|
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Laplace Transform

Limiting Behavior

Theorem (F(s) at s = o0)

If f(¢) is piecewise continuous on [0, 00) and of exponential order, and
ZL{f(t)} = F(s), then lim F(s)=0.
S§— 00

Theorem (Initial and Final Values)

If f(?) is a function for which f’(t) is piecewise continuous on [0, 00) and
of exponential order, and .Z {f(t)} = F(s), then f(0) = lim sF(s).
§—00

Furthermore, if f(co) := tl_i}m f(t) exists, floo) = 1in(1) sF(s).
oo S—
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Laplace Transform

Translation and Scaling

Translation:
e f(t) =N F(s— a)
O F(s) z7 At — a)U(t— a)
Scaling:

< 1 S
flat) EN -F (E)
F(as) “ﬁ 1f <t>

a' \a
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Piecewise-Defined Function

fo(t), t< ay fa(t) }
A1), a<t<ap LR
=977 N\ 500
: . I
' ' fo(t) ! |
fn(t), tZ A, . i i }
ay a2 as

=fo(O) {1 -U(t—a1)} + L(O){U(t— a1) —U(t — a2)}
+ LUt —a2) —U(t—az)} + - + [ DUt — an).




Derivatives, Integrals, and Convolution

Derivatives:
A (1) Z s"F(s) — ni R (1)
k=0
F(s) L L6
Integrals:
/0 fir)g(t—7)dr =, F(s)G(s)
/tf(T)dT Z, @
0 s
/OO F(u)du g—_; )




Laplace Transform

Periodic Functions, Dirac Delta

Periodic Function:

1 T
f(t), period T i W A f(t) C_Stdt
Dirac Delta Function:
5(t—t9), to >0 L, st
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Laplace Transform

General Procedure of Solving IVP with Laplace Transform

Initial Value Problem
any™ + an_1y™ D -+ ary + ao = g(t) y(t)
¥(0) = yo, ¥'(0) = y1,...,y™ " (0) = yp—1

Laplace|Transform Inverse Laplace

g X Transform
L{yPO)} = ¥ (5) ~|(" Mo + 552y + o ya)

Partial Fraction

Decomposition
An Algebraic Equation
P(s)Y (s) = Q(s) + G(s)
n Solve the
_ Zaksk> Algebraic Equation Y(s) _ Q(S) + G(S)
P(s) = P(s)
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Fourier Series

Fourier Series
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Fourier Series

Functions as Vectors: Inner Product

Definition (Inner Product of Functions)

The inner product of f;(z) and fo(x) on an interval [a, b] is defined as

b
mﬁwa/ﬁwmww

Definition (Norm of a Function)

The norm of a function f(x) on an interval [a, b] is

b
@) = VEh = /(mm2m
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Fourier Series

Orthogonality of Functions

Definition (Orthogonal Functions)

fi(z) and fo(z) are orthogonal on an interval [a, 0] if (f1, f2) = 0.

Definition (Orthogonal Set)

21/ 44

{b0(z), p1(x),-- -} are orthogonal on an interval [a, b] if

b
( Gy B = / (@) bn(z) dz =0, m £ n.

Definition (Orthonormal Set)

{b0(x), p1(x),-- -} are orthonomal on an interval [a, b] if they are
orthogonal and ||¢,,(z)|| = 1 for all n.

ERM DE Review 2



Fourier Series

Orthogonal Series Expansion

Projecting f(z) onto the space spanned by an infinite orthogonal set
{¢n(z) | n=0,1,...} on some interval [a, b] results in

f(m) = Z Cn¢n(m)7 Cm = <f’ ¢m>

= lgmll* |

DE Review 2



Fourier Series

Definition of Fourier Series

The Fourier series of a function f{z) defined on the interval (a, a+ 2p) is

00~ nw . [ nm
— 4k apcos | —x | + by, sin ( >},
2 ;{ < p ) p
1 a+2p 1 a+2p
ap = 7/ f(z) cos <mx) dz, b, = 7/ f(z) sin (mr > dz.
P Ja p P Ja b

Complex Form:

m'rr 1 a+2p inT
Z cper *,  where ¢, = 2—/ flx)e”» ¥ du.
P Ja

n=-—oo
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Fourier Series

Fourier Cosine and Sine Series

The Fourier cosine series of a function f(z) defined on (0, p) is
g i @y, COS <mr$) an = 2 /pf(:v) cos (mx> dz.
2 p )" pl p '

The Fourier sine series of a function f(z) defined on (0, p) is

Z by, sin (mz> , bn= f/ f(z) sin (mx> dz.
1 p P Jo p
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Fourier Series

Half-Range Expansions

3 options to expand a function f{z) defined on the interval (0, L):
Fourier Cosine Series: Take p:= L, and expand it as

+Zancos(mr / f(z) cos —q:) dx.
Fourier Sine Series: Take p := L, and expand it as
Z by, sin (Em) by, = 2 /Lf(x) sin (Ta:> dz.
L")’ L/, L

Fourier Series: Take a:= 0, 2p:= L, and expand it as

j2nm _ M
E cpet L% where ¢, = f/ fAz)e " % da.
0

n=—oo
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Fourier Series

\/
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Fourier Series

Expansion in Fourier cosine series

-~ ~ -~ -~ ~
P N\ /7 \:/ N\ | \ /7 ~

\/
v

\/
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Fourier Series

Expansion in Fourier sine series
A

~
4 N
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Fourier Series

Fxpansion in Fourier series
A

P /IS LS VA VS
/ / y y /
|

—L L

\/
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Fourier Series

At Discontinuities

©

Fourier series of f(x)
/ °
: \:
—3p D | P 3p
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Fourier Series

Three Classical PDE's

(One-Dimensional) Heat Equation/Diffusion Equation

‘kum:ut, k>0‘

(One-Dimensional) Wave Equation/Telegraph Equation

2 —
A Ugg = Ut

(Two-Dimensional) Laplace’s Equation

Ugg + Uyy = 0
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Fourier Series

Dirchlet Problem: Solution is a Fourier Sine Series

Heat Equation kuy, = u, k>0, w(0,t) = u(L,t) =0:

77.271'2
u(z, t) = ZAnefk 2 'sin (n—Lﬁx) .

Wave Equation a?uy, = g, u(0,t) = u(L,t) = 0:

u(:c,t):Z{A cosh( 7 )JrB smh( 7 )}sin(n—zx).

n=1

Laplace’s Equation tg, + uyy =0 u(0,y) = u(a,y) = 0:

) = 3 {ecost ("53) + o (M) i (22 |

n=

DE Review 2



Fourier Series

Neumann Problem: Solution is a Fourier Cosine Series

Heat Equation kug, = us, k>0, u.(0,t) = uy(L, t) = 0:

w(z, t) = Ao + E Ane " T cos (n—; ) .
n=1

Wave Equation a?uz, = sy, ug(0,1) = u,(L, t) = 0:

w(z, t) = Ao + Bot+ i {Ancosh (?t) + B,, sinh (?t) } cos (n—;x) .

n=1

Laplace’s Equation wgy + uyy =0 u(0, y) = uz(a, y) = 0:

u(z,y) = Ao + Boy + i {An cosh (n—;ry) + B, sinh (n—;ry) } cos (n—;r:v) .

n=1
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Fourier Series

Remarks

Plug in the rest of the conditions to find out undetermined
coefficients {A4,,, B,}, using the formulas of Fourier coefficients.

If the homogeneous conditions are not of the same type (i.e., both
Dirchlet or both Neumann), use separation of variables step-by-step.
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Fourier Series

Superposition Principle

u(z, ) = g(x)

u(,y) = F(y) u(-,y) = G(y)

u(z,-) = f(@)

u(z, ") = g(x)

u(z,) =0




Fourier Transform

B Fourier Transform
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Fourier Transform

Fourier Transform

Definition (Fourier Integral and Fourier Transform)

The Fourier transform of f(z) is

F {fla)} = /_Oo fz)e= o dz = Fla).

The inverse Fourier transform of a function F(«) is

FoH R} =5 [ " F0)é™ da = ).

27 J_ o
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Fourier Transform

Fourier Cosine Integral and Fourier Cosine Transform

Definition (Fourier Cosine Integral and Fourier Cosine Transform)

The Fourier cosine transform of f(z) is

F Aflx)} = /Ooof(x) cos az dz = F(a).

The inverse Fourier cosine transform of a function F(«) is

g1 a :z - a)cosazda = f(z).
FoF@} =2 [ Fa)eosavda = fia)

™
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Fourier Transform

Fourier Sine Integral and Fourier Sine Transform

Definition (Fourier Sine Integral and Fourier Sine Transform)

The Fourier sine transform of f(z) is

FA{flx)} = /Ooof(x) sin az dz = Fla).

The inverse Fourier sine transform of a function F(«) is

2

71 a)l = = - o) sin ax da = flx).
FoUF)} =2 [ Re)sinazda = (o)
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Fourier Transforms of Derivatives

If f(z), f'(z) = 0 as x — +o0, then

F{f (@)} = i {{(z)}, F{f"(2)} = a7 {f()}
F Al (@)} = —aFAf2)}, Z A1 (@)} = -0 F{f(2)} + af(0)

8

FAf (@} = aZ: {9} = [0), FAf"(0)} = —a®FAf2)} - f'(0)




Fourier Transform

Heat Equation in an Infinite Rod

Solve w(z, 1) :  kuyy =u,, —oo<z<oo, t>0
subject to:  wu(+oo,t) =0, wy(too,t) =0, ¢>0
u(z,0) = flz), —oco<z< o0

Step 1: Take the Fourier transform w.r.t. z: u(z, t) Z, Ula, t):

d
—ka? Ula, t) = av

7 subject to: U(a,0) = F(«).

Step 2: Solve U(a, t): Ula, t) = Fa)e k™,

Step 3: Take inverse Fourier transform to find w(z, t):

wz, t) = F H{Ua,t)} =71 {F(a)efko/“‘t}
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Fourier Transform

Laplace's Equation in a Semi-Infinite Plate

Solve w(z,y) : Ugp+ uyy =0, 0<z<a 0<y<oo

subject to:  us(0,9) = fly), wala,y) =9g(y), 0<y<oo
uy(7,0) =0, wu(z,00) =uy(z,00) =0, 0<z<a

Step 1: Take the Fourier cosine transform w.r.t. y: u(z, y) Ze, Uz, a):

Y / '
prie Uz, ) — uy(2,0) =0 st. U'(0,0) = Fa), U'(a,a) = G(a).
Step 2: Solve U(z, ):

Glo)  Fla)
asinhaa atanhaa

Ulz, ) = (
Step 3: Take inverse Fourier cosine transform to find u(z, y):

ulz,y) = F { < Glo) _ _ Fla) ) sinh oz + @ cosh az} .

asinhaa atanhaa

F
) sinh az + (aa) cosh a.

DE Review 2



Fourier Transform

Solving BVP with Fourier Transforms

Boundary conditions at 400, such as u(4o00, t) = u,(+o0,t) =0
and u(w, 00) = uy(x, 00) = 0, are used to guarantee that the Fourier
transforms of the second-order partial derivates exist.

Which transform to use? Suppose the unbounded range is on z.
m If the range is (—o0, 00), use Fourier transform.

m If the range is (0, 00) and at 0 the given condition is on u, use
Fourier sine transform.

(Because Z {f"(2)} = —a>.Z {f(z)} + af(0)!)

m If the range is (0, 00) and at O the given condition is on u,, use
Fourier sine transform.

(Because Z. {f"(2)} = —a*Z. {f(x)} — f(0O)))
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Fourier Transform

Fourier Transform or Fourier Series?

Use Fourier Series if all the homogeneous conditions are given at
finite boundaries.

Use Fourier Transform if all the homogeneous conditions are given
at infinite boundaries 4-oc.

Use Fourier Cosine/Sine Transform if one homogeneous
conditions are given at infinite boundaries +oo.

xT
u =0 Sine Transform

u, =0 Cosine Transform
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