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So far we have seen how to solve boundary-value problems within a
bounded region, where the boundary conditions are given at finite
boundaries, e.g.,

m (one-dimensional) heat equation, wave equation: z € [0, L]

m (two-dimensional) Laplace’s equation: (z,y) € [0, a] x [0, b]

Exception: a BVP on semi-finite plate

Note: we are able to solve this via Fourier series
because the homogeneous boundary conditions are
still at finite boundaries z = 0, a.

From the homogeneous boundary conditions, we
can conclude that the solution u(z, t) is a Fourier
cosine/sine series in 1.
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What if the homogeneous boundary conditions are given at
infinite boundaries, i.e., 007

Separation of variables: unable to use the homogeneous boundary
conditions to find the possible values of the separation constant \.
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We introduce Fourier Transforms to deal with this issue.
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Fourier Transforms

Fourier Transforms
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Fourier Transforms

From Fourier Series to Fourier Integral

Recall: For a function f(z) defined on (—p, p), its Fourier series is

0 1 [P e o
Z (— f(x)eiz?zd:v) e’

n=-—00 2p P

nm ™
Let ap := — and Aa := ant1 — ap = —.
p

Taking p — oo, Aa — 0, and the Fourier series becomes

Fp(a”)
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% plln;o wzz ( _pf(:c)e_w‘"z d:c) e““"*Aa

— 00

1 [ v
= { lim Fp(a)} ¢ da Aa =" — 0 when p — 00
27 ) _ p—oo p
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1 > o —iaT i
o _oo{/_oof(z)e dz’}e do
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Fourier Transforms

Fourier Integral and Fourier Transform

Definition (Fourier Integral and Fourier Transform)

The Fourier integral of a function f(z) defined on (—o0, c0) is

flz) 1 /Oo F(a)e™ do, where F(a) = /OO flz)e™ " du.

21 — 00 —o0

The Fourier transform of f(x) is
F{fx)} = / flz)e™ ™ dg .= F(a).
The inverse Fourier transform of a function F(a) is

FHF(a)} ! /00 Fla)e™® do = f(z).

:g .
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Fourier Transforms

Fourier and Inverse Fourier Transforms

flz) Z, Fla) = / flz)e ™ dg
F1 I i
Fla) S flx) = 2—/ F(a)e™ da
™ — 00
Fourier Coefficients and Fourier Series
1 p s NI
fiz) 78, (o= / fl)e 5 do
2p J_p
Cn ECN flx) = Z e
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Fourier Transforms

Examples

Example

Find the Fourier integral representation and the Fourier transform of the

. 1, 0<z<2
function f(z) = {0 otherwise -

The Fourier transform

oo 2
Fla) = # {fle)} = / fla)e 2 dg — / iow gy L (i )

— X

The Fourier integral

flx) = 1 /Oo Fla)e™® do = 1 - i’ (e_%o‘ — 1) €% doy
T o T o «

— 00
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Fourier Transforms

Sufficient Condition of Convergence

Theorem (Convergence of Fourier Integral)

Let f and f’ be piecewise continuous on every finite interval and let f be
. . o0

abso/utelly /.ntegrable on (—oco,00) (i.e., [°. |f(x)| dx converges). Then,

its Fourier integral converges to

m f(x) at a point where f(x) is continuous

[ % (flz+) + f(z—)) at a point where f(x) is discontinuous.
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/ Fla)e™" da = o F(a) (cos ax + isin ax) do

=) 0
F(a) (cos ax+ isinax) do + / F(a) (cos ax + isin ax) da}

— o0

U
{ /0 ” Fla) (cosa + isin az) da + /O ~ F(~a) (cos az — isin az) da}
/Ooo

|cosaz+ i[F(a) — F(—a)] sin az} do

{7
/00 { {/ flz cosazdz} cos az + {/ Az sma:rda:} smaz} do
0

—a) = /jo fx)e ™" de+ /700 f(z)e™® de = 2/7oo fz) cos azx dz
= /jo flz)e™ " dx — /jo flz)e™* de = —21'/jo flz) sinaz dz




Fourier Transforms

Alternative Form of the Fourier Integral

fz) = 1 /Oo {A(a) cos az+ B(a) sin az} da,
0
where A(a) = [ flz)cosazdr, B(a)= [T f(z)sin oz dz.
Fourier Integral of an Even Function
= %/O {A(@) cosax+W} de,
where A(a) =2 [[° f(z) cosaxdr, B(a)= [T f(z)sinazdz=0.
Fourier Integral of an Odd Function
= %/00 {Alayeosar + B(a) sinaz} do,
0

where A(a) = [ flz)cosazdz =0, B(a)=2 [ f(z)sinazdz.
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Fourier Transforms

Fourier Cosine Integral and Fourier Cosine Transform

Definition (Fourier Cosine Integral and Fourier Cosine Transform)

The Fourier cosine integral of a function f(z) defined on (0, c0) is

2

flz) = = /OOO F(a) cosazda, where Fa) = /OOO f(z) cos ax dz.

The Fourier cosine transform of f(z) is

F Aflx)} = /Ooof(x) cos az dr = F(a).

The inverse Fourier cosine transform of a function F(«) is

71 a :z - a)cosazrda = f(z).
FoHr@) =2 [ Fla)cosarda = (0

™
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Fourier Transforms

Fourier Sine Integral and Fourier Sine Transform

Definition (Fourier Sine Integral and Fourier Sine Transform)

The Fourier sine integral of a function f(z) defined on (0, c0) is

2

flw) = - /000 F(a)sinazda, where Fla) = /OOO f(z) sin az dz.

The Fourier sine transform of f(z) is

FA{flx)} = /Ooof(x) sin az dz = Fla).

The inverse Fourier sine transform of a function F(«) is

71 a :g - o) sin ax da = flx).
FoHF@) =2 [ Fa)smazda = fi9

™
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Fourier Transforms

Examples

Find the Fourier integral representation of the function

fla) =

1, —a<z<a
0, otherwise

f(z) is an even function. Hence, its Fourier integral is a cosine integral

Az 727/000 {/000 f(z) cos az dx} cos az do

2 o0 a
= 7/ {/ cosaa:dm} cos oz do
™ Jo 0

2 [*° sinaacosazx
== —  do
0

™ (0%
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Fourier Transforms

Examples

Example

On (0, 00), represent f(x) = e~ (a) by a Fourier cosine integral, and (b)
by a Fourier sine integral.

(a)

2 [<f [~ 2 [ 1
flz) = 7/ {/ ezcosamdx} cos oz do = —/ 5 cos oz dox
T Jo 0 mJo 1l+a
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Fourier Transforms

(a) cosine integral

EEH

(b) sine integral
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Fourier Transforms

Fourier Transforms of Derivatives

The Fourier transform has many operational properties, and many of
them resemble those of the Laplace transform.

In this lecture we only focus on the Fourier transform of derivatives, as it
is useful in solving BVP's of PDE's.

If f(z), f'(z) = 0 as x — +o0, then

F{f (@)} = i {f(z)}, F{f"(2)} = =7 {f(z)}
F Al (@)} = —aZ{f2)}, F:{f"(@)} = —aZ, {f2)} + af(0)
FAf (@} = aZ {9} = f0), FAf"(0)} = —a>FAf2)} - f'(0)
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@)= r@ea= [T e a)
= xe’i‘“io +za/ f(z)e™ ™ da

=i {f(z)} flx) = 0 as z— +oo

FZAf (2} = /Ooof/(x) sin az dr = /Ooo sin az d (f(z))

= [flz)sinoa],” — « /000 f(z) cos az dz
= —aZ:{f(z)} fz) > 0asz— o
F {f’(m)} = A f'(z) cosazdr = /0 cosazd(f(z))

= [f(z) cos aa]” + Oz/ooo flz)sinazdx
= aZ: {f(z)} — f0) flz) = 0as z— oo




BVP’s in an Unbounded Region

BVP’s in an Unbounded Region
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BVP’s in an Unbounded Region

Heat Equation in an Infinite Rod

Solve u(z, 1) :  kugy = u;, —o0o<z<oo, t>0
subject to:  w(do0,t) =0, wuy(dtoo,t) =0, >0
u(r,0) = flz), —oc0o< <00

Step 1. Take the Fourier transform w.r.t. z:

Let u(z, t) Z, U(a, t). The original problem becomes
) av
—ka*Ula, t) = 7 subject to: U(w,0) = F(a)

Note: The condition u(+o00, t) = 0, u,(+00, t) = 0 is used to conclude
that g, 23 —a? Ula, t)
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BVP’s in an Unbounded Region

Heat Equation in an Infinite Rod

Solve u(z, 1) :  kugy = u;, —o0o<z<oo, t>0
subject to:  w(do0,t) =0, wuy(dtoo,t) =0, >0

u(r,0) = flz), —oc0o< <00
Step 2: Solve U(a, t):
— kU, 1) = %tU — Ula,t) = Cla)e 1.

Plug in U(a,0) = F(a), we get C(a)) = F(a). Hence,

Ula, t) = F(a)e_ko‘zt.
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BVP’s in an Unbounded Region

Heat Equation in an Infinite Rod

Solve u(z, 1) :  kugy = u;, —o0o<z<oo, t>0
subject to:  w(do0,t) =0, wuy(dtoo,t) =0, >0
u(r,0) = flz), —oc0o< <00

Step 3: Take inverse Fourier transform to find u(z, ¢):

u(z, t) = 7 {Ula, )} = 77 {F(a)e_kazt}

1 o0 (o) . . 5
=|3- (/ fz)e " da:) ekt 4oy
T J—c0 —00
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BVP’s in an Unbounded Region

Laplace’s Equation in a Semi-Infinite Plate

Solve u(z,4) : Upp+ Uy, =0, 0<z<a, 0<y<oo
subject to:  u,(0,9) = fly), wsla,v) =g(y), 0<y< oo
uy(2,0) =0, wu(z,00) =uy(z,00) =0, 0<z<a

Step 1: Take the Fourier cosine transform w.r.t. y:
Let u(z, y) Z, U(z, ). The original problem becomes

%] — ?U(z,a) — uy(2,0) =0 s.t. U(0,a) = F(a), Ula,a)= G(a)

Note: The condition u(z, 00) = u,(z, 00) = 0 is used to conclude that

Uy Fey _ o2 Uz, ) — uy(,0)
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BVP’s in an Unbounded Region

Laplace’s Equation in a Semi-Infinite Plate

Solve u(z,4) : Upp+ Uy, =0, 0<z<a, 0<y<oo

subject to:  u,(0,9) = fly), wsla,v) =g(y), 0<y< oo
uy(2,0) =0, wu(z,00) =uy(z,00) =0, 0<z<a

Step 2: Solve U(z, a):

%] —a?U(r,a) =0 = U(z,a) = Cy(a)coshaz+ Cy(a)sinh az.

Plug in U(0,a) = F(a), Ula,a) = G(a), we get

G(a) — F(o) coshaa
sinh aa '

Ci(e) = Fla),  Gyla) =

— Uz a) = Fla) cosha:c—i—( Glo) _ _Ha) )sinha:v.

sinhaa tanhaa
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BVP’s in an Unbounded Region

Laplace’s Equation in a Semi-Infinite Plate

Solve u(z, ¥) :  Ugy + Uyy =0,
subject to:  u,(0,y) = f(y),
uy(z,0) =0,

O<z<a 0O0<y<oo

ug(a,y) = g(y), 0<y< oo
u(z,00) = uy(z,00) =0, 0<z<a

Step 3: Take inverse Fourier cosine transform to find u(z, y):

u(z,y) = 7. {Uz,0)}

= 71 {F(a) coshaz + ( Clo) __Ha) ) sinh az}

sinhaa tanhaa

2

G(@) Fla)

= ;/o {F(a) cosh oz + (sinhaa — tanhaa) sinhozx} cos ay do

where F(a) = Z.{f(y)}, and G(o) = Z.{9(v)}.
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BVP’s in an Unbounded Region

Boundary conditions at 00, such as u(£o0, t) = u,(+oo, ) =0
and u(z, 00) = uy(x, 00) = 0, are used to guarantee that the Fourier
transforms of the second-order partial derivates exist.

Which transform to use? Suppose the unbounded range is on z.
m If the range is (—00, 00), use Fourier transform.

m If the range is (0, 00) and at O the given condition is on u, use
Fourier sine transform.

(Because .Z, {f"(2)} = —a>F, {f(z)} + af(0)))

m If the range is (0, 00) and at O the given condition is on u,, use
Fourier sine transform.

(Because Z. {f"(2)} = —a’.Z. {f(x)} — £ (0O)})
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BVP’s in an Unbounded Region

Fourier Transform or Fourier Series?

Use Fourier Series if all the homogeneous conditions are given at
finite boundaries.

Use Fourier Transform if all the homogeneous conditions are given
at infinite boundaries 4-oc.

Use Fourier Cosine/Sine Transform if one homogeneous
conditions are given at infinite boundaries +oo.

u=0 VZUZO

u =0 Sine Transform

uy =0 Cosine Transform
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BVP’s in an Unbounded Region

Example

Example

Solve w(%, y) : Ugp+uyy =0, 0<z<o00, 0<y<oo
subject to:  w(0,y) = e Y, w(oo,y) = uy(oo,y) =0, 0<y<oo

u(z,0) = e %, u(z,00) = uy(z,00) =0, 0<z<o00

Key ldeas:
Superposition Principle

Fourier Sine Transform
u=e-y

The final answer is

— 2 [ [ ae Y e ot

u=e>x X . .
u(z, y) = — ——sinar+ ——= sin« de.
(z,9) 7T/O <1+a2 T y>
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Summary

B Summary
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Summary

Short Recap

Fourier Integral and Fourier Transform

Fourier Cosine/Sine Integral and Fourier Cosine/Sine Transform
m Fourier Transforms to Solve BVP in an Unbounded Region

m Superposition Principle
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Summary

Self-Practice Exercises

14-3: 3,5, 9, 11, 17, 19

14-4: 1, 9, 11, 15, 18, 20, 21, 26
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