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Properties of Laplace and its Inverse Transforms so far:
1 Laplace Transform of Polynomials, Exponentials, sin, cos, etc.
2 Laplace Transforms of Derivatives
3 Translation in s-Axis and t-Axis
4 Scaling

End of story?
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Questions:
How to compute L {tneat cos(kt)}?

How to compute L −1
{

1
((s−a)2+k2)2

}
?

How to compute the Laplace transform of a periodic function?
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3 Systems of Linear Differential Equations
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Derivatives of Laplace Transforms

Consider taking the derivative of the Laplace transform F(s) = L {f(t)}:

d
dsF(s) = d

ds

(∫ ∞

0

f(t)e−stdt
)

=

∫ ∞

0

∂

∂s
(
f(t)e−st) dt

=

∫ ∞

0

−tf(t)e−stdt = −L {tf(t)} .

Applying the calculation repetitively, we obtain the following theorem:

Theorem
Let f(t) L−→ F(s) and f(t) is of exponential order,

L {tnf(t)} = (−1)n dn

dsn F(s), L −1

{
dn

dsn F(s)
}

= (−t)nf(t).
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Derivatives:

f(n)(t) L−→ snF(s)−
n−1∑
k=0

skf(n−1−k)(0)

F(n)(s) L −1

−→ (−t)nf(t)
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Examples

Example
Evaluate L

{
t2 cos t

}
.

Solution 1: Since L {cos t} = s
s2+1

, we have

L
{

t2 cos t
}
=

d2

ds2
s

s2 + 1
=

d2

ds2

(
1/2

s − i +
1/2

s + i

)

=
1

(s − i)3 +
1

(s + i)3 =
2s3 − 6s
(s2 + 1)3

Solution 2: Since eit = cos t + i sin t, we have

L
{

t2eit
}
= L

{
t2 cos t

}
+ i · L

{
t2 sin t

}
=

2

(s − i)3 .

Hence, L
{

t2 cos t
}
= Re

{
2

(s−i)3

}
= 2s3−6s

(s2+1)3
.

7 / 35 王奕翔 DE Lecture 12



Inverse Transform of Derivatives and Product
Laplace Transform of Periodic Functions and Dirac Delta Function

Systems of Linear Differential Equations
Summary

Convolution and its Laplace Transform

We have seen the Laplace transform of derivatives. How about integrals?

Definition (Convolution)
The convolution of two functions f(t) and g(t) is defined as

(f ∗ g)(t) :=
∫ t

0

f(τ)g(t − τ)dτ

Note: Convolution is exchangeable: f ∗ g = g ∗ f. (why?)

Theorem (Convolution in t ⇐⇒ Multiplication in s)
Let f(t) L−→ F(s) and g(t) L−→ G(s). Then,

L {(f ∗ g)(t)} = F(s)G(s).
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Proof of the Convolution Theorem

Write F(s) =
∫∞
0

f(τ1)e−sτ1dτ1, G(s) =
∫∞
0

g(τ2)e−sτ2dτ2. Hence,

F(s)G(s) =
(∫ ∞

0

f(τ1)e−sτ1dτ1
)(∫ ∞

0

g(τ2)e−sτ2dτ2
)

=

∫ ∞

0

∫ ∞

0

f(τ1)g(τ2)e−s(τ1+τ2) dτ2 dτ1

=

∫ ∞

0

∫ ∞

τ1

f(τ1)g(t − τ1)e−st dt dτ1 (t := τ1 + τ2)

=

∫ ∞

0

∫ t

0

f(τ1)g(t − τ1)e−st dτ1 dt (exchange the order)

=

∫ ∞

0

(∫ t

0

f(τ1)g(t − τ1)dτ1
)

e−stdt

= L {(f ∗ g)(t)}
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Examples

Example (Use Laplace Transform to Compute Convolution)
Evaluate the convolution of et and sin t.

Since L {et} = 1
s−1 , L {sin t} = 1

s2+1 , we have

L
{

et ∗ sin t
}
=

1

(s − 1)(s2 + 1)
=

1/2

s − 1
− 1/2s

s2 + 1
− 1/2

s2 + 1
.

Hence,

et ∗ sin t = L −1

{
1

(s − 1)(s2 + 1)

}
=

1

2
et − 1

2
cos t − 1

2
sin t .
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Examples

Example (Finding Inverse Transforms of Products)
Evaluate L −1

{
s

(s2+k2)2

}
.

Write s
(s2+k2)2

= s
s2+k2 · 1

s2+k2 . Note that

L −1

{
s

s2 + k2

}
= cos(kt), L −1

{
1

s2 + k2

}
=

1

k sin(kt).

By the convolution theorem, we have

L −1

{
s

(s2 + k2)2
}

=
1

k

∫ t

0

cos(kτ) sin(k(t − τ))dτ

=
1

2k

∫ t

0

{sin(kt)− sin(k(2τ − t))} dτ

=
1

2k

[
τ sin(kt) + 1

2k cos(k(2τ − t))
]t

0

=
1

2k t sin(kt) .
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Laplace Transform of Integrals

Theorem
Let f(t) L−→ F(s). By the convolution theorem,

L

{∫ t

0

f(τ)dτ
}

=
F(s)

s

Example
Evaluate L −1

{
1

(s2+1)2

}
.

We know that L −1

{
s

(s2+1)2

}
= 1

2
t sin t. By the theorem above, we have

L −1

{
1

s
s

(s2 + 1)2

}
=

∫ t

0

τ sin τ

2
dτ =

[
sin τ − τ cos τ

2

]t

0

=
sin t − t cos t

2
.
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Integral of Laplace Transform

Theorem
Let f(t) L−→ F(s). If L

{
f(t)

t

}
exists, then

L

{
f(t)
t

}
=

∫ ∞

s
F(u)du

Proof:∫ ∞

s
F(u)du =

∫ ∞

s

∫ ∞

0

f(t)e−utdt du =

∫ ∞

0

f(t)
(∫ ∞

s
e−utdu

)
dt

=

∫ ∞

0

f(t)e−st

t dt = L

{
f(t)
t

}
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Integral Equation

Volterra Integral Equation of y(t):

y(t) = g(t) + (h ∗ y)(t) = g(t) +
∫ t

0

y(τ)h(t − τ)dτ.

We can efficiently solve this kind of equation using Laplace transform.

Example
Solve y(t) = 3t2 − e−t −

∫ t
0

y(τ)et−τdτ .

Taking Laplace transform on both sides, we get Y(s) = 6
s3 − 1

s+1 − Y(s)
s−1 .

Hence,

Y(s) = 6(s − 1)

s4 − s − 1

s(s + 1)
=

6

s3 − 6

s4 +
1

s − 2

s + 1

=⇒ y(t) = 3t2 − t3 + 1− 2e−t .
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1 Inverse Transform of Derivatives and Product

2 Laplace Transform of Periodic Functions and Dirac Delta Function

3 Systems of Linear Differential Equations

4 Summary
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Periodic Functions

A function f(t) is periodic with period T > 0 if f(t) = f(t + T), for all t.
Theorem
If a function f(t) is piecewise continuous on [0,∞), of exponential order,
and periodic with period T, then

L {f(t)} =
1

1− e−sT

∫ T

0

f(t)e−stdt

For example,

L {sin t} =
1

1− e−2πs

∫ 2π

0

sin te−stdt

=
1

1− e−2πs

[
− cos te−st − s sin te−st

s2 + 1

]2π

0

=
1

1− e−2πs
1− e−2πs

s2 + 1
=

1

s2 + 1
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Proof:

L {f(t)} =

∫ ∞

0

f(t)e−stdt =
∫ T

0

f(t)e−stdt +
∫ ∞

T
f(t)e−stdt

=

∫ T

0

f(t)e−stdt +
∫ ∞

0

f(τ + T)e−s(τ+T)dτ (τ := t − T)

=

∫ T

0

f(t)e−stdt + e−sT
∫ ∞

0

f(τ)e−sτdτ

=

∫ T

0

f(t)e−stdt + e−sTL {f(t)}

Hence,
(
1− e−sT)L {f(t)} =

∫ T
0

f(t)e−stdt.
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LR-Circuit with Square-Wave Driving Voltage

Integrating the last equation and solving for A gives the general solution 
A(t) ! 600 " ce#t/100. When t ! 0, A ! 50, so we find that c ! #550. Thus the
amount of salt in the tank at time t is given by

. (6)

The solution (6) was used to construct the table in Figure 3.1.5(b). Also, it can be
seen from (6) and Figure 3.1.5(a) that A(t) : 600 as t : $. Of course, this is what
we would intuitively expect; over a long time the number of pounds of salt in the
solution must be (300 gal)(2 lb/gal) ! 600 lb.

In Example 5 we assumed that the rate at which the solution was pumped in was
the same as the rate at which the solution was pumped out. However, this need not be
the case; the mixed brine solution could be pumped out at a rate rout that is faster
or slower than the rate rin at which the other brine solution is pumped in. The next
example illustrates the case when the mixture is pumped out at rate that is slower
than the rate at which the brine solution is being pumped into the tank.

A(t) ! 600 # 550e#t/100

88 ! CHAPTER 3 MODELING WITH FIRST-ORDER DIFFERENTIAL EQUATIONS

t

A A = 600

500

(a)

t (min) A (lb)

50 266.41
100 397.67
150 477.27
200 525.57
300 572.62
400 589.93

(b)

FIGURE 3.1.5 Pounds of salt in the
tank in Example 5

FIGURE 3.1.7 LR-series circuit

E
L

R

FIGURE 3.1.6 Graph of A(t) in
Example 6

t

A

50

250

500

100

EXAMPLE 6 Example 5 Revisited

If the well-stirred solution in Example 5 is pumped out at a slower rate of, say, 
rout ! 2 gal/min, then liquid will accumulate in the tank at the rate of rin # rout ! 
(3 # 2) gal/min ! 1 gal/min. After t minutes,

(1 gal/min) . (t min) ! t gal

will accumulate, so the tank will contain 300 " t gallons of brine. The concentration
of the outflow is then c(t) ! A!(300 " t) lb/gal, and the output rate of salt is Rout !
c(t) . rout, or

.

Hence equation (5) becomes

.

The integrating factor for the last equation is 

and so after multiplying by the factor the equation is cast into the form 

Integrating the last equation gives By applying the
initial condition and solving for A yields the solution A(t) ! 600 " 2t #
(4.95 % 107)(300 " t)#2. As Figure 3.1.6 shows, not unexpectedly, salt builds up in
the tank over time, that is, 

Series Circuits For a series circuit containing only a resistor and an inductor,
Kirchhoff’s second law states that the sum of the voltage drop across the inductor
(L(di!dt)) and the voltage drop across the resistor (iR) is the same as the impressed
voltage (E(t)) on the circuit. See Figure 3.1.7.

Thus we obtain the linear differential equation for the current i(t),

, (7)

where L and R are constants known as the inductance and the resistance, respectively.
The current i(t) is also called the response of the system.

L
di
dt

" Ri ! E(t)

A : $  as  t : $.

A(0) ! 50
(300 " t)2A ! 2(300 " t)3 " c.

d
dt

[(300 " t)2 A] ! 6(300 " t)2.

e"2dt>(300" t) ! e2 ln(300" t) ! eln(300" t)2
! (300 " t)2

dA
dt

! 6 #
2A

300 " t
    or    

dA
dt

"
2

300 " t
A ! 6

Rout ! # A
300 " t

 lb/gal$ ! (2 gal/min) !
2A

300 " t
 lb/min

92467_03_ch03_p083-115.qxd  2/10/12  2:39 PM  Page 88

Consider an LR-circuit with E(t) being a unit square
wave, period of which is 2T, and

E(t) =
{
1, 0 ≤ t < T
0, T ≤ t < 2T

To determine its current i(t) with i(0) = 0, we solve the following IVP:

Ldi
dt + Ri = E(t), i(0) = 0.

Taking the Laplace transform on both sides, we get

(Ls + R) I(s) = L {E(t)} =
1

1− e−2sT

∫ 2T

0

E(t)e−stdt

=
1

1− e−2sT

∫ T

0

e−stdt = 1− e−sT

s (1− e−2sT)

18 / 35 王奕翔 DE Lecture 12



Inverse Transform of Derivatives and Product
Laplace Transform of Periodic Functions and Dirac Delta Function

Systems of Linear Differential Equations
Summary

LR-Circuit with Square-Wave Driving Voltage

Integrating the last equation and solving for A gives the general solution 
A(t) ! 600 " ce#t/100. When t ! 0, A ! 50, so we find that c ! #550. Thus the
amount of salt in the tank at time t is given by

. (6)

The solution (6) was used to construct the table in Figure 3.1.5(b). Also, it can be
seen from (6) and Figure 3.1.5(a) that A(t) : 600 as t : $. Of course, this is what
we would intuitively expect; over a long time the number of pounds of salt in the
solution must be (300 gal)(2 lb/gal) ! 600 lb.

In Example 5 we assumed that the rate at which the solution was pumped in was
the same as the rate at which the solution was pumped out. However, this need not be
the case; the mixed brine solution could be pumped out at a rate rout that is faster
or slower than the rate rin at which the other brine solution is pumped in. The next
example illustrates the case when the mixture is pumped out at rate that is slower
than the rate at which the brine solution is being pumped into the tank.

A(t) ! 600 # 550e#t/100

88 ! CHAPTER 3 MODELING WITH FIRST-ORDER DIFFERENTIAL EQUATIONS

t

A A = 600

500

(a)

t (min) A (lb)

50 266.41
100 397.67
150 477.27
200 525.57
300 572.62
400 589.93

(b)

FIGURE 3.1.5 Pounds of salt in the
tank in Example 5

FIGURE 3.1.7 LR-series circuit
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EXAMPLE 6 Example 5 Revisited

If the well-stirred solution in Example 5 is pumped out at a slower rate of, say, 
rout ! 2 gal/min, then liquid will accumulate in the tank at the rate of rin # rout ! 
(3 # 2) gal/min ! 1 gal/min. After t minutes,

(1 gal/min) . (t min) ! t gal

will accumulate, so the tank will contain 300 " t gallons of brine. The concentration
of the outflow is then c(t) ! A!(300 " t) lb/gal, and the output rate of salt is Rout !
c(t) . rout, or

.

Hence equation (5) becomes

.

The integrating factor for the last equation is 

and so after multiplying by the factor the equation is cast into the form 

Integrating the last equation gives By applying the
initial condition and solving for A yields the solution A(t) ! 600 " 2t #
(4.95 % 107)(300 " t)#2. As Figure 3.1.6 shows, not unexpectedly, salt builds up in
the tank over time, that is, 

Series Circuits For a series circuit containing only a resistor and an inductor,
Kirchhoff’s second law states that the sum of the voltage drop across the inductor
(L(di!dt)) and the voltage drop across the resistor (iR) is the same as the impressed
voltage (E(t)) on the circuit. See Figure 3.1.7.

Thus we obtain the linear differential equation for the current i(t),

, (7)

where L and R are constants known as the inductance and the resistance, respectively.
The current i(t) is also called the response of the system.

L
di
dt

" Ri ! E(t)

A : $  as  t : $.

A(0) ! 50
(300 " t)2A ! 2(300 " t)3 " c.

d
dt

[(300 " t)2 A] ! 6(300 " t)2.

e"2dt>(300" t) ! e2 ln(300" t) ! eln(300" t)2
! (300 " t)2

dA
dt

! 6 #
2A

300 " t
    or    

dA
dt

"
2

300 " t
A ! 6

Rout ! # A
300 " t

 lb/gal$ ! (2 gal/min) !
2A

300 " t
 lb/min
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Consider an LR-circuit with E(t) being a unit square
wave, period of which is 2T, and

E(t) =
{
1, 0 ≤ t < T
0, T ≤ t < 2T

I(s) = 1− e−sT

s(Ls + R) (1− e−2sT)
=

1

s(Ls + R) (1 + e−sT)

=
1

R

(
1

s − 1

s + R
L

)(
1− e−sT + e−2sT − e−3sT + · · ·

)
Hence,

i(t) = 1

R

∞∑
k=0

(−1)k
(
1− e−R

L (t−kT)
)
U (t − kT)
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Unit Impulse Function
7.5 THE DIRAC DELTA FUNCTION ! 313

The latter expression, which is not a function at all, can be characterized by the two
properties

.

The unit impulse d(t ! t0) is called the Dirac delta function.
It is possible to obtain the Laplace transform of the Dirac delta function by the for-

mal assumption that .!{"(t ! t0)} # lima : 0 !{"a(t ! t0)}

(i ) "(t ! t0) # !$,
0,

t # t0 t % t0
    and    (ii)"$

0
"(t ! t0) dt # 1

FIGURE 7.5.2 Unit impulse

(b) behavior of !a as a ! 0

tt0

y

tt0 − a

2a
1/2a

t0

y

t0 + a

(a) graph of !a(t ! t0)

EXAMPLE 1 Two Initial-Value Problems

Solve y& ' y # 4 d(t ! 2p) subject to

(a) y(0) # 1, y((0) # 0 (b) y(0) # 0, y((0) # 0.

The two initial-value problems could serve as models for describing the motion of a
mass on a spring moving in a medium in which damping is negligible. At t # 2p the
mass is given a sharp blow. In (a) the mass is released from rest 1 unit below the
equilibrium position. In (b) the mass is at rest in the equilibrium position.

SOLUTION (a) From (3) the Laplace transform of the differential equation is

.

Using the inverse form of the second translation theorem, we find

.

Since sin(t ! 2p) # sin t, the foregoing solution can be written as

(5)y(t) # !cos t,      0 ) t * 2+

cos t ' 4 sin t,   t , 2+.

y(t) # cos t ' 4 sin (t ! 2+) "(t ! 2+)

s2Y(s) ! s ' Y(s) # 4e!2+s    or    Y(s) #
s

s2 ' 1
'

4e!2+s

s2 ' 1

THEOREM 7.5.1 Transform of the Dirac Delta Function

For t0 - 0, (3)!{"(t ! t0)} # e!st0.

PROOF To begin, we can write da(t ! t0 ) in terms of the unit step function by
virtue of (11) and (12) of Section 7.3:

By linearity and (14) of Section 7.3 the Laplace transform of this last expression is

(4)

Since (4) has the indeterminate form 0#0 as , we apply L’Hôpital’s Rule:

. 

Now when t0 # 0, it seems plausible to conclude from (3) that

The last result emphasizes the fact that d(t) is not the usual type of function that we have
been considering, since we expect from Theorem 7.1.3 that !{ f (t)} : 0 as s : $.

! {"(t)} # 1.

!{"(t ! t0)} # lim
a : 0

 !{"a(t ! t0)} # e!st0 lim
a : 0

 $esa ! e!sa

2sa % # e!st0

a : 0

!{"a(t ! t0)} #
1

2a
 &e!s(t0!a)

s
!

e!s(t0'a)

s ' # e!st0 $esa ! e!sa

2sa %.

"a(t ! t0) #
1

2a
 ["(t ! (t0 ! a)) ! "(t ! (t0 ' a))].

92467_07_ch07_p273-324.qxd  3/30/12  6:24 PM  Page 313

Consider the following unit impulse function

δa(t) :=
{

1
2a , −a ≤ t < a
0, otherwise

For any translation t0 > a,
∫∞
0

δa(t − t0)dt = 1.

As a → 0, the duration of the impulse becomes shorter
and shorter, and the magnitude of the impulse becomes
larger and larger.

∵ δa(t − t0) = 1
2a {U(t − (t0 − a))− U(t − (t0 + a))},

for t0 > a,

∴ L {δa(t − t0)} =
1

2a

{
e−s(t0−a)

s − e−s(t0+a)

s

}
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Dirac Delta Function

Definition (Dirac Delta Function)
δ(t − t0) := lim

a→0
δa(t − t0).

δ(t − t0) = ∞ when t = t0 but 0 otherwise, and
∫∞
0

δ(t − t0)dt = 1.

Theorem
For t0 > 0, any continuous function f(t),

∫ ∞

0

δ (t − t0) f(t)dt = f(t0).

Corollary
For t0 > 0, L {δ(t − t0)} = e−st0 .
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Proof

∫ ∞

0

δ (t − t0) f(t)dt =
∫ ∞

0

lim
a→0

δa (t − t0) f(t)dt

= lim
a→0

∫ ∞

0

δ (t − t0) f(t)dt = lim
a→0

∫ t0+a
t0−a f(t)dt

2a

In the limit of the last expression, we see that both the numerator and
the denominator tend to 0 as a → 0.
Hence, by L’Hôpital’s Rule, we have:∫ ∞

0

δ (t − t0) f(t)dt = lim
a→0

∫ t0+a
t0−a f(t)dt

2a = lim
a→0

d
da
∫ t0+a

t0−a f(t)dt
2

= lim
a→0

f(t0 + a)− (−f(t0 − a))
2

= f(t0).

22 / 35 王奕翔 DE Lecture 12



Inverse Transform of Derivatives and Product
Laplace Transform of Periodic Functions and Dirac Delta Function

Systems of Linear Differential Equations
Summary

IVP with Impulse External Drive

Example
Solve y′′ + y = 4δ(t − 2π) subject to y(0) = 1, y′(0) = 0.

After taking the Laplace transform on both sides, we get

s2Y(s)− s + Y(s) = 4e−2πs =⇒ Y(s) = s
s2 + 1

+
4e−2πs

s2 + 1

Hence, y(t) = cos t + 4 sin(t − 2π)U(t − 2π) = cos t + 4 sin t U(t − 2π).314 ! CHAPTER 7 THE LAPLACE TRANSFORM

In Figure 7.5.3 we see from the graph of (5) that the mass is exhibiting simple
harmonic motion until it is struck at t ! 2p. The influence of the unit impulse is to
increase the amplitude of vibration to for t " 2p.

(b) In this case the transform of the equation is simply

and so

(6)

The graph of (6) in Figure 7.5.4 shows, as we would expect from the initial conditions
that the mass exhibits no motion until it is struck at t ! 2p.

REMARKS
(i) If d(t # t0) were a function in the usual sense, then property (i) on page 313
would imply rather than . Because the
Dirac delta function did not “behave” like an ordinary function, even though its
users produced correct results, it was met initially with great scorn by mathe-
maticians. However, in the 1940s Dirac’s controversial function was put on a
rigorous footing by the French mathematician Laurent Schwartz in his book
La Théorie de distribution, and this, in turn, led to an entirely new branch of
mathematics known as the theory of distributions or generalized functions.
In this theory (2) is not an accepted definition of d(t # t0), nor does one speak
of a function whose values are either $ or 0. Although we shall not pursue this
topic any further, suffice it to say that the Dirac delta function is best character-
ized by its effect on other functions. If f is a continuous function, then

(7)

can be taken as the definition of d(t # t0). This result is known as the sifting
property, since d(t # t0) has the effect of sifting the value f (t0) out of the
set of values of f on [0, $). Note that property (ii) (with f (t) ! 1) and (3) (with
f (t) ! e#st) are consistent with (7).

(ii) In (iii) in the Remarks at the end of Section 7.2 we indicated that the trans-
fer function of a general linear nth-order differential equation with constant
coefficients is W(s) ! 1!P(s), where .
The transfer function is the Laplace transform of function w(t), called the
weight function of a linear system. But w(t) can also be characterized in
terms of the discussion at hand. For simplicity let us consider a second-order
linear system in which the input is a unit impulse at t ! 0:

.

Applying the Laplace transform and using shows that the trans-
form of the response y in this case is the transfer function

!{%(t)} ! 1

a2y& ' a1y( ' a0y ! %(t), y(0) ! 0, y((0) ! 0

P(s) ! ansn ' an#1sn#1 ' ) ) ) ' a0

"$

0
 f(t) %(t # t0) dt !  f(t0)

"$
0  %(t # t0) dt ! 1"$

0  %(t # t0) dt ! 0

 ! #0,   0 * t + 2,

4 sin t,  t - 2,.

y(t) ! 4 sin (t # 2,) "(t # 2,)

Y(s) !
4e#2,s

s2 ' 1
,

117

FIGURE 7.5.4 No motion until mass
is struck at t ! 2p in part (b) of Example 1

FIGURE 7.5.3 Mass is struck at t ! 2p
in part (a) of Example 1

t

y

1

−1 2 4π π

t

y

1

−1 2 4π π

.Y(s) !
1

a2s2 ' a1s ' a0
!

1
P(s)

! W(s)  and  so y ! ! #1 # 1
P(s)$ ! w(t)

From this we can see, in general, that the weight function y ! w(t) of an nth-order
linear system is the zero-state response of the system to a unit impulse. For this
reason w(t) is also called the impulse response of the system.
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Sudden Change at t = 2⇡

y(t) =
{

cos t, 0 ≤ t < 2π

cos t + 4 sin t, t ≥ 2π
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1 Inverse Transform of Derivatives and Product

2 Laplace Transform of Periodic Functions and Dirac Delta Function

3 Systems of Linear Differential Equations

4 Summary
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Initial Value Problem: System of Linear DE’s

Idea: With Laplace Transform,

System of Linear DE’s −→ System of Linear Algebraic Equation

Advantage:
1 No need to worry about “implicit conditions” among undetermined

coefficients
2 No need to worry about finding undetermined coefficients using

initial conditions

25 / 35 王奕翔 DE Lecture 12



Inverse Transform of Derivatives and Product
Laplace Transform of Periodic Functions and Dirac Delta Function

Systems of Linear Differential Equations
Summary

Solve
{

x′′ − 4x + y′′ = t2

x′ + x + y′ = 0

Step 1: Laplace Transform! (x(0) = x1, x′(0) = x2, y(0) = y1, y′(0) = y2)
(
s2X(s)− x1s − x2

)
− 4X(s) +

(
s2Y(s)− y1s − y2

)
=

2

s3
(sX(s)− x1) + X(s) + (sY(s)− y1) = 0

=⇒


(
s2 − 4

)
X + s2Y = (x1 + y1)s + (x2 + y2) +

2

s3
(s + 1)X + sY = (x1 + y1)

Step 2: Solve X(s),Y(s): Let a1 := x1 + y1, a2 = x2 + y2:

X(s) = − a2

s + 4
− 2

s3(s + 4)
, Y(s) = a1

s +
a2(s + 1)

s(s + 4)
+

2(s + 1)

s4(s + 4)
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Solve
{

x′′ − 4x + y′′ = t2

x′ + x + y′ = 0

Step 3: Inverse Laplace transform!

X(s) = − a2

s + 4
− 2

s3(s + 4)
=

−a2 +
1
32

s + 4
− s2 − 4s + 16

32s3

=⇒ x(t) =
(
−a2 +

1

32

)
e−4t − 1

32
+

1

8
t − 1

4
t2

Y(s) = a1

s +
a2(s + 1)

s(s + 4)
+

2(s + 1)

s4(s + 4)

=
a1 +

a2

4

s +
3
4a2 − 3

128

s + 4
+

3
128s3 − 3

32s2 + 3
8s + 1

2

s4

=⇒ y(t) = a1 +
a2

4
+

3

128
+

(
3

4
a2 −

3

128

)
e−4t − 3

32
t + 3

16
t2 + 1

12
t3
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Solve
{

x′′ − 4x + y′′ = t2

x′ + x + y′ = 0

Step 4: Simplification!

x(t) =

c1︷ ︸︸ ︷(
−a2 +

1

32

)
e−4t − 1

32
+

1

8
t − 1

4
t2

= c1e−4t − 1

32
+

1

8
t − 1

4
t2

y(t) =

c2︷ ︸︸ ︷
a1 +

a2

4
+

3

128
+

− 3c1
4︷ ︸︸ ︷(

3

4
a2 −

3

128

)
e−4t − 3

32
t + 3

16
t2 + 1

12
t3

= c2 −
3

4
c1e−4t − 3

32
t + 3

16
t2 + 1

12
t3
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Example: Series-Shunt Circuit

7.6 SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS ! 317

Finally, the solution to the given system (2) is

(4)

The graphs of x1 and x2 in Figure 7.6.2 reveal the complicated oscillatory motion of
each mass.

Networks In (18) of Section 3.3 we saw the currents i1(t) and i2(t) in the
network shown in Figure 7.6.3, containing an inductor, a resistor, and a capacitor,
were governed by the system of first-order differential equations

(5)

We solve this system by the Laplace transform in the next example.

 RC 
di2

dt
! i2 " i1 # 0.

 L 
di1

dt
! Ri2 # E(t)

x2(t) # "
12
5

 sin 12t "
13
10

 sin 2 13t.

x1(t) # "
12
10

 sin 12t !
13
5

 sin 2 13t

FIGURE 7.6.3 Electrical network

R

i1 L i2
i3

CE

EXAMPLE 2 An Electrical Network

Solve the system in (5) under the conditions E(t) # 60 V, L # 1 h, R # 50 $,
C # 10"4 f, and the currents i1 and i2 are initially zero.

SOLUTION We must solve

subject to i1(0) # 0, i2(0) # 0.
Applying the Laplace transform to each equation of the system and simplifying

gives

where and . Solving the system for I1 and I2 and
decomposing the results into partial fractions gives

Taking the inverse Laplace transform, we find the currents to be

i2(t) #
6
5

"
6
5

 e"100t " 120te"100t.

 i1(t) #
6
5

"
6
5

 e"100t " 60te"100t

 I2(s) #
12,000

s(s ! 100)2  #
6>5

s
"

6>5
s ! 100

"
120

(s ! 100)2.

 I1(s) #
60s ! 12,000
s(s ! 100)2 #

6>5
s

"
6>5

s ! 100
"

60
(s ! 100)2

I2(s) # !{i2(t)}I1(s) # !{i1(t)}

 "200I1(s) ! (s ! 200)I2(s) # 0,

 sI1(s) !  50I2(s) #
60
s

 50(10"4) 
di2

dt
! i2 " i1 # 0

 
di1

dt
! 50i2 # 60
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Consider an LRC-circuit with R and C shunt.
1 Voltage drop E → L → R = E(t)

2 Identical voltage drop across R and across C

3 i1 = i2 + i3
Hence,

Ldi1
dt + Ri2 = E(t), Rdi2

dt =
i3
C , i3 = i1 − i2.

=⇒


Ldi1

dt + Ri2 = E(t)

RCdi2
dt + i2 − i1 = 0
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Solve


Ldi1

dt + Ri2 = E

RCdi2
dt + i2 = i1

, i1(0) = i2(0) = 0.

Step 1: Laplace Transform!LsI1(s) + RI2(s) =
E
s

(RCs + 1)I2(s) = I1(s)

Step 2: Solve I1(s), I2(s):

I2(s) =
E

s (LRCs2 + Ls + R)
, I1(s) =

(RCs + 1)E
s (LRCs2 + Ls + R)

Step 3: Inverse Laplace transform! i2(t) = · · · , i1(t) = · · ·
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Derivatives:

f(n)(t) L−→ snF(s)−
n−1∑
k=0

skf(n−1−k)(0)

F(n)(s) L −1

−→ (−t)nf(t)

Integrals:∫ t

0

f(τ)g(t − τ)dτ L−→ F(s)G(s)∫ t

0

f(τ)dτ L−→ F(s)
s∫ ∞

s
F(u)du L −1

−→ f(t)
t
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Periodic Function:

f(t), period T L−→ 1

1− e−sT

∫ T

0

f(t)e−stdt

Dirac Delta Function:

δ(t − t0), t0 ≥ 0
L−→ e−st0
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Short Recap

Multiplication by (−t)n ⇐⇒ n-th Order Derivative in s

Convolution in t ⇐⇒ Multiplication in s

Laplace Transform of Periodic Functions: Compute the Integral
within a Period

Impulse and Dirac Delta Function

L {δ(t − t0)} = e−st0

Solving System of Linear DE with Laplace Transform
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Self-Practice Exercises

7-4: 5, 13, 17, 23, 29, 39, 49, 51, 53, 59, 63, 66, 67

7-5: 5, 11, 13

7.6: 7, 11, 15, 17
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