Chapter 7: The Laplace Transform — Part 2
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So far we have learned
Basic properties of Laplace Transform

Inverse transform (Memorize with Laplace transform in pairs!)

How to use Laplace Transform to solve an IVP

End of story?
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Solving a Second-Order IVP with Laplace Transform

Solve y’ — 2y +y=¢€*', y(0)=1, y(0)=5.

Step 1: Laplace-transform both sides:

2y} —22{y}+ 2 {yt =2 {}

N (52 Y(s) — sy(0) — y'(O)) —2(sY(s) — y(0)) + Y(s) = s i 9
— (52_28+1)Y(5):8+3+£
s+3 1

Step 2: Solve Y(s): Y(s) = (s—1)2 + (s—1)2(s—2)°

Step 3: Compute the inverse Laplace transform of Y(s): How to compute?

3 1 —1 1 2t
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Partial fraction decomposition:

s+3  (s—1)+4 1 " 4
(s—1)2 (s—=1)2  s—1 (s—1)%
A B C
= + +

(s—1)2(s—2) s—2 s—1 (s—1)?

4= {ﬁ}zl

[ﬁ} -

1=(B(s—1)+ ) (s—2)+ A(s° =25+ 1) = B=—-A=—1.

c
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We already know that .Z~! {s%} =t

If we know what is the inverse transform of a function F(s) when it is
translated by 1 in the s-axis, that is, £ ! {F(s— 1)}, we can solve!

Need more properties of Laplace and its inverse transforms!

DE Lecture 11



Translations and Scaling

Translations and Scaling
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Translations and Scaling

Translation on the s-Axis

Recall that
1= —,

z 1 z 1
- eat .
S Ss—a

Multiplying 1 by €% in t-domain results in right-shift of a in s-domain.

Theorem
Let f(t) = F(s). For any a,

&|

ZL{e"f(H)} = F(s—a) |

Proof:

2l = [ ereta= [T e na— - o).
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Translations and Scaling

F(s—a) F(s) F(s—a)

CDV

s=a, a<0 s=a, a>0
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Translations and Scaling

Back to the Problem

Solve y’ — 2y +y=¢€*', y(0)=1, y(0)=5.

Step 3: Compute the inverse Laplace transform of Y(s): How to compute?

Y(s) = TEE +t— = y(t) =3.27" {(s—%)‘z} +
it} - (B} -
Hence,
Yo = —> 4 1 [y =3t + &
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Translations and Scaling

Laplace Transform of "¢

|
f{t"e“t}:(s " n=0,1,2,..., s>a

_ a)n+1 ?

1 .
(s—a)™"

1 et
—1 _ at _
R4 {( }_(n_l)!e , n=12,...

We can obtain the inverse Laplace transform of
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Translations and Scaling

Laplace Transform of e“sin(kt) and e cos(kt)

£ {e*sin(kt)} =

s> a

Kk
(s—a)2+ k2’

ZL{e"cos(kt)} = (s—(sa);?—k?’ s>a

We can obtain the corresponding inverse Laplace transforms:

2 {(s_a)w} = e sin(kt)

7! {(“_“)} = ¢ cos(kt)

s—a)?+ k2
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Translations and Scaling

Solving a Second-Order IVP with Laplace Transform

Solve 3" — 49/ + 5y = 2%,  4(0) =2, ¢/(0) = 6.

Step 1: Laplace-transform both sides:
Ly} —42{y} +5.2 {y} = 2 (£

= (Y0 = 9(0) = 4 (0)) =4 (V) = (0) +5Y(9) = g3
= (5" —4s+5)Y(s) =2s— 2+ (S_LQ)S
25 —2 2

Step 2: Solve Y(s): Y(s) = G o5 ¥ (-1 5527

Step 3: Compute the inverse Laplace transform of Y(s):
4(s—2) 2 L2, 2
(5—2)24+1 (s—=2)241 s—2 (s—2)3

— | y(t) = 4€”" cos t+ 2€* sin t — 2¢°" + 7€ |

Y(s) =
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Translations and Scaling

Partial fraction decomposition:

2s—2  2(s—2) n 2
$2—4s+5 (s—2)2+1 (s—2)2+1
2 _A(s—2)+B c D E

(? —4s+5)(5-28  (s5—22+1 " s—2  (s5=22 " (s5-27°

Tedious to calculate ...
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Translations and Scaling

Tip 1: Working in C makes life easier!

2 _A(s—2)+B ., C D . &
(2 —4s+5)(s—2)3  (5—2)2+1  s—2 (5—2)2 (s—2)3
F F* C D E
= + + + +

s—2—1 s—241 s—2 (s=2)2 (s—2)3

2 2

(M(s —24+9)(s—2)°] oy, T 2P

F= =1

A=F+F =2Re{F} =2,
B=i(F—F)=—2Im{F} =0
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Translations and Scaling

Tip 2: Taking derivatives

2 L 2(s—2) C D E
(Z—45+5)(5—2° (5-22+1 s—2 (s5-22 " (s-2p

[ 2
E=|—2 | =29
_52—45—1—5}5:2

1 & 2

5 d(s—2)% 2 —4s+ 5]922

_ [[(s— 2)2 +1]% = 2(s — 2)%2 [(s — 2)* + 1]
[(s—2)2 +1]*
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ions and Scaling

Translation on the #-Axis

Let's compute .Z {f(t — a)}, a > 0, given that .Z {f(t)} = F(s):
2ie-y= [ fe-aeta =0 [ e
0 . —a .
= 67“3/ fir)ye dr+ e [ fr)e "dr
0 —a
0
=e¢ PF(s)+e 3 fir)e *Tdr

=|e *F(s)|, if f{t)=0whent<0
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Translations and Scaling

If f(t) = 0 for t< 0, then | Z {f(t — a)} = ¢ 2 {f(1)} ] for a > 0.

vy

A
t=a, a>0
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Translations and Scaling

How about functions f(?) that is non-zero for ¢ < 07
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Unit Step Function

Definition (Unit Step Function)
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Theorem (Translation on the #-Axis)

For a > 0,

L f(t— Ut - a)} = L {OUD} = =L (D)}

fOUt)  flt —a)d(t —a)

vy

T t=a, a>0
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ions and Scaling

Examples: Laplace Transforms

Calculate Z {U(t— a)}.

—as

L{Ut—a)}=ZL{1-Ult—a)}=e L {1} = es .

Calculate .Z {cost U(t—m)}.

LA{costU(t—m)} = L A{cos(t+7 —m)U(t—m)}
=e L {cos(t+m)} = e L {—cost}




Translations and Scaling

Examples: Inverse Laplace Transforms

Calculate g—l {(,9——14)65}

Since £ ! {%} = ¢*, according to the translation property:

e R R Mt
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Translations and Scaling

Examples: Inverse Laplace Transforms

—2s —s
_|_
Calculate .1 { ¢ ¢ }

(s—=1)(s—2)
A: First we organize the term as follows:

—2s + 1 e~ s

G-D(Gs-2) (G-1(G-2° (s—1D)(s—2)

B -1 2 —9s -1 1 s
_{51+52}e +{51+s2}e '

Due to linearity and the translation property, the inverse transform is

se”25 4 e S

{76“*2) + 2e2<f*2>}u(tf 2) + {—e“f” + e"‘“f”}u(tf 1)
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Translations and Scaling

Piecewise-Defined Function

Unit step function is useful in representing piecewise-defined functions.

Example: the following function can be rewritten in terms of U:

fit) = {1’ el bz\u(t—a)—u(t—b) |

0, otherwise
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Translations and Scaling

Piecewise-Defined Function

f(®), t<a he), A
f(1), a1 <t<ap b falt)
=37 ANC
. . |
: : | |
fult)s 12 o S |
ay as as

=foM{l-Ut—a)}
+ AU~ a1) —U(t— a2)}
+ () {U(t—az) —U(t — a3)}

+ fn(t)u(t - an)'




Translations and Scaling

Solving IVP with Piecewise Defined External Drive

Example
Solve 4" + 3y + 2y = g(t), y(0) =1, ¢/(0) =5, where g(t) = 10 cos t for
m < t < 3w and ¢(t) = 0 otherwise.

g(t) =10cos t{U(t — w) —U(t — 3m)}

Step 1: Laplace-transform both sides:
L' +32{y} +22{y} = L {10cos t{U(t— ) —U(t— 3m)}}
= (52 Y(s) — sy(0) — 4/ (0)) + 3 (sY(s) — y(0)) + 2Y(s)

10s —Ts —37s
:7824_1 (6 —€ : )

1 ; ,
— (5 +35+2)Y(s) =5+8— 2 S)jl (™ — 6737”)
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Translations and Scaling

Solving IVP with Piecewise Defined External Drive

Solve 4" + 3y + 2y = g(t), y(0) =1, ¢/(0) =5, where g(t) = 10 cos t for
m < t < 3w and ¢(t) = 0 otherwise.

Step 2: Solve Y(s):

s+ 8 10s (67‘”5 . 6737rs) .

)= D6+ T GG+ E D)

Step 3: Compute the inverse Laplace transform of Y(s):
7 —6 5 —4 —s5—3 —Ts —37s
Y(s) = S _
(s) s+1+s+2+<s+1+s+2+52+1)(e ¢ )
= y(t) =Te " —6e
( 0= 47207 _cos(t— ) — 3sin(t — 71')) U(t—m)

( —(=8m) _ 40=2028m) _ oo0(4 — 3) — 3sin(t — 37r)) U(t - 3r)
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Translations and Scaling

Scaling

Let f(¢) EN F(s) for s> c. For any a > 0,

ZLA{flat)} = %F(Z) , s> ac|. Conversely, | £ {F(as)} = %f(f) |

Proof: By definition,

L {f(ab)} = /Ooof(at)eStdtTEati/Ooof(T)eZTdT— lF(f).
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Translations and Scaling

Examples: Scaling and Translation

Given that f(t) =, F(s) for s > c. Evaluate Z {f(at— b)U (at— b)}.

Solution 1: Scale first, then shift.

flat—b)U (at — b) :f(a (t_ Z))“(a (t_ Z))
e S f(a (t—Z))“(“ (t—2>>

b
aS

Fls) — Lp(2) mimyr e F, ()
a

a a
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Translations and Scaling

Examples: Scaling and Translation

Given that f(t) =, F(s) for s > c. Evaluate Z {f(at— b)U (at— b)}.

Solution 2: Shift first, then scale.

shift by b
S

[0 F(t—b)U (t—b) 2% ot — ) U (at — b)

multi o~ bs
Fls) DYy e P —bspig)

by

()

e
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Summary
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Summary

Translation:
™ f(1) N F(s— a)
O F(s) z7 ft— a)U(t— a)
Scaling:

<z 1 S
fat) =, -F(2)
F(as) z7, lf <t>

a’ \a

DE Lecture 11



Summary

Short Recap

m Translation in s <= Multiplication by Exponential in ¢

Unit Step Function and Piecewise-Defined Functions

Scaling

Tips for Partial Fraction Decomposition
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Summary

Self-Practice Exercises

7-3: 9, 17, 19, 25, 31, 39, 47, 49, 51, 55, 59, 65, 69, 83
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