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Solving Systems of Linear Differential Equations

Systems of Linear Differential Equations

So far we focus on solving an ODE with only one dependent variable.

Ordinary Differential Equation = 1 independent variable.

Partial Differential Equation = > 1 independent variables.

Here we look at a system of linear ODE (> 1 dependent variables), and
see how to solve it

Example: Let t be the independent variable, x, y be dependent variables.

7' +27 + o =x+3y+sint
¥4y =—dr+2y+et
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Solving Systems of Linear Differential Equations

How to Solve?

o427 + ¢ =2+ 3y+sint
74y =—4x+2y+ et

Let us use the differential operator to rewrite it as follows:
D?{z} +2D{z} + D*{y} = z+ 3y +sint
D{z} + D{y} = —dz+2y+ e *

{(D2+2D— 1) {z} + (D? - 3) {y} =sint
(D+4){z} + (D —-2){y} =’

Idea:
m Eliminate y and get a linear DE of z to solve z(?).

m Eliminate z and get a linear DE of y to solve y(¢).
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Solving Systems of Linear Differential Equations

Elimination

{Lu {z} + Lia {y} = 91 (%) (1a)
Loy {2} + Loz {y} = g2(1) (1b)
where L1 = D?>+2D— 1, Lo :D2—3, Loy =D+4, Loo =D — 2.

To eliminate y:

(la)x Loo—(1b)x L1oa = (L11Loz — La1L12) {z} = Loa {1} —L12 {92}

To eliminate z:

(1a)x Loy —(1b)x L1y = (L12L21 — LooLy1) {z} = Lor {1} — L11 {92}
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Solving Systems of Linear Differential Equations

{Ln {z} + Lz {y} = o1 (D) (1a)
Loy {z} + Loz {y} = 92(1) (1b)
Similar to the Cramer’s Rule, after the elimination we get
{L{l’} =q1(1) (2a)
L{y} = 62() (2b)
where I — Ly Lo Gl = gi(t) Lo Bt = Ly a1(?)
La1  Laa|’ g2(t)  Lao|’ Loy ga(t)|

Solutions of (1) Solutions of (2)

=
=
Note: We should always plug the solutions found in solving (2) back to
(1) and find out all additional constraints.
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Solving Systems of Linear Differential Equations

Solving a System of Linear DE with Constant Coefficients

Convert it into the following form:

Lin{y} + Liz{we} + - + Lud{w} = a¥
Loy {y1} + Loa{we} + -+ + Lud{w} = g¢(¥)
Ly {yl} + Li {?JQ} + -+ ka{yk} = gk.(t)

Use Cramer's rule to get L{y;} =g;j(¢), j=1,...,k where

Lin Lz -+ L
Lyv L2z -+ Low|

L= . X ’ gj(t) = ‘j—th column replaced by [!11 R gk} r
Lin Lix -+ Lk

Solve each y;(¢), j=1,...,k

Plug into the initial system, find additional constraints on the coefficients
in the complimentary solutions {yic, Y2c, - - . , Yk}, and finalize.
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Solving Systems of Linear Differential Equations

Notes and Tips

m It is very important to plug the general solutions found for
{y1, Y2, .., yx} back to the original system of equations to find
additional constraints on the coefficients in the complimentary
solutions {1, Y2c, - - -, Yrc} (see example).

m When solving L{y;} = g;(t), sometimes we can eliminate redundant
operators (see example).

m When k= 2, that is, only two dependent variables to be solved,
after solving one dependent variable, it may save some time if we
plug the general solution we found back to the original system and
find the solution of the other dependent variable (see example).
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Solving Systems of Linear Differential Equations

Example

7 "
Solve v —dety £
7+z+y =0

A: Rewrite it as

(D+ D) {z}+D{y} =0 (3b)

Based on the method mentioned above, we compute

{(D2 — ) {}+ D {y} = £ (3a)

D?—4 D?

L:’D+1 D

= —(D? +4D) = —D(D + 4)

wo =y Bl-oter mo-[p 00 f--0enie)
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Solving Systems of Linear Differential Equations

Example: Convert into two separate linear equations

10 /17

7 "
Solve v —dety £
7+z+y =0

Hence, solutions of the original system of equations must be solutions of
the the following:

{L{x}z'glm = (SHD+9) {z} = B{?)
L{y} = %) <= (-DD+4){y} = -(D+1){#}
Question: why can we cancel the repeated operators on both sides?

Ans: because instead of eliminating y by D{(3a)} — D*{(3b)}, we can
simply eliminate y by (3a) — D{(3b)}.
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Solving Systems of Linear Differential Equations

Solution 1: Solving z and y separately

7+z+y =0

4 i
Solve {x Y

We convert the above into

¥D+®{ﬂ——f (4a)
(D(D+4)) {y} = +2t (4b)

Step 1. Solve (5a): z. = c1e™*, 2, = A+ Bt + C£, and

— = (D+4){z,} = (4A + B) + (4B +20)t + 40

-1 -1 1 -1 -1
— (="~ B=_-"(C=-A=_""p=_2.
¢ 4’ 2 ¢ 8’ 4 32
_ 1 1 1
Hence | z(t) = cie 4t—3—2+§t—1t2 .
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Solving Systems of Linear Differential Equations

Solution 1: Solving z and y separately

7 "
Solve v —dety £
7+z+y =0

We convert the above into

{(1)4-4){z}-—<—t2 (5a)
(D(D+4)) {y} = + 2t (5b)

Step 2. Solve (5b): y. = c2 + cze™*, y, = At + Bt* + Ct*, and

£ +2t= (D’ +4D){y,} = (4A + 2B) + (8B+ 6O)t + 12CF

1 1 3 3 -1 -3
= C=gB=1-10=pA=5B=%
. 4w 3 3 1
Hence | y(t) = c2 + cse” f32t+f16t +ft
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Solving Systems of Linear Differential Equations

Solution 1: Solving z and y separately

7 "
Solve v —dety £
7+z+y =0

We find that for some ci, c2, cs,
w(t)= e —L+it—18
y(t) = c2+ cze 4t — %t—&— %tQ + 11—2153
Final Step. Plug them back to find the constraints on {c1, 2, c3}.

(12¢1 + 16c3)e ¥+ =1
—(Ba + 403)6741& =0

which implies . Hence, the final solution is

{x(t) = aet—L+3it—31F

yt)= co— 3 - Zt+ 28+ LE
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Solving Systems of Linear Differential Equations

Solution 2: Solving x first and then plugging in to find y

7 "
Solve v —dety £
7+z+y =0

After Step 1., we find that for some c1, 2(t) = cre”* — &5 + Lt — 14,

Plug this back to the second equation, we get

/ / 4t 3 3

Yy =—z —z=3ce _ﬁ‘f‘gt‘i‘zt
- 3 4t 3 3
== y=cC2 4016 32t—|— 16t + t

Plug it back to the first equation, it is also satisfied. Done!
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Summary

Short Recap

m Solving Systems of Linear DEs by Systematic Elimination

m K ER K AHK H complimentary solutions ¥ 14 2% &4 B 14
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Summary

Self-Practice Exercises

4-9:1,7,11, 15,19, 21
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