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Higher-Order Differential Equations

Most of this chapter deals with linear higher-order DE (except 4.10)

In our lecture, we skip 4.10 and focus on n-th order linear differential
equations, where n > 2.

n m—1
Y o@D s way=oa) ()

an(2) dz™— dr
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Methods of Solving Linear Differential Equations

We shall gradually fill up this slide as the lecture proceeds.
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Initial-Value and Boundary-Value Problems

Preliminary: Linear Equations

us Equations

Preliminary: Linear Equations
m Initial-Value and Boundary-Value Problems

Summary
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- . . ry-Value Problems
Preliminary: Linear Equations ¥

Initial-Value Problem (IVP)

An n-th order initial-value problem associate with (1) takes the form:

Solve:
d™y a1y dy
an(T )dx" + an—1(z )W oot al(x)% + ao(7)y = g(z) (1)
subject to:
Y(70) = Yo, ¥ (20) = Y1, 4" D (20) = yur (2)

Here (2) is a set of initial conditions.
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- . . iti. ry-Value Problems
Preliminary: Linear Equations ¥

Boundary-Value Problem (BVP)

Recall: in Chapter 1, we made 3 remarks on initial/boundary conditions

Remark (Initial vs. Boundary Conditions)

Initial Conditions: all conditions are at the same z = .
Boundary Conditions: conditions can be at different z.

Remark (Number of Initial/Boundary Conditions)

“Usually” a n-th order ODE requires n initial/boundary conditions to
specify an unique solution.

Remark (Order of the derivatives in the conditions

Initial /boundary conditions can be the value or the function of 0-th to
(n — 1)-th order derivatives, where 7 is the order of the ODE.
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. . . Initial-Value and Boundary-Value Problems
Preliminary: Linear Equations e °
c E

No

Boundary-Value Problem (BVP)

Example (Second-Order ODE)

Consider the following second-order ODE

@Y + 0@ + a@)y = ofa) )

IVP: solve (3) s.t. y(z0) = yo, ¥ (%) = v1.
m BVP: solve ( ) s.t. y(a) = vo, ¥ ( ) =y1.

m BVP: solve (3) s.t. ¥/(a) = 4o, y(b) = 1.
m BVP: solve ( ory(e) + 61 a) -
azy(b) + B2/ (b) =
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Preliminary: Linear Equations

Solve

dm dn— 1

d
an(x)ﬁ + a”—l(I)W—i/ + et al(a:)d—z + ao(z)y = g(z) (1)
subject to
y(70) = yo, ¥ (20) = y1,- -, 4" V(aw0) = yn_ (2)

Theorem

If 4y, (), an—1(2), ..., ao(x) and g(z) are all continuous on an interval I,
an(x) # 0 is not a zero function on I, and the initial point zo € I, then
the above IVP has a unique solution in I.
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Preliminary: Linear Equations

d™y a1ty dy
an(T )d —+an—1(z )F—|—-~-+a1(m)%+a0(x)y=g(a:) (1)
subject to
y(20) = o, ¥ (%) =v1,..., 4" (2%0) = yn—1 (2)

Throughout this lecture, we assume that on some common interval 1,
m a,(2), apn-1(2),...,a0(z) and g(x) are all continuous
m a,(z) is not a zero function, that is, 3z € I such that a,(z) # 0.
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- . . ry-Value Problems
Preliminary: Linear Equations ¥

Existence and Uniqueness of the Solution to an BVP

Note: Unlike an IVP, even the n-th order ODE (1) satisfies the
conditions in the previous theorem, a BVP corresponding to (1) may
have many, one, or no solutions.

Example

QR)|

Consider the 2nd-order ODE chg + y = 0, whose general solution takes
the form y = ¢; cosz+ cosinz. Find the solution(s) to an BVP subject
to the following boundary conditions respectively
m y0)=0,y27) =0 Plugitin = ¢, =0,¢; =0
= ¢y is arbitrary = infinitely many solutions!
my(0)=0,9r/2)=0 Plugitin = ¢;=0,¢1+c=0
=—> ¢; = ¢ =0 = a unique solution!
my0)=0,927)=1 Plugitin = ¢;=0,¢q0 =1
—> contradiction = no solutions!
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Initial-Value and

Preliminary: Linear Equations !
Y Homogeneous Equations

Nonhomogeneous Equations

Preliminary: Linear Equations

m Homogeneous Equations

Summary
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- ; ) alue Problems
Preliminary: Linear Equations

Homogeneous Equation

Linear n-th order ODE takes the form:

Wy @y =g Q)

an(x)7+an 1(z )d"— +~-~+a1(x)dx

Homogeneous Equation: g(z) in (1) is a zero function:

dny dn—ly
an(2)—— + an-1(z )F+~-~+a1(a¢)

- Yy w@y=0 @)

dx

Nonhomogeneous Equation: ¢(z) in (1) is not a zero function. Its
associated homogeneous equation (4) is the one with the same
coefficients except that g(z) is a zero function

Later in the lecture we will see, when solving a nonhomogeneous
equation, we must first solve its associated homogeneous equation (4).
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alue Problems

Preliminary: Linear Equations

Differential Operators

We introduce a differential operator D, which simply represent the
operation of taking an ordinary differentiation:

Differential Operator

For a function y = f(z), the differential operator D transforms the
dy
%.

function f(z) to its first-order derivative: Dy :=
Higher-order derivatives can be represented compactly with D as well:

de d™y

—= = D(Dy) =: D*y, — =:D"
oz = PDy) Y g y

dny dnfly dy n ;
an(x)—dmn + an—1(x) T N al(x)@ + ap(z)y =: ; a;(z)D" by
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- ; ) alue Problems
Preliminary: Linear Equations

Differential Operators and Linear Differential Equations

Note: Polynomials of differential operators are differential operators.
=

Let L:= )", a;(z)D" be an n-th order differential operator.

Then we can compactly represent the linear differential equation (1) and
the homogeneous linear DE (4) as

L(y) = g(z), L(y)=0

respectively.
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/alue Problems

Preliminary: Linear Equations

Linearity and Superposition Principle

L:=3%7",a;(z)D"is a linear operator: for two functions fi(z), f2(),
LAfi + A2fo) = ML(fi) + A2 L(f2).

For any homogeneous linear equation (4), that is, L(y) = 0, we obtain
the following superposition principle.

Theorem (Superposition Principle: Homogeneous Equations)

Let fi, fa, - .., fu be solutions to the homogeneous n-th order linear
equation L(y) = 0 on an interval I, that is,

ar dn—l d
an(@) 7 + an1 () g -+ a(@ T Fa(@y=0,  (4)

then the linear combination f = Zle \ifi is also a solution to (4).
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- ; ) /alue Problems
Preliminary: Linear Equations

Linear Dependence and Independence of Functions

In Linear Algebra, we learned that one can view the collection of all
functions defined on a common interval as a vector space, where linear
dependence and independence can be defined respectively.

Definition (Linear Dependence and Independence)

A set of functions {fi (), fo(x), ..., f.(2)} are linearly dependent on an
interval Iif 9 ¢, co, ..., c, not all zero such that

lel(ib) + CQfQ(ZL’) P e oe e Cnfn(l') =0, Vze 1,

that is, the linear combination is a zero function. If the set of functions is
not linearly dependent, it is linearly independent.

Example:
m fi(z) =sin?z, fo(z) = cos? 2, I= (—x,7): Linearly dependent
m fi(z) =1, fo(z) = 7, f5(x) = 23, I = R: Linearly independent.
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alue Problems

Preliminary: Linear Equations

Consider the homogeneous linear n-th order DE

dn dn—l
ot (@) ] e ()

dy
dgn—1 -+ G‘O(‘T)y =0, (4)

an(2) dz

Given 7 solutions {f(z), f2(2), ..., fa(z)}, we would like to test if they
are independent or not.

Of course we can always go back to the definition but it is clumsy...

Recall: In Linear Algebra, to test if n vectors {vy,va,...,v,} are
linearly independent, we can compute the determinant of the matrix

V::[vl Vo oc-- Vn].

If det' V = 0, they are linearly dependent; if det V £ 0, they are linearly
independent.
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- ; ) nitia 3 Value Problems
Preliminary: Linear Equations

Criterion of Linearly Independent Solutions

Consider the homogeneous linear n-th order DE

m m—1
wn(@) S+ na(@) T Yt ()

dy
Jpn 1 — +a(z)y=0, (4)

dx

To test the linear independence of n solutions {fi(z), f2(z), ..., f.(2)} to
(4), we can use the following theorem.

Theorem

Let {fi(z), fo(x), ..., f.(x)} be n solutions to the homogeneous linear
n-th order DE (4) on an interval 1. They are linearly independent on I

h F I (3
fi fz s
W(fl)f?)“'afn) o= : : #0

£ ]«n'— L
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- ; ) /alue Problems
Preliminary: Linear Equations

Fundamental Set of Solutions

We are interested in describing the solution space, that is, the subspace
spanned by the solutions to the homogeneous linear n-th order DE

W s aolay=0. (@)

771+...+a1($)dx

ttna (@)Y

(%) G dz™

da™
How?

Recall: In Linear Algebra, we describe a subspace by its basis: any vector
in the subspace can be represented by a linear combination of the
elements in the basis, and these elements are linearly independent.

Similar things can be done here.

Definition (Fundamental Set of Solutions)

Any set {fi(z), f2(2),. .., f.(2)} of nlinearly independent solutions to the
homogeneous linear n-th order DE (4) on an interval [ is called a
fundamental set of solutions.
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- ; ) /alue Problems
Preliminary: Linear Equations

General Solutions to Homogeneous Linear DE

General solution to an n-th order ODE:
An n-parameter family of solutions that can contains all solutions.

Theorem

Let {fi(z), f2(x), ..., f.(x)} be a fundamental set of solutions to the
homogeneous linear n-th order DE (4) on an interval I. Then the
general solution to (4) is

USS lel(x) + 02f2(x) qF oo qF cnfn(x)a

where {¢; | i=1,2,...,n} are arbitrary constants.
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Preliminary: Linear Equations

Examples

Example

Consider the DE
Py

a2 =Y
Check that both y = €” and y = e~ * are solutions to the equation.
Derive the general solution to the DE.

A: The linear DE is homogeneous.
2 2
We see that 4, e% = L% = ¢% and L5672 = & — ¢=% = ¢~ % Hence
dx . dx dx . dx
they are both solutions to the homogeneous linear second-order DE.

Since
=—1-1=-24£0,

the two solutions are linearly independent. Hence, the general solution

can be written as ‘ y=cre®+ coe 7, c1,c0 ER|
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Preliminary: Linear Equations

Nonhomogeneous Equations

Preliminary: Linear Equations

m Nonhomogeneous Equations

Summary
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roblems

Preliminary: Linear Equations

d
an(x)Ty + an,l(x)Ty 4+ al(:r)—y

o+ ao(z)y = g(z) (1)

n

or equivalently, L(y) = g(z), L:= Z a;(z) D"
=0

where g(x) is not a zero function.

How to find its general solution?

Idea:
m Find the general solution y. to the homogeneous equation L(y) =
m Find a solution y, to the nonhomogeneous equation L(y) = g(a:)

m The general solution y = y. + yp.
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ry-Value Problems

Preliminary: Linear Equations

d"y y dy
a()d"+"1()W+ +a1(x)£+ao()y—g() (1)
Homogeneous :

d™y a1y dy _

@) T e () o a () by =0 (4)

Let y, be any particular solution to the nonhomogeneous linear n-th
order DE (1) on an interval I, and y. be the general solution to the
associated homogeneous linear n-th order DE (4) on I, then the general
solution to (1) is

Y= Ye + Yp-
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- ; ) alue Problems
Preliminary: Linear Equations

Proof of the Theorem

Proof: Let y = f(z) be any solution to the nonhomogeneous linear n-th
order DE (1), that is, L(y) = g(x).

Now, since both y, and f are solutions to L(y) = g(x), we have

0= L(f) = L(yp) = L(f — yp)-
Hence, (f— yp) is a solution to the homogeneous linear n-th order DE (4).

Therefore, any solution to (1) can be represented by the sum of a
solution to (4) and the particular solution y,,.
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Preliminary: Linear Equations

Examples

Example
Consider the DE

dxz—y+9

Derive the general solution to the DE.

A: The linear DE is nonhomogeneous. The associated homogeneous
&
equation d—g = y has the following general solution:
7
y=-c1e"+ e ", c1,c0 €R.

There is an obvious particular solution y = —9.

Hence, the general solution can be written as

y=ce"+ce =9 ¢, €R
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Preliminary: Linear Equations

Superposition Principle for Nonhomogeneous Equations

For nonhomogeneous linear differential equations, we have the following
superposition principle.
Theorem (Superposition Principle: Nonhomogeneous Equations)

Let f;(x) be a particular solution to the nonhomogeneous n-th order
linear equation L(y) = g;(z) on an interval I, for i=1,2,... k. Then the
linear combination f= Zle Aif; is a particular solution to the
nonhomogeneous n-th order linear equation

5
L(y) = Z)\igi(fﬂ)~
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Summary

Summary
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Summary

Short Recap

m Initial-Value Problems (IVP) vs. Boundary-Value Problems (BVP)
m Homogeneous vs Nonhomogeneous Linear ODE

m Fundamental set of solutions and General Solutions
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Summary

Self-Practice Exercises

4-1: 1,9, 13,17, 21, 25, 35
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