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Overview

First-Order Differential Equation

Throughout Chapter 2, we focus on solving the first-order ODE:

Find y = ¢(x) satisfying

dy

= f(z, y), subject to y(z0) = %o (1)
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Overview

Methods of Solving First-Order ODE

Graphical Method (2-1)

Numerical Method (2-6, 9)

Analytic Method

Take antiderivative (Calculus I, 1)

Separable Equations (2-2)

Solving Linear Equations (2-3)

Solving Exact Equations (2-4)

Solutions by Substitutions (2-5):

homogeneous equations, Bernoulli's equation, ' = Az + By + C.

B Series Solution (6)
Transformation

m Laplace Transform (7)
m Fourier Series (11)
m Fourier Transform (14)
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Solution Curves without a Solution

Example 1 (Zill&Wright p.36, Fig
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Solution Curves without a Solution

Direction Fields

Key Observation

On the zy-plane, at a point (z,, y,), the first-order derivative

dy
dz

=Gy

is the slope of the tangent line of the curve y(z) at (z,, yn).

Hence, at every point on the xy-plane, one can in principle sketch an
arrow indicating the direction of the tangent line.

From the initial point (2o, yo), one can connect all the arrows one by one
and then sketch the solution curve. (L7&kR45H | )
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Solution Curves without a Solution

Example 1 (Zill&Wright p.37, Fig. 2.1.3.)
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Solution Curves without a Solution

Example 2 (Zill&Wright p.37-38, Fig. 2.1.4.)
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A Numerical Method

A Numerical Method
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A Numerical Method

Euler's Method

The graphical method of “connecting arrows” on the directional field can
be mathematically thought of as follows:

Initial Point: (70, yo)

z Increment: rn=xz9+h
dy

y Increment: =1y +h| — = yo + hf(z0, o)
dfl: IT=T0

Second Point: (z1,91)
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A Numerical Method

Euler's Method

Recursive Formula

Let h > 0 be the recursive step size,

Tn+1 = T T ha Yn+1 = YUn + hf(xTH yn)a vVn 2 0
Tromil = B = [l Yn—1 = Yn — hf(l‘n, yn)v Vn<o0
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A Numerical Method

[llustration

yﬂ

Solution Curve

Zo, Yo 71, 41)

To T1

T

EX 3] DE Lecture 2



A Numerical Method
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A Numerical Method
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A Numerical Method

Remarks

m The approximate numerical solution converges to the actual solution
as h— 0.

m Euler's method is just one simple numerical method for solving
differential equations. Chapter 9 of the textbook introduces more
advanced methods.
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Separable Equations

B Separable Equations
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Separable Equations

Solving (1) Analytically

Recall the first-order ODE (1) we would like to solve

Problem

Find y = ¢(z) satisfying

d .
L — Jlay), subject to y(m) = yo (1)

We start by inspecting the equation and see if we can identify some
special structure of it.
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Separable Equations

When f(z, y) depends only on z

If f(z,y) = g(x), then by what we learn in Calculus | & II,

Y s) = o) = [ a0

0

Method: Direct Integration

In the first-order ODE (1), if f{z, y) = g(x) only depends on z, it can be
solved by directly integrating the function g(z).
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Separable Equations

When f(z, y) depends only on z

Solve

dy 1
i + €, subject to y(—1) =0

A: From calculus we know that the

1
/fd:c:ln\:d, /emdx:ez
T

Plugging in the initial condition, we have

1
y(z) =lnlz|+ ¢ — -, z<0.
€
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Separable Equations

When f(z, y) depends only on y

If f(z,y) = h(y), then

dy dy integrate both sides /y dy
— = —~ =dz = ——~ =TI
=" = ) » 00)
Assume that the antiderivative (R Z#& % ~ K & #) of 1/h(y) is H(y).
That is,

Then, we have

H(y) — H(yo) =z~ 10 = y(a) = H ' (z— 20 + H(w))
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Separable Equations

When f(z, y) depends only on y

Solve

A: Use the same principle, we have
dy
(y—1)?

1
T2 z+ ¢, for some constant ¢
-y

d
—y*(y—l)Q = dz

de

1
= y=1— —— for some constant ¢
T+ c
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Separable Equations

Separable Equations

Definition (Separable Equations)

If in (1) the function f(z, y) on the right hand side takes the form
Az, y) = g(x)h(y), we call the first-order ODE separable, or to have

separable variables.

General Procedure of Solving a Separable DE

dy dx
A »Rl#E —— = —.
7 By~ 9(2)

3 A ﬂ_ ﬂ = x c
mighn: [ 0= [ 2 — )= 6@+ e

RN ¢ = H(yo) — G(x).
W& y= H (G(r) + H(yo) — G(xp)).
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