Homework 4 (1/3 Due) Differential Equations [-Hsiang Wang

Homework 4

Due: 1/3, 18:00

1. (Laplace Transform of Periodic Extension) [10]
A function f(t) = e for 0 <t <T,and f(t)=f(t—T) for t > T.
Evaluate Z {f(t)}.

Solution.

1 T 1 6(a—s)t T 1— e—(s—a)T
g t — at 7Stdt — — .
{f(®)} _1—6_ST/0 €€ 1 — o7 [ L (s—a)(1—eT)

a—S

2. (Inverse Laplace Transform) [15]

2 { S (3) ]

02
Hint 1: tanh (%) = 1= _ (1=e)

Evaluate

[E T2 -
Hint 2. Z{(f = f)(t)} = {F(s)}".
Solution.
s 62
3_12tanh (g) - 3%1 + Z_S 1 —16—25 : si ) 1 —16—25 [P,
where F(s) := 2=¢—. Note that
1 e 1, 0<t<1
F(s) = T, = ft) =L H{F)=1-U{t—-1)= {0’ ot herwise
Hence
fydr =t 0<t<l
F(s)2 25 (f+ )t /f flt—rydr =3 [Ldr=2—1 1<t<?2
0 otherwise
Therefore

T [F(s)]> = 2-Periodic extension of f(z)
—e S

t, 2n<t<2n+1
= , n=20,1,2
2—t, 2n+1<t<2n+2
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3. (Fourier Series Expansion)
Expand f(z) =ze ™, 0 <z <,

(a) in a Fourier cosine series.
(b) in a Fourier sine series.

(c) in a Fourier series.

Solution.

(a) The Fourier cosine series is f(x) =

[15]

o
ap
5 + E a, cosnx, where

n=1
N 2 L
a, = — re Y cosnxdr = Re] — re Te" dx
™ Jo ™ Jo
2 —xz inx T 1 T ]
_ 2peJ|retem ] | / e
s —1+4+ni|, —1+ni)j,
2 xefxeinx ™ ef:peina: ™
_CfRed | | | &
- e{[—1+m]0 {(—1+ni)2}0}
2 me Tcosnm e Tcosnm—1
= —Re — — ;
T —14+ni 1—n2 —2n
2 [ —we ™ (=1)" 2_Dle ™ (=" =1
[2fmercy ety -y
7r n?+1 (n?2+1)2

(b) The Fourier sine series is f(x

n=

2

by

g b, sin nx, where

1

/ ze *sinnx dr = Im {— / ze e da:}
™ Jo

733 ’L?’LCE 1 ™ .
_ 2 _ | / e
m 1—|—m o —Ll+mni/
2 —zT pinz ef:reinx ™
— ZIm S
T {[ 1+m}0 [(—1+n1)2}0}
2 me "cosnm e "cosnm — 1
= —Im — -
T —14+ni 1—n2—2n
-T(_1)" 9 -1y — 1
|2 fnme(-1) n(e " (—1) ) Con=12..
™ n?+1 (n?+1)2

(¢) The Fourier series is f(z) =

n=—oo

s ' 1
/ xe—xe—ﬂnx dl’ —_ { |:
0 ™

Cp = —
s

E €™ where

xe—xe—i%m 1

T
/ e—xe—z2nx de}
0
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1 re~ e—ian ™ e—xe—iQnJ: T
;{{ —1—2m }0 N [(—1—2712’)2]0}
B 1 Te ™ e ™—1
_%{—1—2m’ a 1—4n2—4m}

1 (me™(=1+2ni) (1 —4n®+4ni)(e™ —1) c7
— — n
T 4n? +1 (4n? 4 1)2 ’
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4. (Wave Equation) [10]
Solve the following boundary-value problem:
Solve u(z,t) :  a*Upy = uy, 0<z< g, t>0
subject to : u(0,t) =0, u, <g,t) =0, t>0
u(z,0) =1, w(x,0) =0, O<x<g
Solution.
Let u(x,t) = X(x)T'(t), X # 0, T'# 0. Then,
X " T//
gy = uy = a°X'"T=XT" = = o5 = A

X"+AX =0
T" + AT =0

First we solve X ” 4+ AX subject to X (0) = X'(3) = 0:

e A=0: X =¢ + coz.
s

X(0)=0 = ¢, =0, X’(2

) =0 = ¢ =0 (Contradiction)

e \=—0a’<0: X = ¢ coshazr + ¢y sinh az.

X(0)=0 = =0, X’(g):() — acgcosh%:o = =0

(Contradiction)

e A=0%<0: X =ccosar + cysin ax.

X0)=0 = ¢, =0, X’(g>:0 — 0402008%:0.

Since X # 0, we have a =1, 3,5, ..., and X = ¢y sinax. For the chosen A,
T = c3cosaat + ¢y sinaat. Note that T/(0) =0 = ¢4, = 0, and hence
T = c3cosaant.

Hence, we have A\, = (2n — 1)?, n € N, X,,(z) = sin(2n — 1)z, T,,(t) = cos(2n — 1)at, and

up(z,t) = Apsin(2n — )z cos(2n — 1)at, wu(z,t) = ZA" sin(2n — 1)z cos(2n — 1)at.

n=1

Finally, we plug in the last condition:

u(z,0)=1 = 1= ZA" sin(2n — 1)x.

n=1
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Note that from Example 2 on Page 434 of the textbook, the Fourier sine series of the
function 1 on (0, ) is
2 e 1—(=1)*

4 1 1
—Z—sinkw: —{sinx+—sin3x—|——sin5x—|—---}.
T k 7T 3 5

Therefore, on (0, %),

4

o0 4 [e.o]
1= — = sin@n -1z =3 A,sin(2n — 1 A=
z;w(Zn—l)sm(n ) Z Lsin(2n — 1z = A, 1)

n=1

and

u(z,t) = Zl ﬁ sin(2n — 1)z cos(2n — 1)at |.

You can also obtain the coefficients A,, by the orthogonal series expansion, because
{sin(2n — 1)z | n € N} is an orthogonal set on (0, 7).
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5. (Laplace’s Equation) [10]

Solve the following boundary-value problem:

Solve u(z,y) : Uy +uy, =0, 0<z<a, 0<y<b
subject to: u.(0,y) =u(0,y), u.(a,y)=G(y), 0<y<b
u(,0) = f(z), u(e.b)=glz), 0<z<a

Solution.

From the homogeneous boundary conditions, we get

u(z,y) = ; (An cosh n%:v + B, sinh n%x) sin n%y )
Plug in the boundary condition at x = 0:
uz(0,9) = u(0,y) in— sm—y—ZA sm—y:>A ﬂBn.
—~ b b b
Plug in the boundary condition at z = a:
— G(y) = ; ay, sin n%y = nz::l (An cosh n%a + B,, sinh n%a) sin n%y
nmw onm 2 [P Y
— A, cosh—a+ B,sinh—a=a, =~ | G(y)sin —ydy.
b b b Jo b
Therefore,
A=, 5, b G Eydy |
b &% cosh Fa + sinh “Fa
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6. (Wave Equation on an Infinite String) [10]

Solve the following boundary-value problem:

Solve u(z,t) :  a*Upy = Uy, —00<xz <00, t>0
subject to :  u(£oo,t) = u, (oo, t) =0, ¢>0
w(x,0) = el w(z,0)=0, —oo<z< o0

Solution.

Take the Fourier transform w.r.t. « on both sides of the PDE and let u(x,t) Z, Ula,t):

2
—a*a’U(a,t) = % = U(a,t) = C1(a) cos aat + Cy(a) sin aat.

With the Fourier transform,

U(Z’,O) = €_|z\ — U(a70) — / 6—\$|e—io¢m dr = / e—xe—iax dx +/ e—meiam dr
—0o0 0 0
< 2
22/ e “cosaxdr =
0 1+ a2

aUu
u(z,0) =0 = %(04,0) =0.

Hence, Ci(a) = Cy(a) =0, and

_2
1+a2?

1 [ 2 . 2 [~ 1
u(z,t) = — cos aat € da = | — ——cosaat cosaxda|.
27 1+ a2 mJo 1+a?

—00
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7. (Laplace’s Equation on a Semi-Infinite Plate) [15]

Solve the following boundary-value problem:

Solve u(z,y) : Uyy + Uy, =0, 0<z<m, y>0
subject to: u(0,y) =ye ¥, wu(m,y)=0, y>0

u(z,0) =ze™™, u(x,00) =uy(r,00) =0, 0<z<m

Solution.
We shall break it into two sub-problems:
Sub-Problem 1:
Solve u(x,y) : Upy +uy =0, 0<z<m, y>0
subject to: u(0,y) =ye ¥, wu(m,y)=0, y>0
u(z,0) =0, wu(r,00)=uy(r,00)=0, 0<z<m
For this problem, the homogeneous boundary conditions are given at y = 0, co, and at

y = 0 the condition is placed at u. Hence we use Fourier sine transform to solve this
problem.

Take the Fourier sine transform w.r.t. y on both sides of the PDE and let
u(z,y) 7z, Uz, a):

2
% —a?U(z,a) + au(z,0) =0 = U(z,a) = C)(a) cosh az + Cy(a) sinh az.

With the Fourier sine transform,

u(0,y) =ye ¥ = U(0,q) :/ ye ¥ sin ay dy
0
2a

= Z{ysinay},_, = RETEE

u(m,y) =0 = U(m,«a) =0.

_ 2c _ cosh ar 2«
Hence, Ci(a) = 5y, Cala) = —nar mrames and

2 [ 2 h
uy(z,y) = _/ (—a2 (cosh ax — COSh O sinh ax) sin ay do |.
0

s 1+ a?) sinh am

Sub-Problem 2:

Solve u(z,y) : Uyy + Uy, =0, 0<z<m, y>0
subject to: u(0,y) =0, wu(m,y) =0, y>0

u(z,0) =ze™, u(x,00) =uy(r,00) =0, 0<z<m

For this problem, the homogeneous boundary conditions are given at x = 0, 7. Hence we
use separation of variables and Fourier series to solve this problem.

8
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Following the steps in Lecture Note 14, Page 45-47, we get
u(z,y) = Z Apsinnze™™,
n=1

where

2 [T 2 [nre ™(—=1)"  2n(e7"(-1)" —1)
An:;/o‘ xe smn:cd:l:z—;{ n2 +1 + (n2—i—1)2 .

Hence,

2 o= [nme ™ (=1)"  2n(e ™ (-1)"—1)) . oy
us(z,y) = —;;{ 211 + (n2 n 1)2 sinnx e .

Finally, the solution to the original problem is |u(z,y) = u(z,y) + ua(x, y) |




