Solution to Homework 2 Differential Equations [-Hsiang Wang

Solution to Homework 2

1. (Substitution and Nonexact Differential Equation Made Exact) [10]
Solve 4
% =2 — 26 + 324V y(0) = 0.

Solution.
Let u := e*, v = ¢¥, and hence
dy = (2 — 2v + 3uwv) dz, du = (2u)dz, dv = (v)dy
= (2u)dv =v (2 — 2v + 3uww) du
= v (2 —2v+ 3uwv) du + (—2u)dv
Let M(u,v) :=v(2 — 2v + 3uwv), N(u,v) := —2u. Then,
M,=2—-2v+3uv+v(3u—2) =2 —4v + 6uv, N, = —2

A2
= A=M,— N,=4—4v+ 6uv # 0, M:—onlydependsonv
v

Hence, we can solve the following to find a function u(v) such that pMdu + pNdv is an

exact differential: P A 5
M —
iy e e gt 11 n vl
Note that v = €Y > 0, and hence we can pick y = 1%, and get an exact equation

2 -2
(——2+3u)du+ (—QU) dv = 0.
v v

To solve this exact equation, we find

F(u,v) :/(%—2+3u) du = (%—2)u+;u2+g(v).

To determine g(v), take the partial derivative w.r.t. v:

oF -2 -2
= (3) v+ o) =2 = ) =0 = o) = constant.
Hence, we have (2 — 2) u + 3u?

we get ¢ = %, and

2 3
(——2)u+—u2:
v 2

3
2
3 —2z 2x 3
— |y=—1In 1+4_1(6 —e ) =—1In 1—§smh2x .

= c. Plug in the initial condition u =€’ =1, v = €’ = 1,

3 3 3
== U7121U71—1u+1 - e*yzl—i-z(efzx—e%)
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Bonus. Solve & =2 — 2e¥ + 3¢*¥, y(0) = 0. [10]

Solution.

Let u :=¢e*, v = ¥, and hence

dy = (2 —2v + 3w) dz, du = (u)dz, dv = (v)dy
= (u)dv =2 (2 — 2v + 3uww) du
dv  v(2—-2v+3uww) 2 ( 2)1;2

ek i 32
du U uv+ U

Above is a Bernoulli’s equation, and can be easily solved by substituting w := v

d 2 2 —1d 21 2\ 1
—U:—v+(3——)'02 — ——w———+(3——>—

du u U w2 du  uw u ) w?
dw 2 (2 >
— —=——w+|(--3
du U U

To solve the above linear first-order DE, we first find an integrating factor by solving the

following:

d 2 d 2d
_,u:_M . In|u| = 21n |ul.
du u 1 u

We pick i = u?, and we get

wzl u2(2—3>du:i(2—u3+0).

u? u?

1

Plug in the initial condition w = v™! =€’ =1, u = ¢® = 1, and we get ¢ = 1. Therefore,

w=1—u-+u"2 and hence

eV=1—e"4e%® — y:—ln(l—ew—ke_m).
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2. (Method of Substitution) [20]
Solve
(a) [10]

dy _

I = 26" + (2z 4+ 3)y + e %, y(0) = 1.
x

Hint: Choose appropriate f(x) and use the substitution u = f(z)y to convert the
equation to the form v = P(u), where P(u) is a polynomial of w.
Solution.

(a) We manipulate the original equation as follows:

d 2 1 d
Y2 (35— ytay? = 22 =24 B —1)y+ 2%y
dr =« x dx

d
- y+xd—y:2+3xy+x2y2
x

d
- _(xy) =2+ 3ay + 2%y?
dx
Hence, use the substitution u = xy, we get
du 1 1
— =2+43u+u’ = 1 2) = d — =d
o +3u+u” = (u+1)(u+2) ul T u+2> T
1 1
:>1n]u+1]—ln\u—i—2|:x—i—c:>u+ =1- =Ce", C#0
w42 u+ 2
— 2 — L 2 C+#0
U =2x = —_ = —-——— .
Y71 " Cen Yo e —Crer
(b) We manipulate the original equation as follows:
dy x2 —z2 2 —z2 dy —? —x? —2x2 2
— =2+ 2x4+3)y+te Ty = e T —==242ze " y+3e Ty+e Ty
dx dx
—x2 dy —x? —x? —2x2 2
— e " —=—2x¢ T y=2+4+3¢ " y+e "y
dx
d (e‘x2y> ) ,
= ———Z2 =243 " y+e My’
dx

Hence, use the substitution u = e‘ny, we get

du 2 L !
=24 3ut = (ut D(ut2) = d"(u+1 _u+2) -

3
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— Injlu+1|—-lnju+2/=z+c

Plug in the initial condition x = 0, y = 1, u = 1, we get ¢ = In(2/3). Hence,

1

-2
1—%6"”

utl 12, .
= — = —€ u = e =
U+ 2 u+2 3 4
N B 3e””
v= 3 — 2e”

2

—2¢", x € (—00,In(3/2)) |
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3. (General Solution of Homogenous Linear Differential Equations) [10]

Find the general solutions of the following:
(a) [5]
y@ — 6y + 15y" — 18y’ + 10y = 0.
(b) [5]
(z—1D*%"+(x—1)y +4y=0.
Solution.
(a) The corresponding polynomial is
D* —6D* 4+ 15D% — 18D 410 = (D* — 2D + 2) (D* —4D +5) ,

and it has four complex roots: 1 +14, 2 4. Hence, the general solution is

Yy = cre’ cosT + coe” sinx + c3€?® cos T + cue®sinz, ¢, ¢, 05,04 € R|.

(b) First let > 1. With the substation z — 1 = €, we convert the original DE into
(Di(Dy = 1) + Dy + 4) {y} = (D? + 4) {y} =0.

The polynomial D? + 4 has two roots +2i. Hence, the general solution is

Yy =cpc082t+cosin2t =|cicos (2In(x — 1)) + cosin 2ln(z — 1)), ¢, € R, x> 1|

If we let x < 1, then use the substation x — 1 = —e’, we convert the original DE into
(Di(Dy = 1) + Dy +4) {y} = (D} +4) {y} =0,

the same as above. Hence, the general solution is

Yy = cpc082t+cosin2t =|cypcos (2In(l — z)) + cosin (2In(1 — 2)), 1,0 € R, & < 1|
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4. (An IVP of Homogeneous Linear DE with Constant Coefficients) [15]
Consider the following IVP:

Solve yW 44y =0

subject to y(zo) = 1, ¥ (x0) =7, y'(x0) =12, 3" (x0) = 1°

(a) Find the 4 complex roots for the polynomial D* + 4: my, my, ms, my, where
me = mji, my = mj. 5]

(b) From the lecture we know that {e™* e™2% ™3 Mm%} ig a fundamental set of
solutions in the complex domain C. Hence the general solution in the complex
domain can be represented as

y = C1e™"¥ + Che™® 4+ (U5 4+ Cye™*, C; € C, 1=1,2,3,4. (1)

Please give the necessary and sufficient condition for y being a real-valued function,

in terms of the relationships among {C}, Cy, C3, Cy}. 5]

(c) Use the form in (1) to find out the unique solution of the IVP. 5]

Hint: Use Cramer’s Rule to solve {C}, Cy, C5, Cy}, and use the following fact:

1 1 1
a1 a2 Qp,
2 2 2
ap a3 ay | = || (a; — a;)
: 1<i<j<n
—1 n—1 n—1
ay Qo Qy

Solution.

(a) D'4+4=D*+4D%*+4—4D? = (D*+2)* — (2D)* = (D? + 2D + 2) (D* — 2D + 2),
and hence the four roots are:

my=—1+14 my=mj=—-1—4 mg=1+14 my=m3=1—1|

(b) Note that since x € R, 2% = ™% = (¢™%)" and €™ = ™% = (e™3%)". Therefore,

y=C1e™* + Oy <€m11)* + O™ 4+ Oy (€m3w)* ,
y = Coe™T + Cf (e™7)" + Cre™™ + C5 (e™")" .
With the above observation, we have y e R <— y —y* =0
= (C1=C3)e™T +(Ca—CF) (e™")" +(C5 — CF) €™ + (Cy = C5) (™)
= (C) — C3) €™ + (Cy — CF) €™ + (C3 — CF) €™ + (Cy — C5) €™ =0

< |C, =C5,C3=C}| since {e™¥ ™% ™3 ™1 are linearly independent.
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(c¢) Plug in the initial condition, we have the following system of linear equations:
Che™®o  Chye™2%0  (Che™s%0  Cye™i*0 = 1
Cimqe™%0 4+ Coymeoe™?™0 + Cymge™3™ 4 Cymye™ 0

Cym2e™® + Cymie™2™0 4+ Cymie™ ™ + Cymie™i® = r?

I
<

Cimie™® 4+ Cym3e™2™ + Cymie™s* + Cymie™i™ = 3
A
_ J s
:Cj_A7]_17273a47
where
emlibo emg:ro em31’0 €m4CEO 1 1 1 1
A — me™T moe™* 0 mge™IT mye™ito | G(Zi‘zlmi)xo miy Mg M3 My
miem™To  m3em2To  plemato  p2emaTo m? mi3 m3 m
mi’em”o m%emﬂo mgemwo miem‘wo m‘i’ m% mg mi
4
-1 My; )T
= e ™) (1) — ) (ms — my)(mg — my)(ms — ms) (Mg — my)(my — ms)
1 en2To esTo e'maro 1 1 1 1
maxo msxo m4xo
Al _ 7’2 mge mge mge _ 6(2?:2””)900 T2 mg mg mg
T4 mae™*0 mgeT0 mye™aro re m5 ms my
r3 m;’em?mO mgemm’ mf’lem“’”o r3 m% mg mi
4
o5 MN; )T
= im0 (1, — 1) (mg — 1) (my — ) (M3 — ma) (my — ma)(my — ms)
eniro em2To 1 eaTo 1 1 1 1
mi1xo moxo mqxo
Ag _ m%e mge 7”2 mge :6(m1+m2+m4)xo m; mg 7"2 m;
mie™r  mse™r0 s mie™aro mi m5; r° mj
m3emiTo  m3em2To  p3 miemavo m3 ms 3 md
mi1+mo+mag)x
emitmatma) °(mg — mq)(r —my)(mg —mq)(r —ma)(my — ma)(my —r)

Hence, |Cy = C],Cy = C5 |, and

_ A1 ey (ma = 1) (ms — ) (my — 1)
“=3 (s — 1) (s — 1) (g — )
— p1=Dzo (7"4 +4)
(m1 —1)(2i)(2)(2 — 2i)
— | p1=i)z0 (r* +4)
8(—1+i—r)(1+1)
_ & — e M3%0 (T B m1)<7“ B m2)<m4 - T)
Cs = A (m3 — mq)(m3 — mg)(my — mg3)
_ e(—l—i)ito (7“4 )
(ms —7)(2)(2 + 21)(—2i)
— | (100 (7"4 +4)
8(1+i—r)(1—1)

From here it is then easy to find the real-valued solution of the original IVP, for a
given xy and r. Below is how to do it, but if you do not manage to work it out since
we do not provide explicit g and r here, it is fine.

7
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Let Cl =1 + 7261, Cg = 1 — ’iﬁl, C3 = Q9 + iﬁz, C4 = Qg — Zﬁg Then,

Clemla: + C2€mzx — 9Re {Clemlw} = 2Re {(041 + iﬁl)efz@osai + 2sin l’)}
= 2e " (g cosx — fysinx)
C3e™" + Cye™* = 2Re {C3e™3"} = 2Re { (g + if32)e"(cosx + isinz)}

= 2¢” (g cosx — P sin x)

COS T — 7 8in xg
—(r+2)—ur

COS Tp — 7 8in xg
—(r+2)—r

Hence,
y=2e"(ajcosx — fysinz) + 2e” (agcosz — fosinx),
where
4 4
,- +4) rt 44
—R (1—4)zo (T — ZoR
“ e{e S(—1+i—n)(+9) g ¢
rt4+4  —(r+2)coszg + rsinzg
= e
8 2r2 +4r +4
By = Im { elt=9o0 (rf+4) — rit4
S(—1+i—r)(1+i) 8
rt 44 207 €COS T + (1 + 2) sin 2o
= e
8 2r2 +4r + 4
s = Re { 71770 (rf+4) = rit4
8(1+i—r)(1—1) 8

rt4+4

6—$

, —(r—2)coszy — rsinzg

8

2r2 —4r + 4

rt+4)

_ COS Tg — 7 8in Tg
e mORe{ }

—(r—2)—ir

4 . .
s +4 _ COS Tg — % 8in xg
=1 (=1-1)zo ( _ r zo]
b m{e S(1+i—r)(1—1) s °© U\ —(r—2)—a

rt+4

—I

, —Tcoszy — (r —2)sinxg

== (&

8

2r2 —4r + 4
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5. (Method of Undetermined Coefficients) [10]

00000

L
R

a—

Consider the above LRC' series circuit. Recall from Chapter 1 that the voltage drop
across the three elements are ch , IR, and & respectively. Using the fact that I =
and Kirchhoft’s Law, we have

Lq"+ Rq' + q/C = E(t).

Suppose L = 0.25, R =1, C = 0.8, E(t) = e 'sin 10t + 2e~* cost, q(0) = qo, I(0) = 0.
Find the current I(t).

Solution.
The second order differential equation is shown below:
¢"+4¢ +5¢ = 4e'sin 10t + 8¢ * cost.

First we solve the complementary solution g.(¢). Since the polynomial L := D? 44D +5
has two complex roots —2 =+ ¢, we know that the complementary solution

go(t) = Cre=2Dt 4 el = 2Re {Cle(_2+i)t} .

Next we find the particular solution, using the annihilator approach and the
superposition principle of nonhomogeneous equations. Note that
4e~tsin 10t + 8e~* cost = 4g(t) + 8ga(t), where

g1(t) = e "sin 10t = Im {719} g, (1) = e cost = Re {21},

Let g, be a particular solution of ¢” + 4¢' + 5q = (=119 "and g, 5 be a particular
solution of ¢” + 4¢’ + 5q = e(=2™* then a particular Solutlon gp of the original DE is

qp(t) = 4Im {g,1 (1)} + 8Re {gp2(t)}
Solve q,1(t): ¢" + 4¢ + 5q = e71H199t " and hence g, = Be(~110! We find that

1 1 1
(—1+100)2 +4(—=1+10i) +5 —99 —20i —4+40i +5  —98 + 20¢’

By =

Solve q,5(t): ¢" + 4q¢' + 5q = e=2*)! and hence g, = Bate=2*)!. We find that

1 1
By=——F— =
2(=24i)+4 2

9
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The general solution of the original DE can then be represented as follows:
q(t) = 4Im { B9 4 8Re { Byte 20!} 4 2Re { Ol 20|

where By = By = %, and C; will be determined by the initial conditions.

1
—08+20i°
With the initial condition we have

—20

qdo = 4Im {Bl} + 2Re {Cl} = ﬁ + 2&
0=4Im{B(—1+10i)} + 8Re{By} + 2Re {C1(—2+ 1)}
—960
= — —2(2
o501 e+,

where a = Re {C}}, b =Im {C}}. Solve the above we get

w10, 500
“T 9 Tos0r VT DT o501

Finally,

I(t) =4'(t)
= 4Im { By (—1 + 10i)e 911 + 8Re { By ((—2 +4)t 4 1) e 72101}
+2Re {C1 (=2 +i)e 721}
= 4e 'Im {ﬂ
—98 + 20i
+2¢ " Re {(a +ib)(—2 4 1) (cost +isint)}

(=240t +1

cos 10t +2sin 10t) » + 8 % Re
1

(cost + isin t)}

298 960
= 5501 e "sin 10t — 2501e’t cos 10t + 4te *' cost — (8t — 4)e * sint
960 _ 2020\ ., .
- 25016 . costl — (5(]0 + ﬁ) e 2 sint
298 ;. 960 960 \ _ 7984\ _,, .
= 2501@ sin 10t — 25016 tcos 10t + (4t+ —2501) e Heost — <8t—|—5QO - ﬁ) e Hsint|.

10
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6. (Variation of Parameters) [10]
Find the general solution of the following DE:

Y+ — 2y = xe” .
Solution.

First we solve the complementary solution y.. Since the polynomial
L:=D*+D—2=(D+2)(D —1) has two roots {—2, 1}, we have

ye(z) = cre” % + coe”,

where fi(x) := e 2" and fy(z) := €® are two linearly independent solutions of the linear
homogeneous equation.

To find a particular solution y,, let y, := uy fi + uafo. uy' = %, and uy = %, where
fi [ _ _
I X
0
W1 _ 2 f2, — _wel‘Q-‘rCE
xre 2
0
WQ = fl/ 2| = $612_2I
1 xXe
Hence,
dul — _x€x2+21

1 1 1
= u; = ~3 /:L'exzemd:c =5 /ehd (exz) =5 {e’”2+2"” — 2/6x2+2zd$}

1 1 1 1
_ _66962—&-290 + ; /6(I+1)2d£ﬁ _ e:c2+2oc + @F(x + 1)
duy w2,
72T,
dr 3
1 1 1
= Uy = §/$6x2€ Tdr = g/e_xd <6“2> =3 {e”’g_x +/em2_”"dx}
1 - 1 1)2 1 - 1 1
=—e" "4 G N Pt G R (P
6 66% / 6@% ( 2)

where F(t) := [ e dt.
We obtain a particular solution

1 1
Yp = U1f1 + u2f2 = —6€x2 + 567217117(1’ + 1) +

D~
aQ
8
+
D
3
7
I
o
VR
8
|
N =
N~

1 1 1
= ge—%—lF(ac +1) + éel‘—iF (x — §> :

and therefore

1 1 1
y(z) = cre™ + coe” + gfﬁ_h_lF(:E +1)+ éex_%F (:B — —) )

11
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Bonus. (Reduction of Order Two Times) [10]
Consider a homogeneous linear third-order differential equation

(2 +32% =32+ 1)y —3(z* + 20— 1)y’ +6(x + 1)y — 6y = 0.

(a) Verify that fi(z) =2+ 1 and fo(x) = 22 + 1 are both solutions to the above DE.

(b) Use the substitution y = fi(z)ui(x) to convert the original DE into a second-order

!/
DE of vy := u}. Write down this DE, and verify that (%) is a solution to it.

(c) Use reduction of order to find another linearly independent solution to the derived
second-order DE.

(d) From (c) derive a third solution f3(z) of the original third-order DE so that
{f1, f2, fo} are linearly independent.

Solution.

(a)
=1 A"=0
— (2® 4322 =3+ )A" = 3(2* + 22— 1) fi" +6(z + 1) fi' —6f,
=6(x+1)—6(x+1)=0
fr=2x f"=2 f£"=0
— (®+ 322 =3+ )" 3@ +2e - 1) +6(x+1)fy —6f,
= —6(z*+22 1)+ 12z(x+ 1) — 6(2® + 1) = 0.

(b) Set y =wuy(z+1), then ¢ = uy/'(x + 1) + uy, v = w"(x + 1) + 2wy,
y" =u"(x + 1) + 3u;”. Hence, the original DE becomes

(x4 +42% — 20 + 1) w4 (6 — 122)uy" + 12uy" = 0.
With v; = u¢’, the above DE is

(z' +42® — 22+ 1) v)" 4 (6 — 122)v," + 120y = 0|,

/
Plug in v; = (;ig) =1- ﬁ, we get vy’ = ﬁ, v = %, and

(ZL‘4 + 423 — 22 + 1) v 4 (6 — 122)v," + 120y
ot 42% — 20+ 1 1—2x

~ 12 24 12-24———— =0.
rnt e T Ty
(C) Set V1 = U2 (1 — ﬁ), then ’Ull = (]. — ﬁ) U2/ + ﬁu%
vy = (1 — ﬁ ug” + (xfl)g us — (xi%)4u2, and the above DE becomes

(x+1) (x2+2x—1) (x4+4x3—2x+1)u2"—2(2x4—x3—3x2—x—1)u2’:0.

12
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With vy = uy’, the above DE becomes

(z+1)(z*+22—1) (2" +42° =20+ 1) vy’ =2 (22" —2° = 32" — 2z — 1) v, = 0.

Hence

/ 222" — a3 =322 —x — 1) g
Vo9 = €X Xz
2TV G D@t 2w —1) (@t 42+ 1)

and a second solution is
2 202x* — a3 — 32—z —1
1—— /exp / (207 — 2" — 32" 2 ) dx ¢ dx.
(x +1)2 (x+1)(22+2x—1) (2x* 4+ 423 — 20+ 1)

(d) To find f3, we multiply the integral of the solution found above with f; and get

o [0 i) [l [ o eyt o

13



