Solution to Homework 1 Differential Equations [-Hsiang Wang

Solution to Homework 1

1. (Practice of Different Methods)

Solve the following initial-value problems (y: dependent variable)

dy 1

(a) dr 1 y(0) = 1.
0) = gy v 1

(c) (2% — 1)@ =2y +1, y(0) =1

dx
Solution.
(a)
dy 1 1 1 1 1
dr  zt—1 (22—-1)(22+1) 2 |22—-1 a2+1
1 1 1
_ 4 _ _ 4 _ _ 2
z—1 z4+1 z2+1
Hence,

o lz — 1] L |z + 1] L tan—t o +
= —n|r — — — 1N\ — — tan T C.
Y= 4 2

Plug in the initial condition z = 0,y = 1, we get ¢ = 1.

1 1 1
— oy = Zln(l—x)—11n(m+1)—§tan_1$+1-

Interval of definition: |z € (—1,1)]|.

(b)

4y zZ 2y + V)dy = 23dx = >+ Loty
— = = x°dx =-z"+c
de  (2y+1) Y Y Y=y
Plug in the initial condition x = 2,y = 1, we get ¢ = —2.
) 1, 1\ 1, 1
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Plug in the initial condition x = 2,y = 1, we know that we have to choose

y=5(-1+ Ve =7)|

Interval of definition: |x € (7%, oo) )

dy xy+1 z

dx de  22-1 22-1 1’
We shall introduce an integrating factor pu(z) to solve this linear equation, which has to
satisfy the following auxiliary DE:

1
y+a:2— x # *£1.

du x du T 1 d(z?) 1 9
-— = — — = dr = ————=- = 1 =——1 —1).
dx 221" 1 21 222 —1 nlul 2 nfe |

Based on the initial condition x = 0, we choose the domain of = to be xz € (—1,1) and
hence we get an integrating factor

1
"= V1—a?

Finally, plug in the integrating factor and we get

d(py) x N 1 Lo ® N 1
o M\eEo1? T e TV et T e T T (o ep

To solve uy, we need to compute the following integral:

1 e=sing [ —cosf ) B
/_(\/W)?’dx a /cos39d9_/_sec 0dp = —tant +c

X
-+

V1—a?

Hence,
1

x
- y=———+tec
H \/1—x2y V1 —a?
Plug in the initial condition z = 0,y = 1 we get ¢ = 1.

— |ly=—c+V1-—22|

Singular points © = +1 cannot be added back to the interval of definition, because

@_ x

dr V1—2a2
is not defined at the singular points. Interval of definition: |z € (—1,1) |.
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2. (Discontinuous Coefficients)

Solve
d
% +Plz)y==x
. 1, x>0
subject to y(0) = 0, where P(x) = { 21 220
Solution.
We first solve for z > O:
W — W
— =2x — =1x—y.
dx Y dx Y
Use the following substitution: v :=2z —y = y = x — u. We then get
dy du du du
dx dx “ dx “ 1—u

=dr,u#1 = —In|l—u| =2+c, u# 1.

Plug in the initial condition x = 0,y = 0 = u = 0, we get ¢ = 0. Hence,

l—u=1—-2rx4+y=¢? = y=ax+e -1, z > 0.

For z < O:
dy

dx dx

Use the following substitution: v :=x +y = y = v — x. We then get

dy dv_
dr  dx dx 1+o

dy
— —Yy=r —= — =T +UY.

d d
l=v = —Uzl—l—v — —U:dx,v#—l — In

|14+v| = z+c, v # —1.

Plug in the boundary condition x 1 0,y - 0 = v — 0, we get ¢ = 0. Hence,

l+v=142x+y=¢" —= y=—ax+e"—1, z<0.

Therefore, the final answer

Jrt+e =1, >0
v= —r+e"—1, <0

= |z| +el 1],

Interval of definition: .
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3. (Nonlinear ODE Made Linear)
Solve

dy
-7 =1 —y
I + ze

subject to y(0) = 0.

Solution.

First we manipulate the original DE as follows:

d d d
—yzl—i-xe’y — ey—y:ey+x — —e’ =¢eY +u,
dx dx dx

since d(e¥) = e¥dy. Hence, we can use the result in Problem 2 (the solution to
j—g =r+yisy=—x+ce” —1) to get

eV = —x 4 ce® — 1.

Plug in the initial condition x = 0,y = 0, we get ¢ = 2. Hence,

e/ =—x+4+2¢" -1 = |ly=In(—x+2" —1)|

Note that the function 2e* — x — 1 is minimized at x = —In 2, that is, 2¢* — 1 = 0, by
studying its derivative. Hence 2¢* —x — 1 > In2 > 0, and the interval of definition of

the solution is .
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4. (Singular Points, Interval of Definition, and Initial Conditions)
(1) Solve

subject to

(a) y(2) =1

(b) y(—1) =1

(c) y(1/2) =1

(2) Identify the singular points that cannot be included into the interval of definition.

Solution.

(1) First we manipulate the equation as follows:

dy dy  z+y Y
2z 1)%_x+y:>da:_x(x—l)_x(:v—l)+x—1’

x#0,1.

We find an integrating factor p(z) by solving the following auxiliary DE:

d
dx z(z —1) i x(z —1)

i T —

1) de = In|p| =In|z|—In|z—1]|.

Depending on the initial point of x, we shall choose different interval of definition and
consequently influence how we remove the absolute values on the right hand side of the
last equality:.

(a) y(2) =1:
The interval of definition shall lie inside (1, 00). Hence the signs of z and = — 1 are
the same, and we get an integrating factor

Plug it back, we get

d(py) 1 x 1 1 1
v Mr 1T @S a—1 @o1p s

Plug in the initial condition, we get ¢ = 3, and hence

-1 1 -1 —4
y:x {ln]m—l|——+3}:x ln(m—l)—!—gx
T

z—1 T T

The singular point x = 1 cannot be added back to the interval of definition which is
z € (1,00) |.
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(b) y(=1) =1:
The interval of definition shall lie inside (—o0,0). Hence the signs of z and x — 1 are
the same, and we get an integrating factor

x
wa) = —
Plug it back, we get
d(py) 1 T 1 1 1
— = = :> - 1 - 1 - .
dx P (x —1)? x—1+(x—1)2 py =lnjz —1] x—1+c
Plug in the initial condition, we get ¢ = —In 2, and hence

-1 1 —1 1— 1
y:$ Injlz—1| — —— —1n2 |2 In i I
T r—1 T 2 T

The singular point = 0 cannot be added back to the interval of definition which is
x € (—00,0) |

(¢) y(1/2) = L
The interval of definition shall lie inside (0,1). Hence the signs of  and « — 1 are
different, and we get an integrating factor

x
wa)=1—
Plug it back, we get
d(py) 1 —x 1 1 1
dx ] (1—2)? 1—-2 (1—x)? py =l -zl =z ¢

Plug in the initial condition, we get ¢ = 3 + In 2, and hence

1—2z 2— 3z
In(2(1 —
(21— )+

1—2z

1
y = {ln]l—x\——+3+ln2}:
1—x

T

The singular points £ = 0 and = = 1 cannot be added back to the interval of
definition which is |z € (0,1) |.

(2) As seen in the above discussion, in all three cases, none of the singular points can be
added back to the interval of definition.
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5. (LR Circuit with AC Power)

Consider the above LR circuit, where E(t) = 10sin(t) volts, R = 10 ohms, L = 0.5
henry, and initial current i(0) = 0.

Find i(¢).

Solution.

Current i(t) satisfies the following DE:

di 1di di
Ld_jf+Ri:E(t) - 5d—z_1_1()i:1()sint = d—z+20i:205mt

Let u(t) be the integrating factor to be found, which satisfies

dp
= = 20u.
at -~

We can find one integrating factor u(t) = €?**. Plug in p(t) = €** and i(0) = 0, we get

400 20
= /20620t sint dt = (m sint — 207 t> e+ c.

Note that in the above we use integration by parts to derive the indefinite integral.

Plug in the initial condition t = 0,7 =0, u = 1, we get ¢ = %. Hence the current is

400 . . 20 20 o,
z(t)zmsmt—mcost—i-ﬁe :

Interval of definition: |t € [0,00) |or [t € R|.
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6. (Gompertz Differential Equation)
English Mathematician B. Gompertz (1779 — 1865) proposed the following equation to
model population dynamics:

dP

o= P(a—blnP).

Suppose the initial population P(0) = F.
(a) Find P(t).

(b) Find the capacity of population, that is, P(o0).

(c¢) Find the threshold of population beyond which its growth rate decreases as
population grows.

Solution.
(a) The DE is separable and can be solved as follows:

dP P d(In P)
& Pla—blnP) = dt = —
gi ~Pla-blnp) Pla—bmP) a—blnP

1
= t:—gln|a—blnP|+c.
Plug in the initial condition P(0) = Py, we get ¢ = %ln |a — bln Py|. Hence
1 1 1. a—blnPF,
t:—gln|a—blnP\+61n|a—blnpo\ :glnﬁlnf?

— WPt =7 (1—e")+e " mp

= | P(t) = exp (% (1- e_bt)) Pg_bt :

Interval of definition: |t € [0,00)|or |t € R|.

(b)
lim P(t) = lim exp <% (1— e_bt)> P = .

t—o00 t—o00

(c) With the assumption that Py < e, we can easily see that In P(t) is an increasing
function, and hence so is P(t), which implies that P(t) < P(cc) = 5.
Therefore,

dP
o =Pla—blnP) >0, Vt.

To find the saddle point, we focus on the second derivative of P:

P\ dP P
d (d ) d dP(a—blnP):P(a—blnP) (a—blnP—%)

dt \'dt )~ dt dP
Note that the saddle point P* € (0,e?) will make Cng = 0. Hence,
P* -
0:a—blnP*—b —a—b—blnP* — |P*=¢"F|

P



