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a  b  s  t  r  a  c  t

Gravity  currents  flowing  downslope,  namely  downflows,  were  observed  to  have  a  larger
scale instability  on  high  slope  angles  and  such  violent  instability  was  absent  for downflows
on  low  slope  angles.  By linear  theory,  it is found  that  two branches  of  instability  occur  for
slope angle  in  the  range  of 0◦ <  �  < 90◦. The  ensuing  instability  is  on  the  upper  branch  for  low
slope  angles  and  on  the  lower  branch  for high  slope  angles.  There  also  exists  a transitional
slope  angle,  �E ≈ 0.04◦, at which  the  onset  instability  switches  from  one  branch  to the  other.
The  scale  of  instability  is  found  to increase  and  tend  to skew  towards  the upper  edge of
the  downflow  as the  ensuing  instability  switches  from  the  upper  branch  to the  lower  one.
Our  findings  surprisingly  resonate  with  previously  reported  observations.  Critical  Reynolds
number,  below  which  the flow  is  stable  to infinitesimal  disturbances,  is found  to increase
as  the  slope  angle  decreases.  The  role  played  by  the  bottom  slope  is essentially  twofold.
On  one  hand,  the  downslope  component  of gravity  acts  as  the  driving  force  for  downflows.
On  the  other  hand,  the wall-normal  component  of  gravity  acts  for the  stratification  effect.
Therefore,  as the slope  angle  decreases,  the  driving  force  diminishes  and  the  stratification
intensifies,  which  can  explain  that  the  critical  Reynolds  number  increases  as the  slope  angle
decreases.  When  a  downflow  propagates  onto  a sufficiently  low  slope  angle,  the  low  driving
force and  intensified  stratification  effect  would  make  the  downflow  less  prone  to sustain  a
turbulent  state  of flow,  which  ultimately  leads to  the  final  stage  of a gravity  current  event.

©  2015  Elsevier  B.V.  All  rights  reserved.

1. Introduction

Gravity currents, otherwise known as buoyancy or density currents, are flows of dense fluid beneath light ambient fluid,
or light fluid above dense ambient fluid, primarily in the horizontal direction (Huppert, 2006). These flows are gravita-
tionally driven by the density difference between the fluid in the currents and its environment and are quite common in
natural and man-made environments (Allen, 1985; Fannelop, 1994; Simpson, 1997). A number of factors can cause varia-
tions in the density of fluid, which include temperature differentials, dissolved materials, and suspended sediments. While
lock-exchange flows, in which gravity currents are produced from a finite buoyancy source released instantaneously on a
horizontal boundary, have drawn much attention in the literature (e.g. Shin et al., 2004; Marino et al., 2005; Cantero et al.,

2007; La Rocca et al., 2; Adduce et al., 2012), gravity currents over sloping terrain are also commonly encountered in nature.
Prominent examples include dense overflows in the ocean (Nielsen et al., 2004; Dai and Garcia, 2010; Dai, 2010, 2013b)
and powder-snow avalanches (Beghin et al., 1981; Hopfinger, 1983; Rastello and Hopfinger, 2004). In the laboratory, gravity
currents on a slope can be produced from a sudden release of a finite volume of dense fluid (Maxworthy, 2010; Dai, 2013a) or
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ig. 1. Sketch of a downflow with a top wall driven by a linear density excess. The bottom slope makes an angle � with the horizontal direction. The channel
s  open to the environment at both ends and there is no net pressure gradient acting on the flow. The flow represents an idealised model of a downflow in

hich  entrainment of ambient fluid is not allowed in the channel.

rom a steady source of dense fluid into a uniform (Britter and Linden, 1980) or stratified environment (Baines, 2001, 2005).
irect numerical simulations also provide a useful means to study the gravity currents on sloping boundaries (Cantero et al.,
009, 2009; Shringarpure et al., 2012). On a point of terminology, here we  use the term ‘downflow’ to refer to the downslope
ropagating gravity current produced from a steadily maintained buoyancy inflow.

This paper is motivated by the recent observation reported by Talling et al. (2007) from the analysis of sediment cores
hat a transition of flow for a turbidity current event in the Agadir basin offshore from northwest Africa, marked by sediment
eposition, could be triggered by a small but abrupt decrease of slope from 0.05◦ to 0.01◦. The turbidity current propagated
n the 0.05◦ slope for ∼100 km and continued on the 0.01◦ slope for a further ∼250 km.  Sediment deposition was  very little
n the 0.05◦ slope and mainly on the 0.01◦ slope. This abrupt transition of flow is similar to the onset of hydrodynamic
nstability, but it was not determined unequivocally whether this flow transition is from one turbulent state to another or a
everse-transition from turbulent to laminar flows. Simple calculations and evidence for fast flow velocities as documented
n Talling et al. (2007) indicate that the transition from one turbulent state to another is more likely, albeit without theoretical
upport.

Aiming at providing a theoretical support for the reported observation, we adopt a heuristic model, namely the ‘downflow
ith a roof’ configuration, and perform the stability analysis for the gravity currents down different bottom slopes. The

nalysis will be carried out based upon a two-dimensional buoyancy-driven base flow, of which the stability properties are
f particular interest. Of course in the field the flow is rarely two-dimensional, however, from a theoretical point of view it
s sufficient to consider only the two-dimensional problem to find the least stable conditions, i.e. Squire’s theorem (Drazin
nd Reid, 1981). For a more thorough review and references on buoyancy-driven shear flow in a channel, the readers can
e referred to Chen and Pearlstein (1989). In particular, it is worth noting that Birikh (1966), Birikh et al. (1968, 1972), Hart
1971) considered the stability of a plane-parallel flow in a channel where the top and bottom walls are heated differently.
uch a stability problem is similar in configuration to but is different from the one investigated here. While in Birikh (1966),
irikh et al. (1968, 1972), Hart (1971) the buoyancy, or temperature, is maintained at different levels on the walls, i.e.
irichlet type boundary conditions, here it is assumed no buoyancy flux across the boundaries, i.e. Neumann type boundary
onditions. As will be discussed later, our results indicate two branches of instability which were not observed previously
n these references.

The ‘downflow with a roof’ configuration has been widely employed in the study of buoyancy-driven flows on sloping
oundaries, e.g. Cantero et al. (2009), Shringarpure et al. (2012). In this configuration, both ends of the channel are open to the
nvironment and consequently, the flow within the channel is purely driven by the density excess of the downflow fluid. In
eality, the downflows generally do not have a distinct upper boundary as shown in Fig. 1, but entrain ambient water across

 more diffuse upper boundary. The thickness of the downflow, therefore, tend to slowly increase in the downslope direction
ue to ambient water entrainment. In the ‘downflow with a roof’ configuration, the slow development of the current as the
ownflow propagates is ignored by not allowing entrainment of ambient fluid. Notwithstanding, the ‘downflow with a roof’
onfiguration preserves a key element in the downflow problem, i.e. the flow is purely driven by the density excess, and
llows for a steady state, uniform solution as a basis for the stability analysis.

To facilitate the analysis, we adopt a linear density excess profile, with a density excess � �̃b at the bottom and no
ensity excess on the top wall, within the channel for the body of a gravity current. That the density excess diminishes

n the wall-normal direction away from the bottom can be a consequence of self-stratification effects in sediment-laden

ownflows, dilution due to entrained ambient fluid, or diffusion. There has been a large number of experimental works
ndertaken to analyse the velocity and density structures of a gravity current (McCaffrey et al., 2003; Choux et al., 2005;
elix et al., 2005). Simple as the linear density excess profile can be, it not only preserves the essential feature of the density
rofile in the body of a gravity current (Choux et al., 2005) but also self-consistently satisfies the equation of buoyancy
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conservation as a steady state, uniform solution. It is known that when the density excess is uniform across the channel
depth, the problem is equivalent in a mathematical sense to a purely pressure-driven channel flow with no stratification
effects (Cantero et al., 2009). To recreate the downflows in the laboratory with a roof and with specified velocity and density
profiles is difficult, but the simple mathematical model of downflows employed in this study helps develop understanding
of different characteristics of downflows on high and low slope angles.

Our results support the observation that the flow transition was likely from one turbulent state to another and imply that
such flow transition could occur in similar deep ocean environment. This paper is organised as follows. The linear stability
analysis of the downflow, including the steady state, uniform base flow, is presented in Section 2. The numerical method
used to solve the stability eigenvalue problem is presented in Section 3. Results are summarized in Section 4 and finally
conclusions are drawn in Section 5.

2. Linear stability analysis

The downflow in this study is modeled as a continuous buoyancy flow with a top wall driven by a linear density excess, as
shown in Fig. 1. The inclined bottom forms an angle � with the horizontal direction. Here the thickness of the flow, namely
the distance between the walls or H̃,  is chosen as the length scale. The density of fluid in the channel is �̃, the density
excess at the bottom is � �̃b, and the density of ambient fluid is �̃0. The velocity scale of the problem is therefore chosen as

ũb =
√
� �̃bgsin�H̃/ �̃0. Here we assume that the density excess is sufficiently small such that the Boussinesq approximation

is valid and the dimensionless governing equations take the following form:

∇ · u = 0, (1)

∂u
∂t

+ u · ∇u = −∇p + 1
Re

∇2u + �eg, (2)

∂�
∂t

+ u · ∇� = 1
ReSc

∇2�. (3)

where u = (u, 0, w) is the velocity, eg = (1, 0, − 1/tan�) is the direction of gravity. Please note that with the velocity scale ũb
defined above, the gravity vector is (1, 0, − 1/tan�) rather than (sin�, 0, − cos�), where the term 1/tan� represents the ratio of
the wall-normal component of gravity to the streamwise component of gravity. The dimensionless density excess is defined
as

� = �̃ − �̃0

� �̃b
. (4)

The dimensionless parameters arising from the normalisation are

Re = ũbH̃

�̃
,  Sc = �̃

�̃
. (5)

where �̃ is the kinematic viscosity and �̃ is the diffusivity of the density field. Typically for turbidity currents, the Schmidt
number is greater than unity. However, based on the reports that the influence of Schmidt number is weak as long as it is
O(1) or larger (Härtel et al., 2000; Necker et al., 2005; Cantero et al., 2007; Bonometti and Balachandar, 2008), it has become
a custom in the computational study of gravity currents to set Sc = 1 and we  follow suit here and employ Sc = 1 in the study.

2.1. Base flow

The downflow is modeled as a buoyancy flow driven by a linear density excess profile, i.e. �̄(z) = 1 − z. Upon substitution
into (2.2) and with no-slip condition at the walls, a steady state velocity profile is derived as

U(z) = Re
(

1
6
z3 − 1

2
z2 + 1

3
z
)
. (6)

Fig. 2 shows (a) the steady state velocity and (b) the shear stress profiles. As we  note the maximum velocity occurs at
z ≈ 0.423, which is slightly below the centerline of the channel. The maximum shear stress occurs at z = 0 and decreases away
from the bottom. The location where shear stress passes through zero, z ≈ 0.423, also represents the point of inflection in

the velocity profile. In a real turbidity current, the location at which the maximum streamwise velocity occurs is close to the
bottom and further away from the bottom the streawise velocity decreases more gradually to zero. The velocity profile in
Fig. 2 is similar to a real turbidity current in the sense that the location of maximum streamwise velocity is skewed towards
the bottom rather than on the centerline of the channel as in a pressure-driven velocity profile.
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ig. 2. Steady state velocity profile, plotted in panel (a), and shear stress profile, plotted in panel (b), of the mean flow driven by a linear density excess,
¯  = 1 − z, where D denotes derivative with respect to z. The maximum mean flow velocity occurs at z ≈ 0.423, which is slightly below the centerline of the
hannel.

.2. Disturbance equations

In order to investigate the stability property of flow using (1)–(3), we  adopt the linear stability analysis which introduces
he velocity, pressure, and density excess in the perturbed form

u = U + u′, w = w′, p = p0 + p′, � = �̄ + �′. (7)

Upon substitution of (7) into (1)–(3) and linearisation, we  have

∂u′

∂x
+ ∂w

′

∂z
= 0, (8)

∂u′

∂t
+ U

∂u′

∂x
+ w′ dU

dz
= −∂p

′

∂x
+ �′ + 1

Re

(
∂2
u′

∂x2
+ ∂

2
u′

∂z2

)
, (9)

∂w′

∂t
+ U

∂w′

∂x
= −∂p

′

∂z
− 1

tan�
�′ + 1

Re

(
∂2
w′

∂x2
+ ∂

2
w′

∂z2

)
, (10)

∂�′

∂t
+ U

∂�′

∂x
+ w′ d �̄

dz
= 1
ReSc

(
∂2
�′

∂x2
+ ∂

2
�′

∂z2

)
, (11)

here �′/tan� represents the buoyancy term in the perturbation equations and 1/tan� essentially plays the role of the
ichardson number, as will be discussed further in Section 5. Here the perturbed velocity can be expressed in terms of the

treamfunction  ′ as

u′ = ∂ 
′

∂z
and w′ = −∂ 

′

∂x
, (12)
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and the disturbances can be expanded in terms of normal modes, i.e.

 ′ = �̂(z)ei(˛x−ωt), p′ = p̂(z)ei(˛x−ωt), �′ = �̂(z)ei(˛x−ωt). (13)

Upon substitution of (12) and (13) into (9)–(11) and eliminating the pressure term, a set of sixth order differential
equations forms the eigenvalue problem

i˛
(
D2U�̂ + ˛2U�̂ − UD2�̂

)
+ D �̂ + i˛

tan�
�̂ + 1

Re

(
D4�̂ − 2˛2D2�̂ + ˛4�̂

)
= iω

(
˛2�̂ − D2�̂

)
,

(14)

i˛
(
�̂ + U �̂

)
+ 1
ReSc

(
˛2�̂ − D2�̂

)
= iω �̂, (15)

where D denotes derivative with respect to z. Here temporal stability problem is pursued where  ̨ is the wavenumber in the
x direction taken to be real and the eigenvalue ω = ωr + iωi is the frequency assumed to be complex, of which the imaginary
part, i.e. ωi, determines the growth rate of disturbance. In other words, ωi ≤ 0 indicates that the flow is stable to infinitesimal
disturbances and otherwise unstable. The eigenvalue problem is completed with no-slip condition at the walls, i.e.

� = D� = 0 at z = 0, 1, (16)

and no mass flux across the boundaries, i.e.

D� = 0 at z = 0, 1. (17)

We  may  solve the eigenvalue problem with matrix method to obtain the eigenvalue ω. Here the no mass flux boundary
conditions indicate that there is no buoyancy-exchange across the bottom and top walls. In the literature, the buoyancy-
conserving flow in which there is zero net flux of sediments to or from the bed is also said to be in bypass or auto-suspension
mode. In this study, essentially we are considering a downflow with a linear density excess profile while there is no buoyancy-
exchange between the flow and the boundaries during the propagation. The linear density excess profile is taken as the ansatz
in the problem formulation, rather than a self-evident solution derived directly from (3) and (17). It may  seem odd to some
readers that the linear density excess profile does not satisfy (17). In fact, the straightforward solution for the density excess
profile derived from (3) and (17), namely a uniform density excess across the depth, is trivial. As explained by Cantero et al.
(2009), the ‘downflow with a roof’ problem with a uniform density excess is equivalent to a Poiseuille flow and does not
serve the purpose in the study.

3. Numerical method

Our intent is to solve the eigenvalue problem numerically. The amplitudes of the disturbances, namely �̂ and �̂, are
expanded in the following form:

�̂(z) =
N∑
n=1

an�̂n(z) and �̂(z) =
N∑
n=1

bn�̂n(z), (18)

in which an’s and bn’s are undetermined coefficients and each basis function, i.e. �̂n and �̂n (n = 1, 2, . . . , N), is individually a
linear combination of Chebyshev polynomials of the first kind, Tn. Specifically, the basis functions are defined as

�̂n =
4∑
j=0

cjTn−1+j and �̂n =
2∑
j=0

djTn−1+j,

where cj’s and dj’s are defined such that the four boundary conditions on �̂n, i.e. (16), and two boundary conditions on �̂n,

i.e. (17), are satisfied for each �̂n and �̂n, respectively.
We  employ Galerkin method to formulate the problem in a matrix form (Chandrasekhar, 1981; Drazin and Reid, 1981).

After substituting (18) into (14) and (15) and requiring the weighted residual be zero with respect to �̂n and �̂n (n = 1, 2, . . . ,
N), we derive a generalized eigenvalue probelm:

Ax = ωBx, (19)
where

A =
(

A11 A12

A21 A22

)
and B =

(
B11 B12

B21 B22

)
, (20)
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ig. 3. Neutral stability curve in the (˛, Re) plane for the downflow. The slope angles are chosen at � = 0.01◦ , 0.02◦ , 0.0388◦ , 0.1◦ , 1◦ , 89◦ for illustrative
urposes.

nd x = (a1, a2, ..., aN, b1, b2, ..., bN)T . Here A and B are matrices of 2N × 2N and their elements, namely A11, A12, A21, A22,
11, B12, B21, B22, are matrices of N × N and, in indicial notation, are

A11ij = i˛
(〈
�̂i, D2U�̂j

〉
+ ˛2

〈
�̂i, U�̂j

〉
−
〈
�̂i, UD2�̂j

〉)
+

1
Re

(〈
�̂i, D4�̂j

〉
− 2˛2

〈
�̂i, D2�̂j

〉
+ ˛4

〈
�̂i, �̂j

〉)
,

(21)

A12ij =
〈
�̂i, D �̂j

〉
+ i˛

tan�

〈
�̂i, �̂j

〉
, (22)

A21ij = i˛
〈
�̂i, �̂j

〉
, (23)

A22ij = i˛
〈
�̂i, U �̂j

〉
+ 1
ReSc

(
˛2
〈
�̂i, �̂j

〉
−
〈
�̂i, D2�̂j

〉)
, (24)

B11ij = i
(
˛2
〈
�̂i, �̂j

〉
−
〈
�̂i, D2�̂j

〉)
, (25)

B22ij = i
〈
�̂i, �̂j

〉
, (26)

here i, j = 1, 2, . . .,  N and 〈 · 〉 denotes the weighted inner product in L2 norm. Here B12 and B21 are zero matrices. The
nner products of Chebyshev polynomials are exactly integrated with Gaussian quadrature. The numerical method, namely
pectral method, has a very high order of approximation in that the error decreases exponentially as opposed to algebraically
or finite-difference methods. The number of basis functions, N, is chosen sufficiently large to exploit spectral convergence
Boyd, 2001). In our study that follows, N = 80 is used in the computation after the test on the number of basis functions. The
eneralized eigenvalue problem is then solved by LAPACK routines.

. Results

We  repeated the computation for (19) over a wide range of  ̨ and Re for a number of slope angles and searched for the
eutral stability curve, on which the growth rate is zero, i.e. ωi = 0. Fig. 3 shows the neutral stability curves in the (˛, Re)  plane

or different slope angles. The region inside the neutral curve for each slope angle corresponds to instability while the region
utside the curve corresponds to stability. We  observe not only one but two branches of eigensolution. Of course, multiple
igensolutions depicting neutral stability curve are not uncommon in this type of analysis, but notable here is that the two
ranches are usually well separated with distinct onset Reynolds numbers and wavenumbers. It is also observed that there
xists a slope angle, �E = 0.0388◦, at which the onset Reynolds numbers of the two  branches are equal, at ReE = 1356.66. For
lope angles below �E, the onset instability occurs on the upper branch with higher onset wavenumbers, while for slope
ngles above �E, the onset instability occurs on the lower branch with lower onset wavenumbers. As the slope angle increases
hrough �E, we see from Fig. 3 that the onset wavenumber switches from about 1.81 to 1.49. Therefore, we  would expect
he scale of instability to increase as the bottom slope increases from low slope to high slope angles.

Note that for each slope angle, there exists a minimum Reynolds number, namely the critical Reynolds number Recrit,

uch that for all Reynolds number below this value the flow is stable to infinitesimal disturbances. Fig. 4 shows Recrit versus

 for the downflow. It is observed that for bottom slopes in the range of 10◦ � � ≤ 89◦, the critical Reynolds number is in
 relatively narrow range of 480 < Recrit < 500 but the critical Reynolds number increases rapidly when the bottom slope
ecreases below 10◦, as shown by the inset of Fig. 4. When a downflow propagates on a slope which decreases during the
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course of its motion, as is the case of the continental slope on the ocean floor, the increasing critical Reynolds number makes
the downflow less prone to sustain a turbulent state of flow, which inevitably leads to the final stage of a gravity current
event.

The existence of the two branches of instability can be alternatively illustrated by the growth rate curve in the (ωi, ˛)
plane. Holding Reynolds number at Re = 1250 and looking at the growth rate, ωi, as a function of wavenumber, ˛, for different

slope angles, we find from Fig. 5(a) that the onset instability occurs on the lower branch at � = 0.05◦. The growth rates on
the lower and upper branches both increase as the slope angle increases, but the growth rate on the lower branch is higher
than the upper branch until � ≈ 0.09◦. Now when holding Reynolds number at Re = 1400, we  find from Fig. 5(b) that the
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ig. 6. Amplitudes of the normalised eigenfunctions u′ , plotted in panel (a), and w′ , plotted in panel (b). Dashed lines represent eigenfunctions on the upper
ranch  and solid lines represent eigenfunctions on the lower branch.

nset instability occurs on the upper branch at � = 0.0355◦. The growth rates on both branches increase as the slope angle
ncreases, and the growth rate on the upper branch is persistently higher than the lower branch.

Fig. 6 shows the amplitudes of the normalised eigenfunctions, namely u′ and w′, on the upper and lower branches. In
lotting the eigenfunctions, the term ei(˛x−ωt) is dropped out in the analysis and only the magnitude of u′ and w′, i.e. û  and ŵ,
re computed and shown. It is observed from Fig. 6(a) that the amplitude of the eigenfunction u′ on the lower branch is larger
han that on the upper branch, especially towards the upper edge of the downflow (z = 1). From Fig. 6(b), the eigenfunction
′ on the lower branch also tend to skew towards the upper edge of the downflow. The eigenfunctions indicate that the

wo branches of instability have discernibly different most unstable disturbances and the slope angle has influences on the
tructure of ensuing instability.

. Discussions

As reported previously, in the laboratory downflows on high slope angles have distinct characteristics that distinguish
hem from those on low slope angles. Specifically, for downflows on high slope angles, the scale of instability is larger in terms
f amplitude and wavelength and the instability tends to skew towards the upper edge of the downflow. Moreover, field
bservations also indicate that a transition of flow may  exist when the slope angle undergoes a small but abrupt decrease
rom 0.05◦ to 0.01◦. Whether the flow transition as reported by Talling et al. (2007) is from one turbulent state to another
r a reverse-transition process from turbulent to laminar flows is obscure, but for a geological flow on such a scale being
aminar seems not very likely. Although our mathematical model of downflows may not exactly represent the conditions in
he experiments and in the field observations as they are quite complex, it sheds some light on the underlying reason for
ownflows on high and low slope angles having distinct characteristics. With the idealised model, we  observed that two
ranches of instability can occur for a downflow: the ensuing instability is on the lower branch for downflows on high slope
ngles and is on the upper branch for those on low slope angles. The amplitude and wavelength for the ensuing instability on

he lower branch for high slope angles are both larger than those on the upper branch for low slope angles and the ensuing
nstability on high slope angles tends to skew towards the upper edge of the downflow. Our model also indicates that there
xists a transitional slope angle, �E ≈ 0.04◦, across which the ensuing instability can switch from one branch to the other.
ortuitously, these findings resonate with and provide a theoretical support for previously reported observations.
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Mindful that in the field the Reynolds number is likely in excess of O(103). The nature of flow transition at such a high
Reynolds number is inherently nonlinear. However, we do not intend to address the path of flow transition at such a high
Reynolds number in this study but to provide one plausible heuristic explanation for the existence of two  branches of
instability, which are both supported by the gravity current down a slope.

Turbidity currents in the field are extremely difficult to monitor directly and analysis of such flows requires insightful
and heuristic treatment. In the analysis, we adopted the Boussinesq approximation, which is essentially assuming that the
density contrast caused by the suspended sediment particles is not very large so the non-Boussinesq effect can be neglected.
Unlike flows driven by particles in the air, turbidity currents even with high sediment concentrations in a high-density
carrier fluid such as water here may  still be considered in the Boussinesq regime (Jacobson and Testik, 2013).

In addition the Boussinesq approximation, the heuristic model used in this study adopted other simplified elements such
as flat top and bottom walls and linear density excess profile. In the field, neither the bottom is flat nor the top wall is
present. Furthermore, the bottom in the field may  exchange sediments with passing turbidity currents. The presence of the
top wall inhibits the entrainment of ambient water and annihilates the long-term streamwise development of the thickness
of gravity currents. Nevertheless, the heuristic model preserves a key element in the problem that the flow is purely driven
by buoyancy while at the same time allows for a steady state solution based on which the stability analysis can be performed.
As far as the stability properties are concerned, the streamwise development of the current can be ignored (Shringarpure
et al., 2012). Regarding the density excess profile, the concentration profile depends on the properties of the sediment
particles. From previous laboratory studies, several concentration profiles can exist but a linear profile is not unlikely in the
experiments. Since turbidity currents are difficult to monitor in the field, we do not have the in situ concentration profile for
the analysis but still we may  choose one representative profile to illustrate the idea of two  branches of instability in the flow.
However, the model does not preclude other possibilities. There might be many complexities, such as the size of sediment
particles, in the field and processes at work which may  modify the density structures. These many complexities in the field
are not likely to be incorporated into a theoretical model as designed here, however, from a perspective of flow stability, our
heuristic model has demonstrated the existence of two branches of instability for a linearly stratified downflow. It should be
pointed out that in our heuristic model, the particles do not settle out from the flow, or equivalently, the particle fall velocity
is assumed zero. Strictly speaking, the analysis and the results presented in this study are perhaps more directly applicable
to compositional gravity currents.

The slope angle comes into the problem mathematically only via the body force term in the wall-normal component
of the momentum Eq. (10). The coefficient 1/tan� in (10) can otherwise be identified as a ‘bulk’ Richardson number, Ri,
which represents the ratio of potential energy due to stratification effect to kinetic energy of the flow. In the problem
under investigation, the potential energy due to stratification effect scales as � �̃bgcos�H̃/ �̃0, while the kinetic energy of
the current scales as � �̃bgsin�H̃/ �̃0. Therefore, the Richardson number is Ri ∼ 1/tan�, which suggests that the Richardson
number decreases as the slope angle increases. As � → 90◦, the stratification effect becomes unimportant in the flow, while
as � → 0◦, the stratification effect is dominant. In the problem under investigation, the flow is purely driven by the density
excess and the Richardson number is simply related to the bed slope. As the slope angle decreases from 90◦ towards 0◦, it is
observed from Fig. 4 that the critical Reynolds number is relatively insensitive to the change in slope angle in the range of
10◦ � � ≤ 89◦. For � < 10◦, the critical Reynolds number is more sensitive to the change in slope angle and increases rapidly
when the slope angle further decreases.

It is intuitively understandable that the driving force for downflows diminishes as the slope angle decreases. Nevertheless,
the role of Richardson number, played by the slope angle, �, is less obvious. The stratification effect due to wall normal
component of gravity increases as the slope angle decreases, therefore, the critical Reynolds number at the onset of instability
increases as the slope angle decreases, as shown in Fig. 4. When a downflow propagates onto a sufficiently low slope angle
during the course of its motion, as is the case of the continental slope on the ocean floor, the low driving force and intensified
stratification effect would make the downflow less prone to sustain a turbulent state of flow, which ultimately leads to the
final stage of a gravity current event.
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