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\/The Laplace Transform
nce (ROC)

Outline
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= The Laplace transform of a general signal x(t):

X (jw) 2 / x(t)c.u ) X(s)— :g_(_t)@it

m”

'X(“\' \ ,
(
s ﬂ‘ / »Ed)sj
> ""‘; 0>< J
@i X(jwl x(t) @ X(s)‘
X(jw) = F{a(0)] X(s) = {mu)}
x(t) = f_/j {X(jw)} x(t) = {X(s)}

@w = {0, = F1e0) = X
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= | aplace Transform & Fourier Transform:

T L {x(t)} L= F {a::(t)} = X (jw) ~ Q‘]f

ﬁ{m(t)} = X(s) s = o+ jw M_’

X(s)
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- Example 4.1 o x(t) = %/_-:OX(jw)eﬂ”dw
z(t) = eat@ ‘ X(jw) = /m@e-mdt

— X(]'w) :/_O:OF@)B_jwtdt _m&&)y m<o
S~ ;

o ! e_at U(t) e—j’wtdt
1 o a5
—8—(a—|—j'w)t

zéeae]wdt
9]

— /  —(atju)t gy
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O Example 9.1: ‘ X(Jw) = / 2(t)e v dt
(,(t) =€_“'M(t9) ﬂs : X(s) 2(t)e "'dt

>

X(w) = /OO ~ay(t)e VAt
o—(a+jw)t |

- /OOO e_ajjwtdt T —(a+ jw) % \’_jj (S'Zé
: ‘ 3%

_au(t —tdt _é p—at —tdt —ﬂ ".%
| |
\

Xetiv /w - Graip 9
1
ot \9%%%%\%

X(s) =
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= Example 9.2: X(s) = /°° z(t)e*tdt

—0o0

The Laplace Transform

z(t) = —e "u(—t) oL o
& 0
<o = ™ 07

é’%} - e;“zsfdt %
éfﬁ* - 736{5} ol /

A<D

)

\

3 A

(

L )

e”"u(t) —— Re{s} > —a  Region of Convergence
— (ROC)

c 1
—e y(—t) +—— Re{s} < —a
~ s+

L

s+ a —
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= Region of Convergence (ROC):
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The Laplace Transform

= Example 9.3:
X(s) = /_O:O t?)e%u(t) - 26_tu(t)_

——

-s( )22y

[3}/_0:0 e 2tu(t)e tdt —@/_:
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z(t) =Eu(t) —@(t)

e Stdt

—
—

e ‘u(t)e *tdt

—




The Laplace Transform
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= Example 9.3: Re(s} > -2 Refs}> —1
—2t ot s 3 _ 2 _
e u(t)—2e¢"u(t) +— s+2 s+1 @
L s—1 4
/ (s +2)(s+ D%
m—

s-plane

l \

N

L

= The jw-axis is included in the ROC!

=  Fourier transform!

e S=jw (G:D)
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1

= Example 9.4: etu(t) < ——, Refs} > ~Refa)

(1) :(t) —I—Qféosl(ﬁt))}o(t) Re{s} > —2
Re{s} > —1
— [e—zt @e—t (ej3t 4+ e—j3t)} u(t) >

1
e 2 u(t) « - e Ref{s} > =2
C— 8 - S
e~ (173Dt (¢) « £, ! . Re{s} > —1
S s+ (1-37) = =/
e~ (3Dt (¢) « £ ! Re{s} > —1
s+ (14+35) -
X(s) 1 n 1 1 | 1 252 455+12
s) = e —
s+2 \2/|s+(1-35) s+ (14+35)] | 2+2s+10)(s+2)
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= Example 9.4:
Re{s} > -2 Re{s} > -1
82 s+12
e 2 (t) et (cos(3t) )u(t) = 272\ Refs) > —1
(s°+25+10)(s+2)

s-plane

= The jw-axis is included in the ROC!

=  Fourier transform!
e S=jw
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= Example 9.5: (/OO 5@)83%:_?

(1) :@@( ) +, (1) -
X(S)_}_ ——S+ ‘_2) R€{5}>//

g — 2
5(t)——e_tu(t)—|—,162tu(t) ((3 -|(- 1)(13)— 21 Re{s}t > 2

/

— 0

\\\\\\/

-plane

= The jw-axis is not included in the ROC!

% o-ap -Gy ¢lD

5
— -
B

= Fourier transform?
= Why?
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F 1
Jjw+a __

= The Laplace Transform T 25 ) [Rets) >if

= The Region of Convergence (ROC) =
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform

Qutline
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= Properties of ROC.:

1. The ROC of X(s) consists of strips

\
parallel to the jw-axis in the s-plane :%1
/
2. For[ratlonal iLapIace transforms,

the ROC dow‘)m any poles
NANA—
l/ Im
[

2(s+1.25—-2.115)(s+1.2542.115)

/
%i /% G | (+1-3) (s 1+3) (42)




The Region of Convergence for Laplace Transform

= Properties of ROC:
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3. If x(t) IS of finite duratlon & Is absolutely mtegrable
then the ROC IS the entire s- plane

Decaying exponential

c>0

o <0 e
Growing exponential
T BT
(b)
S =0 + jw

p
0% T

X(s) = z(t)e *'dt = a:(t;.(egdt <(eo1 OF 12) / ’ |z (t)|dt

—_— —9 Ty —% 51




The Region of Convergence for Laplace Transform

= Properties of ROC: i
4. If >it_) Is right-sided, and
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s-plane

if the line Re{s} =(c,is in the ROC,
then all values of s for which Re{s} > ¢, o
will also be in the ROC

Re

T, t
/ [z (t)|e 70%df < oo
\jl\__/
“+oc o0 \
o / c(®)letdt = / () e~ Trtadoo)tas
Ty {14 — -

' r
=y Wit )
£ B(UIUO)T]V lz(t)|e ?0dt
Th

—_—



The Region of Convergence for Laplace Transform

= Properties of ROC:

5. If x(t) is|left-sided, Jand
if the line Re{s} % o, Js in the ROC,

N
then all values of s for which Re{s} <@
will also be in the ROC - —

-l ~

§o
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<

O x(t)
5 O

The argument is the similar to that for Property 4.

ESY

0



The Region of Convergence for Laplace Transform

= Properties of ROC:

6. If x(1) Is two-sided, and
~—_———
If the line’Re{s} = 6, is in the ROC,
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then the ROC will consist of a strip in the s-plane

that includes the line Re{s} = ¢,

£ w0 2 11 (t)

xr,(t)

‘gm q ’.gm
/) Z
/A e -

© (a) oRp < Oy,

|
/&.
/% fo‘L Re
|



Representation of Aperiodic Signals: CT Fourier Transform

= Example 4.2:
o) = e,
oV o
= X(jw) =/ el e=1wtqy

0 t  —dwt = _at —jwt
:/ et o—IWt J¢ —|—/0 e “ e Nt

— o0

1 1
_a,—jw_l_a, Jw (@>U
20\
_ 2a W=V ==
a? + w? = 20N
W= —=2

W=>00 25
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oo ”
X (jw) = / 2 ()T dt

—

ED

‘<o

t>o

/_Jf‘i

[xm

N

-a

a w
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= Example 9.7: o bl
z(t) = e~
e lu(t) < £
ety (—t) « £
o‘b’>_£_‘:
ey £ 1 -1 ,_r—j g
e prr b ol R0 !%’/{pl
) ;ﬁ/;
B (s+0b)(s—0b) — ¥

eb<0:nocommon ROC

xz(t) has no Laplace-transform
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= Properties of ROC:

/. If the Laplace transform X(s) of x(t) is rational

-‘_'L

then its ROC is bounded by poles or extends to 85

In addition@)f X(s) are contained in ROC
—2b

2(s+1.25-2.115)(s+1.254+2.115)

(s+b)(s — b) it
: N\
X S

b) '

A
TR
0

<

NN
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= Properties of ROC:

8. If the Laplace transform X(s) of x(t) Is rational
— I x(t) Is right-sided, the ROC is the region

in the s-plane to th‘f the@ghtmost pol7
XD | | oc is the regior
In the s-plane to th pf the

X(S) — C Whlch one has Fourier transform?

(s+2)(s+1) K

Qm Im m

s-plane s-plane s-plane V/ s-plane
/ /
)éx o S X-X

F

|

| l Re 7&( Re
(a) : % %/: %' (d)

(©



The Inverse Laplace Transform

Re{s} < —1

= Examples 9.9,9.10,9.11.:
—1 < Reis

1 - —ty
i) | s
Re{s} < =2

~ 1 ),
(s+2) (=0
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* The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

* The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= The Inverse Laplace Transform: X
* By the use of contour integratio‘ﬁ)

X(s) = /_ Z 2(t)e " dt

S
K= F{x(t)e_"t} — f_  a(t)eoteIvtgy

— =

e— ,]:“;1 {X(o —|-]w) —/ X(o —I-jw)ejwtdw

—

1 . S . as'w o
e ) = %/_—X(G —|—jw)e(.,ﬂ_)tgig; \S = o4

g | A gs z@ﬁi”
1 o+joo » -
l ) T, =e(t) = N[ X (s)e’'ds

v/
,4

d
J =X

S_O'+j’w in the ROC
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= The Inverse Laplace Transform:

—
< £, = Re{s} > —a ,

s+
L 1
i \ , < -
, Re{s} a

p—

* By the technique of partial fraction expansion

X(S)zjsi +é—|— . A =
ff_(f,) :’/1@719) — BQU(—t) - +.._33_W(t)'/(/ \

- o
\

—

(if R.S.) (if L.S.)
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= Example 9.9:

X(S)‘(s+1>< F2) (;e{sba

R

- gy 1 algl s —
+ @)Q@ " ek Dils2Y e Ut

e | /( i

| //' s-plane : _~  s-plane I//S plane
~1 /‘ Re ) /l/‘ Re —2<2 b Re
o - e
L s =
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* The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the\Fourler Transfcerj}
D

* Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform




Magnitude-Phase Representation in Complex Plane (s-plane & z-F#iefs 22"
* In s-plane or z-plane:

B (B)(3,5)  AB=(3+5)) - (1+27)
| =2+3j
NG 4P w
% (0.w)] 4 5 B = (3.5) — (1.2) = (2.3)
%%
/T (4)(1.2)
0 Re 1AB|=12*+3°
. et &
(—1,-2) - — 7
~ N w = (=1-2)) _ |ZW
H( _63‘/\1(_1_23')50 gl o — (—233)| \WV\

5_(_2+3j):D qH(]w):qZ_ﬂ}—&ﬁ/

) 9z — O
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Geometric Evaluation of the Fourier Transform

1 L
o 00| = o+HT E T .
s = 5(3) -1 (0+3) = 0-0=0
(H(j%) - (—g+ - /\\—i B
yHGY = ¥ (2) - q(j}ﬁ}) _ D _ 43'=-48"
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= Second-Order Systems:

1

o wh Wi | 1—
Higa) = (Jw)? 4 2¢wn(Gw) + "ﬂ% W) Z \{
t t c1 = —Cwn Kwny/¢? =
= h(t) =M {ecl — e ] u(t) o = —Cwn —(wnr/C2 —
NG
2 2

w?’b n

()2 + 2¢wn(s) w2 (s —c1)(s — co)

=% Hig) =

e( >1:c1 & ¢ are real

e 0<(<1:cy & cp are complex



lon of the Fourier Transform

Geometric Evalyatti
= Pole Locgations:

0C>1:c/87/02 are real

)

>

e O< (<1 [

b\)'—' 00 Feng-Li Lian © 2013

NTUEE-SS9-Laplace-34

& c» are complex

dm

(c)

one pole vector has a minimun length

51 o

at w = wpy/1 — 2N
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= Relative Bandwidth\B:

|
HGl, & i) /A

74

|H(jw)|w=wn\/17(@/\’f
A
@ 2
2

> B2

X Q = AJH(w) :@

2
o
VA

IITU




Geometric Evaluation of the Fourier Transform

= Second-Order CT Systems: H(jw) =

2010910 |H(jw)| =

0
—2010910(2¢)

— 40 |Ogj_0(’u)) + 40 |Oglo(’w‘n) w >> Wn

o For ( < v2/2 Wmax = ’wn\/l ~2¢7

4 H(jw) =

(0
) - (m/2)[log10(w/wn) + 1]
—7/2

— T

w << Wn

w = wn

20 log;o|H (i)

20

0dB

—40

-60

—£0
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1
(Jw/wn)? + 2¢(jw/wa) + 1

Asymptotic
approximatio

w < 0.1wp
0.1wp, < w < 10wn,
W = Wn

w > 10wnp

(=01
{+0.2
{=0.4

Asymptotic
approximation
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' \J = H(jo)

Geometric Evaluation of the Fourier Transform

= Frequency Response:

IH(iw}I‘
, <>, = 1
L = 0.1
<, = 1
L = 0.2
o, = 1
= 0.4

W

lat/

| "‘{Jm |H (jw)] X H(jw)

{=2

N
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Geometric Evaluation of the Fourier Transform

D The@rder Systems:

- _\"// L Wi
(Jw) = Kjw + %/) H ((]’w)2 + 2Gwn; (Jw) + wf:?w'
() =((-2

iH(jw)L:H|H®(jw)| — ﬁ f Q ,«*
v | X»> X1 °°

YH(jw) = 3 3 Hi(jw)

|
|
Vs
P
—+
D
(\l
-+
N—
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* The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
* Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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Property CTES | DTFS CTFT DTFT \/ LT | zT
Linearity 3.5.1 4.3.1 5.3.2 /ETS.l 10.5.1
Time Shifting 3.5.2 4.3.2 5.3.3 / 9.5.2 10.5.2
Frequency Shifting (in s, z) 4.3.6 5.3.3 9.5.3 10.5.3
Conjugation 3.5.6 4.3.3 5.34 9.55 10.5.6
Time Reversal 3.5.3 4.3.5 5.3.6 J 10.5.4
Time & Frequency Scaling 3.5.4 4.3.5 5.3.7 954 | 10.5.5
(Periodic) Convolution 4.4 54 9.5.6 10.5.7
Multiplication 355 | 3.7.2 4.5 5.5 '
Differentiation/First Difference 3.7.2 4.3.4, 5.3.5, 9.5.7, 10.5.7,
4.3.6 5.3.8 ) 9.5.8 10.5.8
Integration/Running Sum (Accumulation) 4.3.4 5.3.5 / 9.5.9 10.5.7
Conjugate Symmetry for Real Signals 3.5.6 4.3.3 5.34
Symmetry for Real and Even Signals 3.5.6 4.3.3 5.34
Symmetry for Real and Odd Signals 3.5.6 4.3.3 5.34
Even-Odd Decomposition for Real Signals 4.3.3 5.34 \
Parseval’s Relation for (A)Periodic Signals 3.5.7 3.7.3 4.3.7 5.3.9 B/—\
Initial- and Final-Value Theorems \\g;y( 10.5.9
N
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= Linearity of the Laplace Transform:
X(s) = /oo () —st J¢ x(t) — i/a-l-jooX(S)estdS
S) = _Ooa;' e 277 Jo—joo

21(t) +— Xi(s), ROC = R,

2o (1) <—> XQ(S) ROC = RQ

f’“fa z1(t) —|-b$2(t))€, TM — a X1(s) + b Xo(s),

with ROC Contalnlng R1 N Ry

— /_ o:oolm@e_“”tdt - /_ ZL%(ge—Stdt J

O O
o0 - — - + _
=0/ W)t 1) T et ng)(Qi T (s«&@

=

C—
—

=0 X, (5) Th Xls) (s40) ($%) (&Fc)



The Inverse Laplace Transform

= Example 9.13:

x(t) = x1(t) — x2(t)

1
X]_(S) - (ij-_i)_’ m> _]
1

Feng-Li Lian © 2013
NTUEE-SS9-Laplace-42

L) = i De+2)” \736{8} ” _D
X)L/ 1 /1 Do) >=2
NG+ D6+ (s+2)
NN ———— /
\ g/ ‘ gn/ ll 7
! i / s-plane t// ? s-plane ::E //’///;-plane
%;\/’ / “_Z‘EF( A /4;#/—

/(Re

<‘
|
0\

—
O

—
—
)

o
e
N%
\
\
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= Example 9.13: 2(t) = 21(t) — 2o(t)

X1(s) = 1) Re{s} > —1
Xo(s) = . Re{s} > —1
T G Ds+2) Y

Xy =L 1 1
YT+ GHDGE+2 (5+2)
‘| Im dm Im
: s-plane l: s-plane E s-plane
“>:§ Re _2?2_3'1( Re _->:§ Re
| (b) (@) | (c)



()
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= Time Shifting: X (s) = /OO ORY

Properties of the Laplace Transform

z(t) é X(s), ROC =R x(t) = i /i+jooX(s)eStds

279 '
#(t—to) s (o K(s). |[ROC =R @ -3t
Xo(s) = / Oo\a;(t to) ‘EStdt

bt t=0+T0
Gotte 04T

=/ Z;< Q e ®ong.

=/ x( @~ )es(e)es(—h’)d@
= e_s(-[-b) N x( G- )e_s(g)d@— X(S
/_oo + V. + )




Properties of the Laplace Transform Feng-Li Lian © 2013

= Shifting in the SYDomain: )X@ /mx(t;eﬂt J

\./

L o+joo
z(t) +— X(s), ROC =R z(t) = 2—/ X (s)e'ds
7] Jo—jo0

50tz (t) s X ROC’=R+@ \' T }
" S
X‘S‘J@) rzﬂl \ ®R
\fz] !,n )
X(S5va
Im
% . is-plane S
r2+(ﬂ,e(so/)(? h+&féu)
Yzﬂegg% | N+ Eels]

(b}
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= Time Scaling:

2(t) = X(s), ROC =R

z(at) = |1|X( ), ROC —@ X(S:@>

.)_cﬂ):/w z(at)e sdt | Z) .><(,S-'::‘-b)
h =R ‘t"‘ a\G OH'/ 49 *
e =X (s =)

0p0 Mujﬁ e
Aa-Brd - & = @A
8

Yo
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Properties of the Laplace Transform

Im

I9m

Im

1 <a

dm

—_—_

a < —1
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= Conjugation: X(s) = /°° 2(t)e*dt
1 oc+joo
x(t) = — X (s)e''ds

ﬂ'j g—j00

1

\X_ _.)Q, e

.p->(- ] T -.~>(-. -
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= Convolution Property: X(s) :/OO z(t)e *dt
11(t) + Xi(s), ROC s

ro(t) Xa(s), ROCz@

Properties of the Laplace Transform

E '
21(t) x xo(t) +— X]_(S)XQ(S) ROC containinglRl N Ro

[ as:(fr)asg(t—fr' e ( ): (|§-L;
T elt 28 49

/mx1(7)£ (=D& X ftar

:t-1 T dt-d6 |
[“am - e8)e % x>
_ & - 7
7<(~9 /_ z1(7) €5 (:cz( 9) SQO(G}/
| ST
=\ — \(,5
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" = Differentiation in the Timg & s)Domain:
2(t) <S5 X(s), ROC @

B :L‘(t) = — (s)e’ds
d C 271'] o—jo0
: ga:(t) —> (s), ROC contalnln O

L (ta(t)) ROC = R 0{ @ ;%M@

e




Properties of the Laplace Transform I N@%Lf;‘piffg
= [ntegration in the Time Domain:  _
: & CD
x(t) «— X(s), ROC =R

@Zlﬂd’?‘ P EX(S)? ROC containing RN {Re{s} > 0}
=l =z _ | :
/ x(7T)dr = a:'(t) % u(t)@ X S) U(S) ) A \/
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= The Initial-Value Theorem:

If 2(t) =‘O fort_<_0 = ; :SX(S)

= The Final-Value Theorem:

If z(t) =0 for t <0 and z(t) has a

T ¢

/ uvdt—uv




Properties of the Laplace Transform

@ROPERTIES OF THE LAPLACE TRANSFORM

Feng-Li Lian © 2013
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- Laplace
Section Property Signal Transform ROC
x(1) X(s) R
x(1) X (s) R
x‘Z(I) XQ(S) R:
9.5.1 Linearity ax (t) + bxy(t) | aX,(s) + bX>(s) | Atleast Ry N R,
952 Time shifting x(t —1g) e X(s) R
953 Shifting in the s-Domain "' x(t) X(s — o) Shifted version of R (i.e., s is
in the ROC if 5 — 54 is in R)
9.54 Time scaling x(ar) %X (i) Scaled ROC (i.e., s is in the
@ \@ ROC if s/a is in R)
95.5 Conjugation x'(1) X“(s%) R
9.5.6 Convolution x1(8) * x2(1) X,()X5(5) At least Ry N R,
9.5.7 Differentiation in the ‘%x(r) sX(s) At least R
Time Domain
9.5.8 Differentiation in the —tx(t) diX(s) R
s-Domain 2
H
1
9.59 Integration in the Time J x(7)d(7) - X(s) At least R N {Re{s} > 0}
Domain - §
\Atial- and ¥rhal-Value Theorems
9.5.10 If x(¢) = 0 for t < 0 and x(f) contains no impulses or higher-order singularities at ¢ = 0, then

L= limsX(e)
§—yoo

If x(¢) = O for t < 0 and x(r) has a finite limit as 1 —> , then

im x(t) =Ili_r£1 sX(s)
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* The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform



Some Laplace Transform

irs

TABLE 9.2 AAPLACE TRANSFORMS OFWARY FUNCTIONS
Transt‘o;m
pair Signal ansform ROC

1 8(r) All s

2 Re

3

4

5

6

7

8

9 f”—] e

—(" = ])!e u(—1)

10 ot —1T) All s

11 [cos wyt]u(r) ﬁ Refs} > 0

. w
12 [sin wot]u(r) ‘WO‘”% Refs} > 0
ot s+« B
13 [e ™ coswpt]u(t) m Refs} > ~a
—at o Wy .

14 [e " sinwqt|u(r) m Rels} > ~a
15 alt) = d:ﬁf’) 5" All s
16 -, (1) = u() = =u(r) % Refs} > 0

1 times

Feng-Li Lian © 2013
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1 = The Laplace Transform

~ \(\&/L = The Region of Convergence (ROC)
6\0\ for Laplace Transforms

= The Inverse Laplace Transform
= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

Some Laplace Transform Pairs

élm'? = Analysis & Characterization of LTI Systems
4‘6 Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= Analysis & Characterization of _T| Systems:

y(t) = h(t) »z(t)

x(t)
X (s) Y(s) = H(s)X(s)
H(s) = £{h(t)} H(s) : system function
or transfer fungtion
O(Q:p TL\QOYM %/7 S
\-f% H‘) h(t) - n |
= Causality {’)
z(t) —934 t) h(t)=0
Ft<O
= Stability

— 2() ) @\h(t)]dtd]
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= Causality: W H(g)

 Fora Causaﬂ LTi)system,

h(t) =0fort<a0, and thus is right sided

 The ROC associated with the system function \ :
for a causal system is a right-half plane X | '
— = I~ !
)( //‘%
- %R j
For a system with a rational system Lu_u_jtlon,

causality of the systemlﬁequwalent
the ROC being —

the right-half plane to the right of the rightmost pole




Analysis & Characterization of LTI Systems

= Examples 9.17, 9.18, 9.109:

, c H(s) 1
— e «—> S ) — ;
h(t) =e "u(t) s 1
>
C —2
h(t) = el L H(s) =
4 s¢—1
>
(t+1) e’
o —(t+1 H — :
) = e e k1) B = o
>
h(t) : causal ? h(t) : causal ?
H(s) : rational ? H(s) : rational ?
ROC : right-sided ? ROC - right-sided ?

Feng-Li Lian © 2014
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—1 < Re{s}

A

—1 < Re{s} < +1

4
>
—1 < Re{s}
4
>
h(t) : causal ?
H(s) : rational ?
B¢ right-sided ?
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= Examples 9.@, 9.18, 9@

| c 1
ﬁt) — e—tud —— H(s) = L =k & Re{sﬁ}
B p%
>
h(t) = t%\i H(s) = —1 < Re{s} < +1
e’ ¢
h(t) = e Uy (2 + 1)) —— H(s) = y —d<Retn)
A st
T ‘
)
- }
- |
h(t) :  causal h(t) :  not causal h(t) :  not causal
H(s) : rational H(s): rational H(s) : not rational
ROC : right-sided ROC : not right-sided ROC : right-sided
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= Anti-causality: h('[') —> Lapiie(zz )

« For a anti-causal LT| system,
h(t) =0 fort>0, and thus is left sided

H1S

—
 The ROC associated with the systeim function
for a anti-causal system is a left-half plane

EE——

* For a system with a rati ysten:{(unltlon / '

anti-causality of the system is equivalent to
the ROC being
the left-half plane to the left of the leftmost pole
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= Stability: ‘, A ,‘
\ 4= /
A ystem is(stabl ' V (
if and only if e
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v NTUEE-SS9.Laplace ol
= Stability: A
- A ystem isGtable) : "; —
if and only if ,‘

]
the ROC of its system function H(s) ,1 ‘

emewll.
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= Example 9.20:

2 1
s—1 = =
H(S) = — 3 - 3
(s+1)(s—2) g1 s—2
Im I9m I9m
s-plane s-plane s-plane
X—1+—0-X% ¥—1—0—X% X—1+—0—X%
-1 1 2 Re -1 1 2 Re -1 1 2 Re
2 1 2 1
h(t) =§e fu( t) §€ fu( t) h(t) :§6 fu( t) ge fu( t)
2 1
h(t) = a fu( t) e fu( t)
causal ? causal ? causal ?

stable ? stable ? stable ?
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= Example 9.20: p
) e s — 1 B 2 1 O @
H(s) (s+1)(s—2) _S—il W 5—3:2 PC@

A A\

h(t) = (%e_t + %e%) u(t) |h(t) = %e_t‘u,(t) - %e%u(—t) h(t) = — (%e’t + %ezf) u(—t)
—

\4'
causa!,@ st—_a__?_ble, (not causal) unstable {anticausal




Analysis & Characterization of LTI Systems

= Stabllity:

Feng-Li Lian © 2013
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causal

e

L1
//

|

[

stable




Feng-Li Lian © 2013

Analysis & Characterization of LTI Systems NTUEE-SS9-Laplace-63

= Examples 9.17, 9.21.:

h(t) = e "u(t) LN His) = P —1 < Re{s}
Bl = 2l e 2s Efd) = i2 (2 < Refs}

h(t) : { h(t) :
Hizs) : Hiz):

\_IL-\\IT%I:;
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= Examples 9.17, 9.21.:

h(t)—e "u(t) LN H(S)_
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= LTI Systems by Linear Constant-Coef Differential Equations:

«AS ?K L4
y(1) dN Ly (t) -~ ‘4)
Q dtN ‘ dtV -1 | l(a;l ydt + gy (t) U'Pﬁ]e;

]\J:23 M 133
— d (t)-l- £1ddM§t)+ +gld t{)w(t)

Analysis & Characterization of LTI Systems

:__ atM
dky(t) % dkz(t)
ga’k TP PR C X(}/
—_ - 'fj O
x(t)i y(t) ZLh
— S S S — Y(S)
Y(s) = X( )Ii_(___) H(s) X ()

e



Analysis & Characterization of LTI Systems Feng-LiLian © 2013

alc
kO

Z dry(t) }

NTUEE-SS9-Laplace-65

Zbk

I
M
SH
Rﬂ
8
™
N’

dtk
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Analysis & Characterization of LTI Systems NTUEE. 5S04 aplace-66
o : h(t)
Example 9.23: (1) o(0)
dy(t) X(s) - Y (s)
J | — I — —
-t 3yl) = (¢) H(s)
= sY(5)+3Y(s) = X(s) H(s) = Y(s)
— — X (s)
= (s43) Y(s) = X(5) ~ H(s) = s—|1—3
e If causal, = R{s}>-3, = ht) = e >Ful

i =

e If anti-causal, = R{s} < -3, = h(t)
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Analysis & Characterization of LTI Systems

= Example 9.23:

= sY(s) + 3Y(s) = X(s) H(s) =

_— = X(s)

= (s+3) Y(s) = X(5)

@ e —GDD
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= Example 9.24: i e

( )+C> -
x(1 C == vyt
=

2
@d dytg” + dy(t) %@) s!ﬁ(t)

(zc)
= H(s) = L

A_+ (%).S_I_ ) (s—a)(s—b)
—~B

»AB’&AL
>X

l.e., poles with negative real parts

Analysis & Characterization of LTI Systems

o If R, L,C > 0, = Re{a},Re{b} <O

X
—>K

A

_—_-_ﬁ‘
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Analysis & Characterization of LTI Systems

= Example 9.24:

“y(t) dy(t)
@dd@ v £ 2 oy = D=
i

o

N TS @)
52—|—(%>8—|—(% (s —a)(s —b)

o If R,L.C >0, = Re{a},Re{b} <O

I.e., poles with negative real parts

gi\\w «@75 &t A\
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= Example 9.25: %}) (‘(.1—)
Al St

z(t) = e >tu(t) —b-—b y(t) = |le ' — Qt} u(t)

X = , = e{s = = e{s
(s) = 8_|_3 3<Re{s} ¥Yiti = s 1)(S_|_2), 1<Re{s}

_Y(s) s+ 3 s+ 3
= H(s) = X(s) (s+1D(s+2) T s24 3542

ROC: —1 < Re{s}

=

\

d?y(t) dy(t) _ dz(t)
= 5 + g +  y(t) pn +  z(t)
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= Example 9.25: @

z(t) = e Ptu(t) m—

y

_Y(s) _ s+ 3
= ZS) TX(s)  FFH1)(s+2 @

ROC: -1« Re{ﬁ}

— -I; = 191[S

d2y(t) —|—} dy(t) —|—>y( £) _'d:r:(t) —|—§ x(t)

dt2
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| H u):

- W Lowpass Filters:
_ ———

_Filters:
- _Elliptic’Filters:




Continuous-Time Filters

Feng-Li Lian © 2013
= Butterworth Lowpass Filters:

NTUEE-SS9-Laplace-70
@th order

HC(QJ@:H_(%\%@
R
I+ (%C)W

\HcCS)\Z—

| H,.(j) |2

|H,(j)

fd|— =

=
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= An Nth-Order Lowpass Butterworth Filters:

B(jw)|” = ! X
'»\H, JW 1 + (jw/ij)QN _ ’I ;(3
e If impulse response i @ = B*(jw) = B(—jw) !
B(jw)|* = B(jw) B'(jw) = B(jw) B(—jw)
1
= B(jw) B(—jw) = —
VA L+ (Jw/J’wc)Qj\i QA/

1

if_clﬁ?(;i} B L + (S/JWM_& 1)1/2N ()| = "l
= 5 =Oexp @%ﬁjl @
= ; w(z@?ﬂ)

Lsp = +35 %=0,12.,9N-1
N \/\__——/\

W
S
||
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= An Nth-Order Lowpas@t Filters:
1

SEG Y
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= An Nth-Order Lowpass Butterworth Filters:
e Both s :and S :@are poles of B(s)B(—s)

e If the system is stable & .causal

= poles of are in the left-hand plane
O
[ F':]:-E
j'-"-'r:
m-/; |:H.IE

wg
P D12 ggcs +Lf lg_ 3 + 2wes? + 2w2s + Q

L( V=5 \f’wcs—I—w B =

We
WO 4 wey@) = wea(w @% @dy(” @y(t) = @x(t)

M\MM——

—53 4 2wes2—2w2s + w3
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= An Nth-Order Lowpasg Butterworth)Filters:

2

B(s) = —=¢ B(s) we B(s) we
s) = s) = g) =

s + we s2 + v/ 2wes + w2 53 + 2wes? + 2w2s + w3
\ - —

T —

2
O%St) + wey(t) = we z(t) ddjigt) + V2w dyd(tt) + w2 y(t) = w? z(t) ©

dve(t) | 1 1 Pl Ju(t
= o T re"W = pat® LC dig) + RC —Z(t) + y(@®) = z()




Continuous-Time Filters

éebysh)Fllters

h(t)
z(t) y(1)
— —
X (s) Y (s)

H(s)

Vn(x) = cos (N COS " x

Nth-order Chebyshev polynomial

Feng-Li Lian © 2013
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. 1 N(m)ﬁ‘* g)/es

cos(6)

2 cos(#) cos(6) — cos(06)
2cos?(6) — 1

2 cos(0) cos(260) — cos(0)
4 cos3(0) — 3cos(9)
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= (Ellipti¢/ Filters:

\/ h(t)

o) y(8) .

Un(x) : (_;cabian elliptic function)

Fa(144R)u = (14448 + 16K )’ + ...
b (AR Kt - (16K + 44K +K)u + ..

Jid + = (L4148 +£) + ...

=
|
=3
+
o




: System Characteristics and Pole Location
h(t)

Tz (t)

y(t)
| — —_—
1 X(s) Y (s)

Feng-Li Lian © 2013 i
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RHP

-SE0/13
[ 021/ am



Feng-Li Lian © 2013

Outline NTUEE-SS9-Laplace-78

* The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= System Function Blocks: h(t) = th)QlL(Q

System Function Algebra & Block Diagram Representations

e parallel interconnection H(s) = Hi(s)HH2(s)
!r & 3: g\(t_‘g’)—
/

] = ok £ Xk,

x() ——p —>?m = ’K*ﬂj‘ pr
— _ @ : D ) = Kk |

h(t) = hy (t)xho(L)
H(s) = Hy1(s) Ho(s)

of 24 b = (A0Hh) b




Feng-Li Lian © 2013
NTUEE-SS9-Laplace-80

System Function Algebra & Block Diagram Representations

= System Function Blocks:

° teed back interconnection

e—— —
+ e[t h4(t)
x(t) + Hy(s 4
- r
v
z 2(t)
Hy(s)




System Function Algebra & Block Diagram Representation

= Example 9.28:

Feng-Li Lian © 2013
NTUEE-SS9-Laplace-81

e Consider a causal LTI system with system function

1
H(s) = ST 3 = Y(s) = —X(s)

= Sy + y(0) = a(t)

= Zy®) =)~ ()

x(t)

ﬁ

h(t)

y(t)

Y

[ [

——O

-] [




System Function Algebra & Block Diagram Representation /5% =P 0
= Example 9.28:
e Consider a causal LTI system with system function

H(s) :L% = Y (s) 2%)((5) ) h(t)

J

y(t)

—> s

éi{%y(t) +3y(t) = ﬂi(t)*

= iy(t) = @(t) — 3y(t) i{g__‘g%
LhGLA N

©

23

=

R
—®
12

——(
[ [0 B
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= Example 9.29:
e Consider a causal LTI system with system function

o = = () )

|I>

= Z(s) = —X(s) & Y(s) = ( )Z(s)
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= Example 9.29:
e Consider a causal LTI system with system function

N =
e :@é = (i33) 42 Q% 53| 6P

- As+b)

> 0 & 510 = () = OB
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= Example 9.30:
e Consider a causal LTI system with system function

1 B 1
(s+1(s+2)

H(s) =

= 2V 4+ sY 4+ .V = X
rsY=‘
= = E=3s%Y = -
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= Example 9.30:

") = x 1)1(s—|—2) - (—> <—) B (

x(t) el 4\
——(— D—

y(t)

Y

(b)
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= Example 9.30:
e Consider a causal LTI system with system function

1 1

(+16+D)  E+3+2

s 3sY/H 2V )= X

A

(Y = F S\f

= = F=3s%Y = -3F -2V + X
\SQYzEst

ol i
'—jO"?T‘ /3]
N—_J. V!

2

H(s) =




System Function Algebra & Block Diagram Representation

= Example 9.30:

1
(s+1)(s+2) o\

H(s) =

Feng-Li Lian © 2013
NTUEE-SS9-Laplace-84

Ff
-ﬂ-——@-———h 1 >@—> 1 > yit)
.

— o )
So— -

%[t
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= Example 9.31:

. D52 + 45 — 6 . 1
H{(s) s24+3s+2 o ( — ) ( )
5 25 2 b X)) & Y(s) = ( )Z(s)

—
pou S

)

]
E4_

O I e B e O



System Function Algebra & Block Diagram Representation

H(s)

( 25°+45—6
s2+3s+2

(22 (53)

() H)

) —8
| 2T 535 T 571

x(t)
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—0

w|=

O F

=

=0=©

—>)

==

—>)

iR ©

____..,G)

SL=©)

—>

——0

—0O
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—
N B . 6)J
A 1

= @: 82+38+2X£_§__) & Y(s) = (23?—|—43—6) (s)

a—

System Function Algebra & Block Diagram Representation

= Example 9.31:

e R .

s24+3s+2 s2 4+ 3s

<
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?q_)

System Function Algebra & Block Diagram Representation

=

—
L4

=

NN
(&S
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= Technology (’)

= Engineering

= Mathematics Lcdzy(t) + re YO 4w = 20
— - t
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* The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= The Unilateral Laplace Transform of x(t):

bilateral LT

X(s) = £{z(1))
x(t) = E_l{X(s

X (s) =UL{x(1)

o(t) <UY {x ()}
T ROC : a right-halfM

J
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TABL@ PROPERTIES OF THE UNILATERAL LAPLACE TRANSFORM

Property Signal Unilateral Laplace Transform
x(1) &L(s)
x1(6) &€, (s)
xa(1) SC'_’(-T)
Linearity ax, (1) + bxa(t) adl,(s) + b Xs(s)
Shifting in the s-domain e x(1) A(s — 50}
. . N 1 s
Time scaling x(at), a=>0 - (—)
a \a
Conjugatig x# (1) x = (8)
assuming x1(1) # xa(r) L, (5)Xa(s)

=%, (r) and x»(1)
are identically zero for
t<0)

. L. . d
Differentiation in the tim (
domain N\

Differentiation in the
s-domain

Integration in the time
domain

Initial- and Final-Value Theorems
If x(r) contains no impulses or higher-order singularities at ¢ = 0, then
x(0") = lim s X(s)

!ing x(1) = limﬂsf]:(s)
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= Differentiation Property: —~
M:C wodt = wv e /OOC wv' di
o0 oo
UL dz(t) — / dx(t) “stat = x(t)e | + S/ z(t)e stdt
dt 0~ dt O~ O
~ j
= \SX(S) )

ﬁr

5

dQLU(t) - OOdQ:L*(t) o M2 - p
Z/{C{ T }— N, e “'dt —[s X(s)i—sm(O ) i(OJ){

— — }
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= Example 9.38:

<d2y(t> dy(t) B y(07) =3

5>T(s) 35Y (5) 2038) o) = au

N —
= |s2V(s) -85 7|43 V() - ] +2|¥(s)| = 2
cr— Ly
B o B _ v
Bl i T R D R PR YT
\ )\ Y,
zero—stavxesponse zero-inpu¥response

4 Pd_()my response g-\-Q(.'_Q_OnIy response
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= Example 9.38:

e [fa=2 =3, yv=-5

= Y(s)

:>y(t):[.— -+ :}u(t), fort >0
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= Example 9.38:

A2
MA Jldtgt) éy( h e (t ,\(
x(t)/) = u(t

! @34—3)/. n "@

(s+1)(s+2) ' (s+1)(s+2D)

N\

A .
zero-statg response ‘;ero-lnpu response

T V\\')‘;\_af—only response STO\:QE‘ only response
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= Example 9.38:

.If(}i:2, /6:3, ’)/:—5

= y(t) = {1 —€_t+38_2t} u(t), fort>0
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1 ~+ o0 - -
z(t) = —/ X (jw)e dw
271 J—c0

X (jw) = / ‘: s(t)e 7" dt

z(t) = 1 /Jj.LjOO X(s)e'ds

279 Jo—joo

X(s) = /_ O:o MO

X(s) = E{w(t)} = F{m(t)e_"t}

F{x(t)} = ﬁ{az(t)}

= X(s)

s=jw

X(jw)

s=jw



Summary of Fourier Transform and Laplace Transform

|H{jw)]

h(t) = e u(t),

h(t) = e “u(t),

definition
theorem
property

a>0

Causality

Stability
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ROC

I

s-plane

—L ey
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= Example 9.26: 2(t) = 1 — y(t) = 0 non Cené

Correction in Example 9.26

H(s) — 4s _ 43 83 %Q’ﬁv v,
(s +2)(s — 4) s+2 " s_4
h(t) = ;‘e—?t u(t) — 2 e u(—1)
Y(s) = H(s)X(s) = H(s) 2mjdé(s) = H(QO) =0
y(t) = h(t) = z(t) = /_ : h(r) z(t — 7)dr

=/ {g e 2" u(r) — 2 e u(—T)} ot — 7)dr

— /OO — 8_2T d'T — / — €4Td'T

_ e 2| _ O a0 T2 4y _ 2
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9.45. Consider the LTI system shown in Figure P9.45(a) for which we are given the fol-
lowing information:

s+ 2

s—2

x() = 0, i | )

X(z) =

and

5
y(1) = ‘gez’u(-—r} + %e"u{r}. [See Figure P9.45(b).]

(a) Determine H(s) and its region of convergence.

(b) Determine h(r).

(¢) Using the system function H(s) found in part (a), determine the output y(z) if
the input is

x(t) = eV, Nl A )

y(t)

-
W= L
o
.

wna

h(t)
X() = Hs) YW

(@) (b)

Figure P9.45
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3. (10%) The system with impulse response #7(¢) 1s causal and stable and has a rational system
function H(s) . Identify the conditions on the system function H(s) so that each of the

following systems with impulse response g(7) is stable and causal:

(@) ()= %h(r)

(b) g(r)= Jr‘h(f}dr



Final Exam in 2012
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4. (10%) Determine the overall system function H(s) for the following system:

L
-+ ;
-+

5+

B ] —

w2
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3. [18] Suppose the system function of a system 1s
10(1—s)

= oao+s

(a) Draw the block diagram of the system in direct. cascade. and parallel forms. [6]
(b) Sketch the Bode plot for H( jw). [6]

(c) Use pole-zero plot to determine the magnitude and phase of H( j.w) graphically. [6]
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* The Laplace Transform
= The ROC for LT

" The Inverse LT

= Geometric Evaluation of the FT

= Properties of the LT

e Linearity Time Shifting Shifting in the s-Domain

* Time Scaling Conjugation Convolution

 Differentiation in the Time Domain Differentiation in the s-Domain

* Integration in the Time Domain Initial- and Final-Value Theorems

= Some LT Pairs

= Analysis & Charac. of LTI Systems Using the LT
= System Function Algebra, Block Diagram Repre.
* The Unilateral LT
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Introduction (Chap 1) LTI & Convolution  (Chap 2)

Bounded/Convergent

Periodic D Aperiodic

CT CT (Chap 4)
FS

DT FT

\ (Chap 3) y DT (Chap 5)

Time-Frequency (Chap 6) Communication (chap 8) Digital s
Signal Sp-
CT-DT (Chap 7) Control (Chap 11) Processing




