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Figures and images used in these lecture notes are adopted from
“Signals & Systems” by Alan V. Oppenheim and Alan S. Willsky, 1997
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= The Laplace transform of a general signal x(t):

The Laplace Transform

X (jw) = /_ “: (t)eTVtdt X(s) 2 /_ : 2(t) e dt
s =0+ jw
; >
2(t) —— X(jw) 2(t) —— X(s)
X (jw) :F{:c(t)} X(s) = ﬁ{:c(t)}
v(t) = F 1 {X(jw)} w(t) =L 1 {X(S)}
X(o)| = {x(t)} = ]—"{:c(t)} — Kl
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= | aplace Transform & Fourier Transform:
= L{x(t
s=jw {w( )}

C {a:(t)} = X(s) M

s =0+ jw T T, t

X(s)

= f{m(t)} — X (jw)

X(o+ jw)

/ z(t)e (Tt

o>0 o<0

/_O:C [x(t)e_"t} e JWldt

(@) (b)

= f{m(t)e_ﬁ}
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= Example 9.1: t X (jw) = /_ T s(t)e T vdt
z(t) = e *u(t) L X(9)= /_O:Ox(t)e_“dt

X(jw) = /OO e u(t)e 7Vdt

p— / 6 Jwtdt —_—

- — = —(o+a)t ,—jwt — : a >0
X (o + jw) /0 e e 7Nt (0 + a) + juw o+

B 1 1
(ot jw)+a s+a

Re{s} > —a



The Laplace Transform

= Example 9.2:
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Xi(s) & /m z(t)e *tdt

—0o0

>

z(t) = —e “u(—t)
X(s) = /_O:O —e u(—t)e dt

0 t
= —/ e e ol dt

— . Re{s} < —a
P e{s} a
C 1
e Mu(t) — , Re{s} > —a
s+ a
—at L 1
—e""u(—t) +— , Re{s} < —a

Region of Convergence
(ROC)
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= Region of Convergence (ROCQC):

c 1
e "u(t) +— , Re{s} > —a
s+ a
gt c 1
—e "u(—t) +—— , Re{s} < —a
s+ a

where Fourier transform of x(t)e~ 7! converges

Im Im

s-plane s-plane

.*a Re

g
D
&
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0 Example 9.3: x(t) = 36_2tu(t) — 2e tu(t)

X(s) = /_OO [36_2tu(t) — Qe_tu(t)] e tdt

=3 e 2tu(t)e stdt — 2/ e 'u(t)e dt

A
=3(52)2(59) '
s+ 2 s+ 1
_ L 1
t) +— : R > —1
e "u(t) s 1 e{s}
—2t - 1
t) +— : R > =2
e “"u(t) P e{s}
3 2
3e 2t (t)—2etu(t) s Rels} > —1

3—|—2_3+1’



The Laplace Transform

= Example 9.3:

3e % u(t)—2e tu(t) <

Im
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Re{s} > -2 TRe{s}> -1

L 3 2

Tr2 s 1 Re{s} > —1
L s—1
Gt ettt
s-plane

= The jw-axis is included in the ROC!

-0

e ™ Fourier transform!
e S = JW
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= Example 9.4: etu(t) = i Rels} > —Rela)
(t) = e ?u(t) + e “(cos(3t))u(t) Re{s} > -2
Re{s} > —1

— {e—zt + ;e_t (ej?’t -+ e_j?’t)} u(t)

c 1
e u(t) —— Y Re{s} > -2
—~(1-3)z L :
e u(t) +—— S (13 Re{s} > —1
~(1+3))t ,5\ !
e u(t) «—— S E(L+3)) Re{s} > —1
1 1 1 1 252455412

X(s) = -
=2 r a3 Ti A+ T Preroe



Feng-Li Lian © 2015
The Laplace Transform NTUEE-SS9-Laplace-13

= Example 9.4:

Re{s} > -2 Re{s} > —1

052455412

B
e tu(t)+e (cos(3t))u(t) +—— ;
(s%+25410)(s+2)

Re{s} > —1

2(s+1.25-2.115)(s4+1.25+2.115)

(s+1-35)(s+14+35)(s+2)

dm
X
o :E s-plane
| = The jw-axis is included in the ROC!
|
H .
-2 - Re = Fourier transform!
I .
| * S=]W
.
0
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= Example 9.5: /°° S(H)e—"dt = 1

The Laplace Transform

o(t) = 5(t) — ge_tu(t) + %e%(t)

4 1 1 1

X =1 —— — ) R > 2

(5) 3541 T3s5-2 et

4 1 r (s —1)2
5(t)——etu(t)+=e'u(t) +— , Re{s; > 2
()= e u(t)+5 e u() GrDG_ay R
Im
s-plane
= The jw-axis is not included in the ROC!
X @
-1 +1 + Re

=  Fourier transform?
= Why?

AT . T N"-x St kel el T AT UGS
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F 1

= The Laplace Transform u® —

1
e "u(t) < i , Re{s} > —a

s+ a
* The Region of Convergence (ROC)
for Laplace Transforms

Outline

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= Properties of ROC:
1. The ROC of X(s) consists of strips N

parallel to the jw-axis in the s-plane

2. For rational Laplace transforms,

the ROC does not contain any poles
9m

s-plane
o P

2(s+1.25-2.115)(s4+1.2542.115)

Re (s+1-35)(s+14+35)(s+2)

—2 -1

X
:
I
I
|
I
I
!
f
°
I

X
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= Properties of ROC:

3. If x(t) is of finite duration & is absolutely integrable,
then the ROC is the entire s-plane

(\/‘/'/\_‘ /T? |z (t)|dt < oo

T, T, t

e_o.t \\/ Decaying exponential o > O 7 < O e_at
N Growing exponential d
T T t s 10 t
@ (b)
s =0+ jw
o0 T2 T2

X(s) = [ a®edt= [ Za®etat < e 0T [ Fa(t)]ar

— 00 Tl Tl
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= Properties of ROC: I

s-plane

4. 1f x(t) is right-sided, and §

If the line Re{s} = ¢, Is in the ROC, 3 g Re
then all values of s for which Re{s} > o, ° |
will also be in the ROC o 00 o1
x(t) - 1)\\\‘\% | g1 > 0Q
e "0 \\\\
r\./\,\/\\/ (\ N/
T, t T t

+o0
[T eoleotdt < oo
T
e +o0
— / |33(t)|€_01tdt — / |$(t)|€—(01—00+00)tdt
T 1,

+oc
t>T] = e (17900t < =(o1700)T1 < 6(01‘70)T1/ z(t)]|e o0t dt
< -
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= Properties of ROC:

5. If x(t) is left-sided, and
If the line Re{s} = ¢, Is in the ROC,
then all values of s for which Re{s} < ¢,
will also be in the ROC 4

The argument is the similar to that for Property 4.
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= Properties of ROC:

6. If X(t) is two-sided, and
If the line Re{s} = ¢, Is in the ROC,
then the ROC will consist of a strip in the s-plane
that includes the line Re{s} = o,

w(t) ij(t) .CUL(t)

F/%\_

?

Im Im Im

Re

(0) (a) op <Oy, b)
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= Example 9.7: oIt
o ) /\bm
—bt L
e u(t) «— , Re{s} . t
+bt L
© U(_t) < ’ ’ R@{S} \/b<0
b >0:

_ c
et =

| 9 <R€{S}<

e b <O
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= Properties of ROC:

7. If the Laplace transform X(s) of x(t) is rational,
then its ROC is bounded by poles or extends to ~c.
In addition, no poles of X(s) are contained in ROC

—2b 2(s4+1.25-2.115)(s4+1.2542.115)
(s+0b)(s—b) (s41-37) (s41+35) (s+2)
o am

| : :fc

} : s-plane o : s-plane

| | |

| |

Y ) S
b| b Re -2 - Re

| | |

| : o |

| I I

| ! X

I
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= Properties of ROC:
8. If the Laplace transform X(s) of x(t) is rational
— If x(t) is right-sided, the ROC is the region
In the s-plane to the right of the rightmost pole

— If x(t) is left-sided, the ROC is the region
In the s-plane to the left of the leftmost pole

1

X(S) — = \Which one has Fourier transform?
(s+2)(s+1)
grn Qm gm gm
s-plane : s-plane : s-plane I ! s-plane
| i
X-X Re —x-)ll Re >l<—>< R T_i( Ao
| | |
: | |

(@) (b) () (d)



The Inverse Laplace Transform

= Examples 9.9, 9.10, 9.11:
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A
Re{s} < —1 —1 < Re{s}
1 >
G5+ 1) e ‘u( t) e ‘u( 1)
A
Re{s} < =2 —2 < Re{s} g
1
G+ 2) e ‘'u( t) e 'u( t)
A A A
> > >
Re{s} < =2 | -2 < Re{s} < —-1]—-1 < Re{s}
. ) e ‘u( t) e 'u( t) e ‘u( t)
G+D (s +2) T T T
e ‘u( 1) e ‘u( t) e ‘u( t)
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= The Laplace Transform

= The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= The Inverse Laplace Transform: 4
« By the use of contour integration

X(s) = /_ i 2(t)e " dt g

The Inverse Laplace Transform

X(o+ jw) =F {:E(t)eat} = /_O:O z(t)e eIt

Vs = o + jw in the ROC

z(t)e ot = F1 {X(J —I—jw)} — %fO:CX(J + jw)e’dw

1 o . o+jw
:>$(t)=;/_00X(0+J’w)€( 3wt dayy s= o+ jw
ds = jdw
1 o+joo ,
= x(t) = 5——/ X (s)e’'ds

7Tj —joo



Feng-Li Lian © 2015

The Inverse Laplace Transform NTUEE-SS9-Laplace-27

= The Inverse Laplace Transform:

ot Lo 1 ﬁ B
e "u(t) +— P Re{s} > —a
—e " Mu(—t) < il - , Re{s} < —a
s+ a
« By the technique of partial fraction expansion 4
_ 4 B M -

X(S)Ms—l—a T s+ b T T s+ m
z(t)=Ae®u(t) — Beu(—t) + -+ + xm(d)

(if R.S.) (if L.S.)



The Inverse Laplace Transform

= Example 9.9:
1
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X(s) = , Reysi > —1
=G G2
_t L 1 -
B 1 + _1 € 'U;(t) < 7 5 + 1, Re{S} > 1
(s+1) (s +2) e ?u(t) < i ! , Re{s} > -2
s+ 2
£ 1
et 4+ (=De | u(t) +—— , Re{s}>-—-1
| v = e Ty R
Im Im Im
i s-plane i s-plane E s-plane
| | |
r : :
X —X —X—X
—.1 Re _|2 Re -2 —|1 Re
| : :
| , |
| i |
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= The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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Magnitude-Phase Representation in Complex Plane (s-plane &@r@%ﬁ’g‘gé aplace-30
= |n s-plane or z-plane:

(o3 f BG5 AB=(G+5)-(1+2))
. © — 2+ 3j
Vo4 (12
> |AB| = /22 4 32
Z — 1 (5-2)
1o 4 AB = tan (3_1)
L w—(=1-25) _ |ZW)]
e = (1 2) MU= 5w =23l T P

s= (=243 3y pyliw)=3ZW - 3 PW
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= First-Order Systems:

1 —t/T 5 . %
h(t) = —e ""u(t) «— H({Jw) = - i
T Jw + =
p
1
1 P = 1
h(t) = —e ¥u(t) +— H(s) =—T= 7, Re{s}>——
T S = T
20log1g [H (jw)|
2 3dB
B UdE _J"“\‘_—nggﬁgsfia‘;ion 9‘
"
8
£ . s-plane
i 0.:/~r 1;7 10|/"r 1OLIJ/1' ()
a:}{rgjw) /
o Y Re
:%3: —7/4 T
-2  Nrmm——
T o T T i
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Geometric Evaluation of the Fourier Transform NTURE 550 abloce 3

HG Ol = i% _

yaG ) =3(3) -3 +3) = -
1

HG Ol = ] =

yHG ) =3(0)-3(6 +3) = -
1

HG Ol = |y =

yHG ) =3(0) -3 +-) = -
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= Second-Order Systems:

wi,

(jw)?2 4+ 2¢wn(jw) + w2

c7 = —Cwn+ wn/C2—1
—Cwp, — wpy/C2 — 1

H(jw) =

= h(t) =M [ecﬂ - eczt} u(t)

62 —
M = L
24/¢2—1
2 9

Wn, Wn

()24 2Cwn(s) + w2 (s — c1)(s — c2)

=% Hilg) =

e( >1:c1 & cp are real

e 0O< (< 1:cy & co are complex



Geometric Evaluation of the Fourier Transform

= Pole Locations:

e( >1:c1 & co are real

H]
X H

dm

s-plane

(@)

e 0O<(<1:
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c1 & co are complex
9Im

P
|~ s-plane
e \

5:___ Wy

xl'\\ \, / 2

: \ Wy V1-E

I \\

N -

I p /// 9_
2 A e
—Lw, Re
X

(c)

one pole vector has a minimun length

at w = wpy/1 — ¢2N
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= Relative Bandwidth B:

9m
s-plane
V2A | ” |H(Jw)|w:wn\/1_g2
/4 "
A /4 T @V - —2;

(0, wn\/1 — ¢2) = B =2(¢

(0, wn\/1 — ¢2 — Cwn) , T
) = AJH(w) = >




Geometric Evaluation of the Fourier Transform

= Second-Order CT Systems: w(jw) =

2010910 |H(jw)| =

0 w << Wn
—2010910(2¢)
— 40 IOg 10(’11)) -I— 40 |Og 10(wn) W >> Wy

w = Wn

20

0dB
2
£ 20
o
S
£ —40
o
o
~60
~80
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Asymptotic

approximation (=07

1
(jw/'wn)2 + 2¢(Jw/wp) + 1
{=0.1 . i
o4 Q= 2(

o For ( </2/2 Wmax = ‘wn\/l — 2¢?

¥ H(juw) = -
% -w/2
¥
, ~3m/4
0 w S 0.1wn B
— (w/2)[10g10(w/wyn) + 1] 0.1wp < w < 10wy,
4
—7/2 w = wWn
- w > 10wn

100w,

Asymptotic
approximation

100w,
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= Frequency Response:

20

~=[=0.1
,-g(,—U.Z
- {=04

| Hijw} |

=40 |-

—80

I3

ol
g

e

ol
i\)-l

I3

ol
h.s

H(jw)| L H(Gw)
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= The Nth-Order Systems:
1 w2,
H . — T i
) (jw + %) Ll ((jw)2 + 2GwuGw) + w;f;)

b w?%le
H(S) — (S - a) (];[ g2 —+ 2<3wn28 + w?%%)

[HGw)| = ] 1H:Gw)| =

YH(jw) =Y 3 Hi(jw) = ( ) — ( )
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= The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform



Outiine e
Property CTES | DTFS CTFT DTFT LT zT
Linearity 3.5.1 4.3.1 5.3.2 951 10.5.1
Time Shifting 3.5.2 4.3.2 5.3.3 9.5.2 10.5.2
Frequency Shifting (in s, z) 4.3.6 5.3.3 9.5.3 10.5.3
Conjugation 3.5.6 4.3.3 5.34 9.55 10.5.6
Time Reversal 3.5.3 4.3.5 5.3.6 10.5.4
Time & Frequency Scaling 3.54 4.3.5 5.3.7 9.54 10.5.5
(Periodic) Convolution 4.4 54 9.5.6 10.5.7
Multiplication 3.5.5 3.7.2 4.5 55
Differentiation/First Difference 3.7.2 4.3.4, 5.3.5, 9.5.7, 10.5.7,
4.3.6 5.3.8 9.5.8 10.5.8
Integration/Running Sum (Accumulation) 4.3.4 5.3.5 9.5.9 10.5.7
Conjugate Symmetry for Real Signals 3.5.6 4.3.3 5.3.4
Symmetry for Real and Even Signals 3.5.6 4.3.3 5.3.4
Symmetry for Real and Odd Signals 3.5.6 4.3.3 5.34
Even-Odd Decomposition for Real Signals 4.3.3 5.34
Parseval's Relation for (A)Periodic Signals 3.5.7 3.7.3 4.3.7 5.3.9
Initial- and Final-Value Theorems 9.5.10 10.5.9
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= |inearity of the Laplace Transform:

X(s) = f_: z(t)e *'dt x(t) = i /G+jOOX(S)63tdS

27{'] o—]00

21(t) = Xi(s), ROC = Ry
2o(t) = Xo(s), ROC = Ro

a z1(t) + b 2o () s a X1(s) + b Xo(s),

with ROC' containing Rq{ N Ro
/OO e S'dt /OO e Stdt

f e Stdt / e Stdt
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= Example 9.13: (1) = 21(t) — (1)

1

X1(s) = TEEN Re{s} > —1
Xo(s) = : Re{s} > -1
T DG +2y TV
1 1 1
) = D G+ De+2) “ Gt e
Im Im Im
i s-plane I: s-plane E s-plane
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= Time Shifting: X(s) = /C‘O o(t)e—dt
z(t) <i> X(s), ROC=R x(t) = QL U+jOOX(3)e‘Stds
M) Jo—joo

r(t—ty) <= e 0 X(s), ROC =R

Xo(s) = / T p(t—to)e dt

—0C0

|
—
;&
K
N
N’
ml
Q

|
—
8
8
N
N’
o
=
CS-_/
=
.
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= Shifting In the s-Domain: X(s) = /°° o(t) e dt
1 o+j00
L — st
z(t) +—— X(s), ROC =R x(t) = 277 oo X(s)e'ds
dm
L
e 0'z(t) +— X(s—sg), ROC = R+ Re{so} | -
: :s-pane
f B
X(Sz ) r :; JET ®R
=X(s—sg= ) = X(s=  +s0) i |
o0 Im
X(S—So) :/ x(t)e_(S_SO)tdt | |
o0 i . is-plane
o /OO z(t) e= (5 ) ot(s0 ) gt i (so)i i r,+mféo)

= /OO x(t) e+(50 ) e—(s ) dt (b)
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= Time Scaling: 2(t) = X(s), ROC =R
w(at) <5 L x(%). ROC =aR
o X(s= )
Xq(s) = /_Oow(at)e_“dt :>X(i N
o = X(s= )
a O ——-/ z( et ) 4
= /_O:Ozc( Ye O ) d = — X(—)
a O :f OC:U( Ye 50 ) d = — X(—)
= /_O:O;v( )e_( ) d = — X(—)
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Properties of the Laplace Transform

Im

Im

I9m

—
mm ~
3
11111111 —
S
V
—
|||||||||| ~
.
3
W
o2
—
a —
S V
11111111 |-T—
S
llllllllllllllll <
N O
3
]
3
¥
. <
s —
BB | &
R —
lllulll.lllnrmél lllll
~

dm
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= Conjugation: X(s)= [ a(w)eat

— 00

1 o+joo !
x(t) = —/ X (s)e’ds
21’1’3 o—j00

T

2(t) +— X(s), ROC =R

2 (1) = X*(s*), ROC =R

X(s) = /_o; 2(t) e °! dt

= /OO x(t) e ' dt

= ]OO z(t) e °' dt

— 00

X() = [ zt) e ! dt

—00



Properties of the Laplace Transform

= Convolution Property:
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X(s) = /_ i 2(t)e " dt

21(t) = Xi(s), ROC = Ry

2o(t) = Xo(s), ROC = Rs

p1(t) xma(t) —— X1(5)Xo(s),
/°° 21(7) 2o (t — 7)dr

| @i vt = 7)

| @ wa( )
| @ za( )
/_O:O x1(71) dr

dr

ROC containing R1 N R»>

dr

dr
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= Differentiation in the Time & s-Domain:

X(s) = Oosc e *'d
o(t) <55 X(s). ROC = R ()= [ s

1 o+joo
xz(t) = —/ X (s)eds
27’(’] o—joo

d
~a(t) £ sX(s), ROC containing R

d
_ta(t) s "X(s). ROC =R

1 o+j00
x(t) = —/ X(s) e'ds
2’71'] o—700
_ o —st
R | X(s) = /_ “a(t) et
= — X(S) 68 ds
219 Jo—joo

= /OO z(t) e “dt
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= |ntegration in the Time Domain:

2(t) +— X(s), ROC =R

/t z(T)dT PN lx(s)? ROC' containing RN {Re{s} > 0}
S

T
/ ;:L‘(T)dT — 2(1) * u(t)

ft x(T)dr

f uodt = uv
0

& oo
E / uv'dt
0 0
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= The Initial-Value Theorem:
If z(t) =0 for t <O — 2(07) = lim sX(s)

S§— OO

= The Final-Value Theorem:

If z(t) =0 for t <0 and «(¢) has a finit limit as t — oo,
= |lim z(¢t) = lim s X (s)

T foo uv'dt t—00 s—0
o Jo

/ wvudt = uv
0

oo

E{iw(t)} = /O b %m(t) e sldt = x(t) e

_ /O T () (—s)e

0
= 2(00) = —2(01) 5+ () [ a() e¥dt  =sX(s) ~a(0)
: > d —st — | — —|—
s"JQo/O Sa(t) et = 0 = lim {s X(s) — z(0")}

s“—% {3 X(s) — .’L’(O+)}

: % d —st — i — =
lim /o aw(t) e “'dt —tllmox(t) x(0) =

s—0



Properties of the Laplace Transform
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TABLE 9.1 PROPERTIES OF THE LAPLAGE TRANSFORM
Laplace
Section Property Signal Transform ROC
x(1) X(s) R
xy(2) Xi(s) R
X5(1) X>(5) R,
9.5.1 Linearity ax,(t) + bx,(t) | aX,(s) + bX>(s) | Atleast Ry, N R,
952 Time shifting x(t — tg) e X(s) R
953 Shifting in the s-Domain e x(1) X(s — sp) Shifted version of R (i.e., s is
in the ROC if 5 — 59 is in R)
954 Time scaling x(at) ﬁX (i) Scaled ROC (i.e., s is in the
@ \¢ ROC if s/a is in R)
9.5.5 Conjugation x'(1) X°(s") R
9.5.6 Convolution x1(2) * x2(0) X,()X5(s) Atleast Ry N R,
9.5.7 Differentiation in the g-x(r) sX(s) At least R
Time Domain !
9.5.8 Differentiation in the —tx(t) iX(s) R
y ds
s-Domain
i
959 Integration in the Time [ x(7)d(1) -I-X (8) At least R N {Refs} > 0}
Domain - §
Initial- and Final-Value Theorems
9.5.10 If x(1) = 0 for ¢ < 0 and x(f) contains no impulses or higher-order singularities at ¢ = 0, then

x(0F) = lim sX(s)
§— o0

If x(¢) = O for t < 0 and x(¢) has a finite limit as  —> o, then

A 0 = Jim sXG)
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= The Laplace Transform

= The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform



Some Laplace Transform Pairs
TABLE 9.2 LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS

Transform
pair Signal Transform ROC
1 d(1) 1 All s
2 u(t) % Re{s} = 0
3 —u(—1) % Refs} <0
n-1 1
4 (n—_l)—!u(t) F (Re{s} >0
5 LA s i Rels} < 0
(n=1! s
—a! 1 e
6 e ™ u(r) = Refs} > —a
el 1 =
7 —e ™ u(—-1 s Rels} < —a
m | ar 1 3
8 TES e~ u(t) Grap Refs} > —a
f”_l S 1 3
9 - '(n_—l)!e H( t) (S T a)" m'e{s} < —a
10 8(t—1T) en*T Alls
s
11 [cos wyt]u(t) % o2 Rels} >0
. Wy
12 [sinwot]u(r) Tral Refs} > 0
at s+ a B
13 [e ™ coswpt]u(t) m Refs} > ~a
—at o @y —
14 [e " sinwqt]u(r) el Rels} > ~a
_d"8(1) .
15 uy(t) = T s All s
16 1 Refs} > 0

-n0) = u() = xu(r)
u "

1 times
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= The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= Analysis & Characterization of LTl Systems:

A{t) y(8) = h(t) * 2(t)

o —
X(s) Y(s) = H(s)X(s)

H(s) = L{h(t)}

Analysis & Characterization of LTI Systems

H(s) : system function
or transfer function

h(t) H(s) )
= Causality
z(t) y () h(t) g
= Stability I
z(t) y (1) h(t) .
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= Causality:

e For a causal LTI system,
h(t) =0fort<0, and thus is right sided

 The ROC associated with the system function
for a causal system is a right-half plane

e For a system with a rational system function,
causality of the system is equivalent to
the ROC being
the right-half plane to the right of the rightmost pole



Analysis & Characterization of LTI Systems Feng-Li Lian © 2015

= Examples 9.17, 9.18, 9.19:

c 1
— et —— H(s) = , —1 < Re{s
h(t) = e tu(t) y P { }A
> >
h(t) = eIt L H(s) = 2 —1 < Re{s} < +1
e = 5 PR
$ S 1 A
>
>
—(t+1) £ e
h(t) =e u(t+1) «—— H(s) = ey —1 < Re{s}
| S |
>
>
h(t) : causal ? h(t) : causal ? h(t) : causal ?
H(s) : rational ? H(s): rational ? H(s) : rational ?
ROC : right-sided ? ROC : right-sided ? ROC : right-sided ?
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= Anti-causality: t

e For a anti-causal LTI system,
h(t) =0 fort> 0, and thus is left sided

« The ROC associated with the system function
for a anti-causal system is a left-half plane

e For a system with a rational system function,
anti-causality of the system is equivalent to
the ROC being
the left-half plane to the left of the leftmost pole
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= Stabllity:
 An LTI system is stable
If and only if

the ROC of its system function H(s)
Includes the entire jw-axis [i.e., Re{s} = 0]
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= Example 9.20:

2 1
s—1 = 5
H(S) e — 3 _|_ 3
(s+1)(s—2) s+ 1 s — 2
I9m Im Im
s-plane s-plane s-plane
X ——O—X X——O—X X——Q X
-1 1 2 Re —1 1 2 Re —1 1 2 Re
2 1 2 1
h(t) = 3¢ fu( t) 3¢ ‘u( t) h(t) = 3¢ fu( t) 3¢ fu( t)
2 1
h(t) =3¢ fu( t) 3¢ fu( t)
causal ? causal ? causal ?

stable ? stable ? stable ?
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= Stabllity:

* A causal system with rational system function H(s)
IS stable
If and only if
all of the poles of H(s) lie in the left-half of s-plane,
l.e., all of the poles have negative real parts

causal stable causal & stable

A A A




Analysis & Characterization of LTI Systems

= Examples 9.17, 9.21:

L 1
h(t) = e "u(t) +— H(s) = :
() = e~"u(?) () =717
o C 1
h(t) =e“u(t) «—— H(s) = :
s—2
{ h(t) : h(t) :
H(s) : H(s):
I
s-plane
— :,;{ x -
-1 2 He
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—1 < Re{s}

2 < Re{s}
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= LTI Systems by Linear Constant-Coef Differential Equations:

Analysis & Characterization of LTI Systems

dNy(t) d¥ 1y(t) dy(t)
GN TON-1"pN—1 T T Ay

apn + 0,0y(t)

dM (¢ dM—1 (¢ dx(t
m()‘|‘bM—1 dtM$§)+---+bl ZS/_)

+ box(t)

dtM
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N k M k
d®y(t) d"z(t)
L Z ap. = L Z bk
{ k=0 dt¥ } { k=0 dt¥
N Tk (1 M dFa(t
k=0 dt k=0 dt
N M
Z aj, sk Y(s) = Z by, sk X (s)
k=0 k=0
N M
Y (s) Z aj s = X(s) Z by, gk
k=0 k=0
M I Zeros
b1.s
v v B et
X(s) al a,NSN—I-----I-a1S+GO

k=0 poles



Analysis & Characterization of LTI Systems

= Example 9.23:

dy(t) |

i F 3y(t) =
=
= ( ) Y(s) =
e If causal, = RA{s}

e If anti-causal, = R{s}

X(s) = H(s)
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h(t)

= - —
ﬁ ﬁ
X(s) Y(s)

H(s)

Y (s)
X(s)

H(s) =

|
M
[
<
N
~
g

=  h(t)

== R(i) = e ‘w( t)
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= Example 9.24: L T

+ +
x(t) ) C == ylt)

Analysis & Characterization of LTI Systems

d?y(t) dy(t) _
el + re L2+ @ = e
_ ( ) _ )
= H(S) - (32—|— ) - (S"G)(S—b)

o If R,L,C >0, = TRe{a},Re{b} <O

A
I.e., poles with negative real parts

causal?

stable?
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= Example 9.25:
?
y(1)

(1) = e 3u(t) m— {e—t—e—%] w(t)

X(S) = , TRe{s} Y(S) o ,  Re{s}
Y (s)
= H — = —
(s) X(5)
ROC : Re{s}
causal? t
stable?

z T




Continuous-Time Filters
h(t)

z(t)
—
X (s)

H(s)

= Butterworth Lowpass Filters:

ﬁ

= Chebyshev Filters:
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= Elliptic Filters:

|H (j)l




= Butterworth Lowpass Filters:

fd | — =

[ ]
=

Continuous-Time Filters

h(¢)

oM
— —
X (s)

Y (s)

H(s)

|H_(j)|?
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N-th order

O 2 1
Hc(j )‘ —1+(%)2N

S \2N
L (5

|H,(j)]
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= An Nth-Order Lowpass Butterworth Filters:

1
1+ (jw/jwe)=N

IB(jw)|? =

e If impulse response is real, = B*(jw) = B(—jw)

B(jw)? = B(jw) B*(jw) = B(jw) B(~jw)
= B(jw) B(—jw) = 1+ (jwl/jwc)QN
1
= B(s) B(—s) = 1+ (s/jwe)2N at sp = (—=1)Y2N (jwe)

. - 5y = oo (7 25245

>N T2 k=0,1,2,...2N —1

W
S
|

= 4

B
wn
=
|



Continuous-Time Filters

= An Nth-Order Lowpass Butterworth Filters:
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1
B(s) B(—s) = .
1+ (S/JwC)QN
Im
N =1
x X
\\ /,'UJC (Re
Im

\X/
\
I
X
"'X:y\
A

\/
!\
N
~
£
(7]
<
&

Sp = We €XP (jlw(22k§1)+§])

Im
N =2
N - ~~ A
NP\
‘/ \ :
\\ !’wc Re
X
A e \
Im
N =6
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= An Nth-Order Lowpass Butterworth Filters:

e Both s = s, and s = —s) are poles of B(s) B(—s)

e If the system is stable & causal
— poles of B(s) are in the left-hand plane

I dim 9m
M=t N=2 N=3
= i':"-:'lz Pl Jo -l i
f,..- e & p 4 G
/ i FI
= R — —x
\ & by l-.. He LIL:'I:-'|'1L He
HH — x-.. .""'x
2 3
We wc wc
B(s) = B(s) = B(s) =
(5) s + we (s) 52 4+ V2wes + w2 (s) s3 4 2wes?2 + 2w2s 4+ w3
C C C
2 3
We wc wc
B(—s) = B(—s) = B(—35) =
(=) —5 + we (=) 52—/2wes + w2 (=) —53 + 2wes2—2w2s + w3
dy (t) d?y(t)

——= + wey(t) = wez(t)

dy(t
dt a2 -+ \/§’wc 7:2(?5) -+ ’wg y(t) = ’wc2 :L'(t)
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= An Nth-Order Lowpass Butterworth Filters:

p— = s) =
s + we 52 + v 2wes + w2 s3 4+ 2wes? + 2w2s + w3
dy(t) d?y(t)

+ wey(®) = we () + vawe D w2y = wR 2

dt dt2

Il
|
- T
=,
T4
)
_/
O
-
I +

Wy

— y(t)

d'vc(t) 2
dt C( ) — Us(t) LC ddyt(t) + RC dLG) 4 oyt) = 217(12)




Continuous-Time Filters

= Chebyshev Filters:

h(t)
(1) y(t)
ﬁ ﬁ
X(s) Y (s)

H(s)

Vi (z) = cos (N cos™ 1 a:)

Nth-order Chebyshev polynomial

cos(00)
cos(16)
cos(20)

cos(36)
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1
AN R
8 8

w N

| I
W =
8

cos(6)

2 cos(#) cos(6) — cos(00)
2cos2(h) — 1

2 cos(f) cos(26) — cos(6)
4 cos3(9) — 3 cos(H)
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= Elliptic Filters:

20
(1) y(t) r 1

Un(x) : Jacabian elliptic function

on(u,b)=1->u?+ 21—(1+4k2)u -—(1+44k2+16k")u +.

'.'21]
da, b)=1- K u? + - (417 +&')u’ (16k‘+44k4+k6)u+...
1+

!
S (u, k)=, - 1 )u +E(l+l4kz+k4)u5+...




System Characteristics and Pole Location
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h(t)
x(t) - y(t) s e
— o H =
X(s) Y (s) (5) (s +a)(s +b)
H(s)
A Im(s)
r ><F
X K l “
LHP r \ [ RHP
r X I
> > 9#( > R?(s’)

N

N
7%

3

e ——
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= The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform



System Function Algebra & Block Diagram Representations
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= System Function Blocks: () = hy (D) +ha(t)
e parallel interconnection H(s) = H1(s)+Ho(s)
el hy(t)
Hq(s)

e series interconnection

ho(t)

é:)—‘ y(t)

T

Ha(s)

X0 :11((2)

h(t) = hi(t)*ha(t)
H(s) = Hi(s) Ha(s)

ho(t)

Ha(s)

e YY)

(b)
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= System Function Blocks:

e feedback interconnection H(s) = Hy(s)
1+Hy(s)H2(s)
X(1 —l@—e(iw i ¢ >yt
= ﬂzz((ts)) T
Y = H, E
Z=H,Y



System Function Algebra & Block Diagram Representation

= Example 9.28:
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e Consider a causal LTI system with system function

1

H(s) = 13

= Y (s) =
L+ ) =@
= gy Y — &

= Sy =)~ ()

X (s)

x(t)

ﬁ

h(t)

y(t)
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= Example 9.29:
e Consider a causal LTI system with system function

o = 222 - (e

1
s+ 3

[|>

=  Z(s) X(s) & Y(s) = (s+2)Z(s)
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= Example 9.30:
e Consider a causal LTI system with system function

1 1
(s+1)(s+2) s243s542

H(s) =

= s°Y +3sY +2Y = X
( sY = F

s — F = s%Y =
s2Y = F = sF

\
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= Example 9.30:

H(S):(s+1)l(s+2):(s+l >(s+l )

x(t) C

- —
L

A
2

|

T

x(t)




System Function Algebra & Block Diagram Representation Feng-LiLian © 2015

= Example 9.31:

. 252+ 45— 6
Hs) = s2+3s+2
A 1
= 2(s) = 32—|—3s—|—2X(8)

NTUEE-SS9-Laplace-85

_ 1 > B
b (82_'_38_'_2) (25 4+ 45— 6)

& Y(s) = (2524 45 —6)Z(s)

v
=2 = _+C1_>

W=

4+ | e
O
”~
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( 2%2+4L:6 .
s<+3s+2 ~(+) e - y(t)
2(3_1) s+3 2 \f \_f:
H(s) = | ( s+2 )(S—|—1) @~ = : T
o 2(s—1)\ [(s+3 R kS 2 S =
( s+1 )(s+2) ’ T =
>4 6 4 =8 | ©-
\ S—|—2 S—|—1

—{)

—0
—0




Technology, Engineering, Mathematics, and Graph

= Technology

= Engineering

= Mathematics

= Graph
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R L
AILR
x(t) C—‘-E y{t)
dy(t
+ re WO L

y(t)

||||

|
8
N
~
p—

o

Im

s-plane

o
A

i ois

(b)
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= The Laplace Transform

* The Region of Convergence (ROC)
for Laplace Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems
Using the Laplace Transform

= System Function Algebra and
Block Diagram Representations

= The Unilateral Laplace Transform
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= The Unilateral Laplace Transform of x(t):

bilateral LT unilateral LT
for causal system &
with nonzero initial condition

X(s) 2 /_i x(t)e *dt X (s) = /OO_O 2(t)e S'dt
— /(; x(t)e "dt + /Ooo x(t)e *dt

UL

2(t) = X(s) z(t) —— X(s)
X(s) = L{z(t)} X(s) =UL{z(l)}
2(t) = L7HX(s)} 2(t) = UL H{X(s)}

ROC : a right-half plane



The Unilateral Laplace Transform

TABLE 9.3 PROPERTIES OF THE UNILATERAL LAPLACE TRANSFORM

r1(t) = x2(t) =0
t <O

Feng-Li Lian © 2015
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Property Signal Unilateral Laplace Transform
x(1) A(s)
x1(t) Xy (s)
x2(1) Xa(s5)
Linearity ax; (N + bxa(1) al,(s) + b Xs(s)
Shifting in the s-domain e x(1) A(s — so)
. . . 1 s
Time scaling x(at), a=>0 - (-—)
a \a
Conjugation X (t) x % (8)
Convolution (assuming 2100 x2(0) L, (5)X5(5)
that x,(¢) and x»(t)
are identically zero for
t<0)
Differentiation in the time dix(r) sA(s) — x(07) SX (S) e ( O o )
domain g
. D s d
Differentiation in the —tx(f) PE XL(s)
s-domain -
U 1
Integration in the time J x(mydr - X(s)
domain o g

Initial- and Final-Value Theorems

If x(r) contains no impulses or higher-order singularities at ¢ = 0, then

x(0*) = !i_‘nlsir(s)

}in_l x(1) = limﬂsfl:(s)
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= Differentiation Property:

<y
] wvdt = uv
0

oC o0 /
—/ uv di
0 0

o0

+ s fooo z(t)e Stdt

upd T e de) o e
dt o~ dt

0

= sX(s) — x(07)

d237(t) . Ocdzm(t) — st 2 N o IA—
L{ﬁ{ gy, }— a2 e dt = s°X(s) — sx(0 ) x (07)
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= Example 9.38:

d2y(t) dy(t) B y(07) =5
2 T3 1 2yt) = () { /(0-) =
x(t) = au(t)
> [Py - - Hsve- [+2[pe)] = a
= V(s) = « zero- response
only response
+ B
¥~ zero- response

only response
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= Example 9.38:

e Ifa=2, =3, v=-5

|
+
+

= Y(s)

e t} u(t), for¢t>0

|
_I_
QN
_|_

= y(t)
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1 oo . w
x(t) = —/ X (jw)e’ dw
2T —00

X(jw) = /_OO z(t)e Vidt
1 o+j00
x(t) = — ! X (s)e®ds
27{'] o—7]00

X(s) = /_ i 2(t)e " dt

X(s) = £{z®)} = F{m(t)e_ot}

J:{:c(t)} — [,{:c(t)}

= . X{s)

s=—jw

X(jw)

s=jw
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|Hijw)]

h(t) = e—atu(t)’ a>0 9]: . H(]”w) = _ 1
jw —+ a
—at L 1
h(t) = e~ %u(t), L H(s) — |
s+ a
Re{s} > —a
Im
Definition Causality i s-plane
Theorem ROC s
Property Stability | Re
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= Example 9.26: () = 1 = 4(t) = 0

&) — 4s _4/3 8/3
His) (s+2)(s—4) _S-|—2+3—4
4 o 8 4
h(t) = 3 € u(t) 3¢ u(—1t)
Y(s) = H(s)X(s) — H(s) 2rj6(s) = H(QO) =0
y(t) = h(t) * z(t) — /_ : h(r) z(t — 7)dr

— /_O:O {g e 2T u(r) — g e’ u(—*r)} x(t — 7)dr

00 0 8
— 4 e 27 dr — / 3 e dr
o 3 —00
4 —27 |00 3 41 10 —2 2
— e ——€ | = —(0-1) — =(1-0
32 0 Ta@m e e =5z 07D 3300
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= The Laplace Transform
= The ROC for LT
= The Inverse LT

= Geometric Evaluation of the FT
= Properties of the LT

* Linearity Time Shifting Shifting in the s-Domain

* Time Scaling Conjugation Convolution

 Differentiation in the Time Domain Differentiation in the s-Domain

* Integration in the Time Domain Initial- and Final-Value Theorems

= Some LT Pairs

= Analysis & Charac. of LTI Systems Using the LT
= System Function Algebra, Block Diagram Repre.
* The Unilateral LT
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Introduction (Chap 1) LTI & Convolution  (Chap 2)

Bounded/Convergent

Periodic D Aperiodic

CT CT (Chap 4)

DT FT

Time-Frequency (Chap 6) Communication (chap 8) Digital g
Signal SP-
CT-DT (Chap 7) Control Chap 11 Processing




