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» Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

= Properties of Continuous-Time Fourier Transform

= The Convolution Property
= The Multiplication Property

= Systems Characterized by
Linear Constant-Coefficient Differential Equations
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Fourier Series Representation of CT Periodic Signals

= Example 3.5:
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Page 193, Ex 3.5

Representation of Aperiodic Signals: CT Fourier Transform

= CT Fourier Transform of an Aperiodic Signal!

X(t)
| |'

2T

-I | | |
~2T T I-T, T, T T
2

L, |t <Ty
z(t) =
0, Th <|t|<T/2

— 2sin(kwoT}) Fourier series coefficients

a
K kwoT
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e As T — oo, z(t) — z(t) X(jw)el™!
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inverse Fourier transform eqn

synthesis eqgn
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—00

X (jw): Fourier Transform of z(t)
spectrum

analysis eqn
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= Sufficient conditions for the convergence of FT

J +o0 _
x(t) ar, X(jw) X(jw) =f z(t)e /"dt
—00
- N 1 +o0 ) w
() 27T X (jw) z(t) =§f; X (jw)e"" dw

e(t) = z(t) — xz(t)
e If x(¢) has finite energy

oo
i.e., square integrable, f lz(t)|2dt < oo

—oC

= X((jw) is finite

+
= f ~ le(t)]|°dt = 0 = e(t) = z(t) — x(t) = 0 almost Vt
—0o0
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= Sufficient conditions for the convergence of FT

e Dirichlet conditions:

1.x(t) be absolutely integrable; that is, /+OO lz(t)|dt < oo

2.X(t) have a finite number of maxima and minima
within any finite interval

3.X(t) have a finite number of discontinuities
within any finite interval
Furthermore, each of these discontinuities must be finite
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= Example 4.2: G = [ atye d

Representation of Aperiodic Signals: CT Fourier Transform
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= Example 4.3: o®) = o= [T XGuyerdw
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= Example 4.4: G = [ ate d

Representation of Aperiodic Signals: CT Fourier Transform
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Representation of Aperiodic Signals:

= Example 4.5:

CT Fourier Transform
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Representation of Aperiodic Signals: CT Fourier Transform
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= Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

= Properties of Continuous-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Systems Characterized by
Linear Constant-Coefficient Differential Equations
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= Fourier Transform from Fourier Series:

H(jua)

X(j’lb‘) = 27 5( w — ’UJ‘O) 2171'
1 [+ _ °  wo
= :B(t) - —/ 2T 5(10 — ’wo)e-}u‘fdw
271' —00
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21 2 27 2w 27
e more generally, I | F ] 1
™ —2wg — WO © WO 2y
X(w) = Z 2mad(w — kwg) o
k=—o0

Too Tt Fourier series represntation
= z(t) = > ape!™0

k=—0c0

of a periodic signal
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Fourier Transform for Periodic Signals

= Example 4.8:
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+oo ]
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= Representation of Aperiodic Signals:

the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

= Properties of Continuous-Time Fourier Transform

= The Convolution Property

= The Multiplication Property

= Systems Characterized by Linear Constant-

Coefficient Differential Equations
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Section Property
43.1 Linearity
4.3.2 Time Shifting
4.3.6 Frequency Shifting
4.3.3 Conjugation
435 Time Reversal
4.3.5 Time and Frequency Scaling
4.4 Convolution
4.5 Multiplication
434 Differentiation in Time
434 Integration
4.3.6 Differentiation in Frequency
4.3.3 Conjugate Symmetry for Real Signals
4.3.3 Symmetry for Real and Even Signals
4.3.3 Symmetry for Real and Odd Signals
4.3.3 Even-Odd Decomposition for Real Signals
4.3.7 Parseval's Relation for Aperiodic Signals
Outine e
Property CTFS | DTFS| CTFT DTFT LT zT
Linearity 3.5.1 4.3.1 5.3.2 9.51 | 1051
Time Shifting 3.5.2 4.3.2 5.3.3 9.52 | 10.5.2
Frequency Shifting (in s, z) 4.3.6 5.3.3 953 | 10.5.3
Conjugation 3.5.6 4.3.3 5.3.4 9.55 | 10.5.6
Time Reversal 3.5.3 4.3.5 5.3.6 10.54
Time & Frequency Scaling 3.54 4.3.5 5.3.7 9.54 | 1055
(Periodic) Convolution 4.4 54 956 | 10.5.7
Multiplication 3.55 | 3.7.2 4.5 55
Differentiation/First Difference 3.7.2 4.3.4, 5.3.5, 9.5.7, | 10.5.7,
4.3.6 5.3.8 9.58 | 10.5.8
Integration/Running Sum (Accumulation) 434 5.3.5 959 | 10.5.7
Conjugate Symmetry for Real Signals 3.5.6 4.3.3 5.34
Symmetry for Real and Even Signals 3.5.6 4.3.3 5.34
Symmetry for Real and Odd Signals 3.5.6 4.3.3 5.34
Even-Odd Decomposition for Real Signals 4.3.3 5.34
Parseval's Relation for (A)Periodic Signals | 3.5.7 | 3.7.3 4.3.7 5.3.9
Initial- and Final-Value Theorems 9.5.10 | 10.5.9
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= Fourier Transform Pair: m

 Synthesis equation: $(t):i/+ooX(jw)eju,-zdw
21 J -

* Analysis equation: Lo
X(w) = [ a(t)e "t

—00

* Notations:
1 —il
X (jw) = Fla(t)} = Fle )
— 1 ; —at _ 1y 1
o(t) = FHX (jw)} o =7
CTFT ) CTFT 1
—at
x(t) — X(Jw) e Mu(t) < i
Properties of CT Fourier Transform o an o2
. . 1 [+ —
= Linearity: 2(t) = 2—/ X (jw)e ™ dw
T J—00
F . Foo -
z(t) +— X(jw) X(jw) =/ x(t)e 7Vdt
jC‘
y(t) +— Y(jw)
")‘E
= a z(t)+b y(t) — a X(jw)+b Y (jw)
o0 1 i it
_ /+ —wt gy - g /_OC eIt dupy
+ /+ e-j'mtdt + g/; eJ“"Tvdw
+oc . 58
T = L e
=0 21 —00
g o : :
+ / e_jlwf'dt + i/+x e_j'wtdw
ST 27 J—oc
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= Time Shifting: 20 == [ XGu)edw
N ' X(jw) = /::G x(t)e "dt
x(t) < X(Jw)

F i ,
= z(t —tg) +—— e TP0X(jw)

1 “+o0 )
z(t) = 2—f X (jw)e’ dw s
mJ—0 oo .
Vi) = / z(t—to)eivtdt
—0Q

1 [+ .
x(t—tg) = g/; X (jw) el 10) gy

+o0 >
— / z(7)e 7T+l dr
—00

1 +o0 . ,
= %/;oo (ejwaX(jw)) e?'dw

— s
=g Of E(r)e 1" dr
—0

. . Feng-Li Lian © 2015
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= Time Shift => Phase Shift:

Flz@®)} = X(jw) = |X(jw)|ed*X0w)

| X (jw)|ed KX Gw)—wto]

e IW X (jw)

Flz(t—to)}




Properties of CT Fourier Transform
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u Example 4_9 Ex4.4 |[X(jw) = QM x(t) = %/_:x X(jw)e dw
(0 XGw) = [ e ar
R 1 1, ¥ 1, al)
1 :Iz é 4 t - 1 t 2 s
& ) ©
1
x(t) = 53:1(1‘, —2.5)4 a>(t — 2.5)
F 2sin 2
x1(t) +— X1 (jw) = (w/2)
F 2sin(3w/2
o(t) +—  Xo(jw) = (Bw/2)
= X(jw) = e—I50/2 {sm(w/2) + 2 sin(3w/2)}
w

Properties of CT Fourier Transform

= Conjugation & Conjugate Symmetry:

x(t) AN X (jw)

) <3 X*(—jw)

1 +oo .
r(t) = — / X (w)e ™ dw
27T —00
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oo :
X(jw) = [ x(t)e "dt

1 [
— / X( j@)el® dm
2T o0

1 +o0 )
/ X(Gw) " dw

T 21w

1 (4o o
= —f X( jw)e’"dw
2T J—co

1 +oo -
— = / X(jw) e Tdw
27 —0o0
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= Conjugation & Conjugate Symmetry:

2(t) < X(jw)
T (t) = X*(—jw)

oIFz(t) =2z*(t) = X(—jw)=X*"(jw)

IF x(t) is real =% X (jw) is conjugate symmetric

Feng-Li Lian © 2015
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= Conjugation & Conjugate Symmetry:

2(t) = X(jw)
2(t)" o X(—jw)
o IF z(t) = z*(t) & z(—t) = z(t)
= X(—jw) = X*(jw) & X(—jw) = X(jw)
= X*(jw) = X (jw)

o IF z(t) is real & even = X(jw) are real & even

o IF z(t) is real & odd . X(jw) are purely imaginary & odd
o IF z(t) = z*(t) & z(—t) = —x(t)

= X(—jw) = X*(Jw) & X(—jw)=-X(jw)

= X*(jw) = —X(jw)




Properties of CT Fourier Transform
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= Conjugation & Conjugate Symmetry:

If z(t) is a real function

2(t) = Ev{z(®)} + Od{z(t)} = ze(t) + zo(t)

= F{x(t)} = F{ze(t)} + F{zo(t)}

= F{ze(t)} : a real function

= F{xzo(t)} : a purely imaginary function

xz(t) N X (jw)
Ev{z(t)} —— Re{X(jw)}

Od{z(t)} —— j Im{X(jw)}

Properties of CT Fourier Transform

= Example 4.10:

F 1
_ i) = e_at'u, t) <« ;
Ex4.1 y(t) (t) i
F 2a
z(t) = e~altl

2(t) = e U = e %yt) + e®u(—t)

— 5 [e_atu(t) + e%u(—t)
2

= 2&v {e_atu(t)}

|
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~
A

Ev {1.-(1:)} - % {x(t) + .r(—f)i

% [:r(t) - Ll-(—r)i

Od{;t:(t.)}
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= Example 4.10: i

Ev {e_utu(t)} s Re {a —I—ljw}

Od{e mtu(t)} —— ﬂm{a:jw}

. 1
X(jw) = 2Re{a+jw}

a? 4+ w?
. 2a

a2 + w2 &0 {a:(t)} = % {:c(t) +a(-0)]
Od{x(t)} = % [:r(t) . Ll-(—r)i
Properties of CT Fourier Transform o an o2

. oy [T Jwt

= Differentiation & Integration: XGw) = [ "ate

z(t) = %f_-:o X(jw)e’  dw

1 e

2(t) < X(jw) z(t) = %/_m X(jw)e’" dw

—(t) s jwXGw)

1 oo
_ _/ XGw) & dw
2?7 —00

1 /+
— _[ TXGw) e dw
271' —00

.f_ 1
/ x(7)dr <i> —X(w) + 7X(0)d(w) dc or average value
J —00 Jw
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= FT of u(t) and 1(t): |« =5 [ xGuwer

+o0 )
' dw X (jw) =/ z(t)e Jwt gy

[ uye | 1®eae
+o00
+o0 ) — 1 e—j'u.-'f.
:/ e-;}mfdt —Jjw s
0
i ‘ —
1 400 — ‘ (e-ﬁu-’x; ] e-i-jw-:x)
= piu — W
—jw : .
1 E— — (€+me . e—]'u.-'-x)
— (e—j-w:x- . e—_j-m[]) Jw
= — {[cos(woo) + j sin(woo)]
1 e Jw
=_—(1—€_J“O() o
Jw —[cos(—woo) + jsin(—woo)]}
1 "
= — {1 — [cos(—woo) + jSsin(—woo)] }
Jw

Properties of CT Fourier Transform

A A

1
- 2

u(t) 1(t)

1
2

Ex43  1(t) <2 278(jw)

d FT , )
= sgn(t) «—— jw S(jw)

= U(jw) =
25(t) <1 jw S(jw) ’

5D s 1ljuw)

= S(jw) =

Feng-Li Lian © 2015
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sgn(t)

sgn(t) N S(Gw)
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= Example 4.11.:

x(t) = u(t) PN X(jw)="7

9(t) = 6(t) <2 GGw)=1 or 1(jw)

_ [t : 1 . !
z(t) = /_OOQ(T)dT X(jw) = EG(.TIU) + 7G(0)6(w)

= i + 76 (w)

Jw

jw

o(t) = %u(t) LN Jjw [l + Wé(?f})] =1
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= Example 4.12: Ex4.4 [xGu) = 25D
X(t) 5(t — tg) +— e—Jwtd
1 T
—1 d -1 1
t o= & = — — t T
+ 1
(b) n .
@ g = Law)
dt
G(yu;) p— M _ ejw _ e—j’w
G(y
= X(w) = 29" 4 16(0)6(w)
Jw

_ 2sin(w) 2cos(w)

jw? Jw




Properties of CT Fourier Transform

= Time & Frequency Scaling:

Feng-Li Lian © 2015
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oo .
x(t) = 1 / X(jw)e dw
27. -0

oo .
X(jw) = [ x(t)e "dt

f
z(t) +— X((Jw)
F 1 Jw
z(at) +— —X (—) x2(t)
|a a w
]. t F . Wy W,
mx (5> +—— X (jbw) X5 (jw)

x(—t)

Properties of CT Fourier Transform

= Time & Frequency Scaling:

1 r+ 3
2l tl= —/ OOX(j'w)e““ "dw
21 J—o
L ik L=
:_[ TX(G @)t di
27T J—c0

1 [+ o
— _f TOX(G ®)e e
27 J—co
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G "
z(t) = A / X(Gw)e dw
2m. —00

+oo
X(jw) = / x(t)e "dt

1

—00 ;T
:_f X e dw
27 +co

1+ 2
_ _f T X @)t
2‘?‘!’ —00
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= Duality: .
=1L H<TL 7 v )= 2sin(wTy)
0, |t|>Ty .
X4 (1) Xy (jw)
2T,
L i m™
—F . _f T
-T, Ty t == /\\\} / A‘DC
1 +o0 -
x(t) = —f X(jw)e’" dw
27 J—co Example 4.4
X (jw) = /+m x(t)e 7Vl dt Yolt) .
—o0 2 Xp(lo) Example 4.5
1
WW

sin(Wt) r _ 1, |wl<W
— Xo(jw) = )
2(jw) { 0, |lw|>W
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= Duality:
XGwy = [ :"’:g(t)e—wdt

1 +oo ;
B(t) = —f X(Gw)e" dw
2T J—c0

oo +oco -
B(s) = /+ A(T)e *7dr B(-s) = /;Oo A(T)e* dr
A(r) = ‘2%?“/_::0 B(s)e’*"ds A(s) = %L;mB(T)e«?‘“TdT

1 +oo .
A(-s) = - /_ B(+)e " dr
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= Duality:

F e
z(t —tg) +——— e WX (jw)

l

/j z(r)dr +—— %X(ju:)—kﬁ_k'(O)ﬁ(m)
d
—jtx(t) <i> —X(jw)
dw
IU0lg(t) T X (j(w—wp))

— L a(t) + m(0)6(t) o [ X(@ndn
Jt s

Feng-Li Lian © 2015
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= Parseval’s relation: o(0) = 5z [ XGue
F . jw) = e x(t)e 7 dt
z(t) +— X(jw) XGuy = [ Ze e
+0o0 1 [too
= [TlamPa = — [ 1XGw) P 1
—00 mJ—0c0 =

/ T () [2dt = / T () e (1) dt

0 o}

= /+OO x(t) [% /;—:o X*(jw)e‘j“’tdw] dt

— o<

= %/::0 X*(jw) {/4_00 a:(t)e_j“’tdt] dw

—00

1 +o0
= / X (jw) [Pdw
271‘ —00
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Outline NTUEE-SS4-CTFT-51

» Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

= Properties of Continuous-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Systems Characterized by
Linear Constant-Coefficient Differential Equations

Feng-Li Lian © 2015
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—
X (jw) Y (jw)

y(t) = 2(t) * h(t) +—— Y(jw) = X(jw)H(jw)

Convolution Property & Multiplication Property

= Convolution Property:

= /_OO;C(T)h(t — 1)dT o (8)

= Multiplication Property: 1 r(t)
s(t)

—>®—>

r(0) = s(Op() + RGw) = o= [ SGOPG(w—0)ds
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| = From Superposition (or Linearity): H(Gkwo) = [~ at)e /" o'at

| Convolution Property

ejk’wot — Ha] H(jkwo)ejkwof

H(jw)

X(jk:wo)H(jkwo)ejkath

X (jkwo)e 0wy a—p

o0 400
Y. X(Jkwo)e’ " 0'wg ——b > X(jkwo) H(jkwo)e’"0'wg
k=—00 k=—00

z(t) =—> y(t)
= lim i +Z°° X (jkwo)e’ 0w = lim L i Z X (jkwo) H (jkwg) e ™ 0 wg
T we—0 27 . v " we—0 2 g - .
L oo , 1 [+ . I
= _f X(jw)e‘?wtdw = —/ X(Gw)H(jw)er dw
- 271.- —00 271' —00 L

Feng-Li Lian © 2015

_ Convolution Property NTURL.SS4.CTET -0

T

= From Superposition (or Linearity):

- 1 oo . . 1 +oc ., t |
— lim X(Jk it — — lim X(Jk H(jk et
27 wo—0 &_z:m (kg e = 21 wo—0 A,:z—:oc (skwo)H (jkwo)e wo |
1

+
5 f X(Gw)e'dw — ~—f X(jw)H (jw)e’ dw
0

1 +o0 .
y(t) = —/ X(Gw)H(jw)e’ dw i
27 J oo
. 1 +oo0 .
Since y(t) = —/ Y (jw)el 't dw
21 J—x

= Y(jw) = X(jw)H(jw)

y(t) = 2(t) * h(t) —— Y(jw) = X(jw)H(jw) -
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Convolution Property NTUEE.SS4.CTRT 56
= From Convolution Integral: 2 = 5= [ XGuyed
X(jw) = f_+m x(t)e "dt
+oo
y(t) — /_ II?(T)h,(t — T)d’r z(t — tg) é e—jw!OX(jw)
+o00 o0 :
= V() = Flll = / { f SR — 'r)d'r} eIty
—0o0 — o0
+oo [ r4oo )
= / z(T) / h(t — ’r)e_mtdt] dr

400 TR +o0 s
=f (1) e_j'“"'r/ h(J)e_Jw"dal dr

o0

= /__:O z(7) :e_ijH(jw)} dr

= H(jw) /+Oo z(7)e IV dr
= Y(w) = Hw) X (jw) -

Convolution Property g

z( t:)

= Equivalent LTI Systems:

X(t) | Hy () Hofj o) = y(t)

, (@
o O, o
X (jw) Y(w) Z(Gw)  Hi(Gw) X (jw)
h(t) —— H(jw) y(t) ho(t) 2(t)
impulse frequency Y (jw) Ho(jw)  Z(jw)
response response Ho(iw) HiGw) X(jw)
y(t) — :c(t) " h(t) X(t) | H 3 (j ) H ) > (1)
Y (jw) = X (jw)H(jw) X)) =] Hp(j0) =~ Hy(j) =~ y(t

= Y(jw) = H1(jw) Hz(jw) X (jw)
y(t) = h1(t) * ho(t) * z(t)




Convolution Property g

= Example 4.15: Time Shift o0 = & [ XGuge
X(jw) = [+OG z(t)e idt

2 (t) y(t) -
— . 2(t — tg) PN eI X (jw
X (jw) Y (jw)

B(t — to) > eIvlg

h(t) = 6(t —to) o—Jwto
= H(jw) = e ¥ ]
|

Y(jw) = H(w)X (jw) g0
= e "X (jw) ]

= y(t) = =(t —tg)

Convolution Property g

= Examples 4.16 & 17: Differentiator & Integrator

d
y(t) = ax(t) = Y(w) = jwX(Gw)
x(t) — — y(t) = H(jw) = jw
y(t) = /t z(T)dr = h(t) = u(t) impulse response

= H(jw) = — + n6(w)
z(t) — — (1) Jw

= Y(w) = HGw)X(Gw)

= L X(jw) + 76(w) X Gw)
jw

oo .
x(t) = 1 / X(jw)e™ dw
27. -0

- L.
X(jw) = [—; x(t)e Vdt == J—wX (jw) —|_ ?T(S('LU)X(O)
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= Example 4.18: Ideal Lowpass Filter o) = 5= [ X Gl

oo .
X(jw) = / x(t)e "dt B

y(t) = s
Y(jw)  y(t) = h(t) = z(t) I

Y(jw) = H(jw)X(jw) I

x(t)
—_—

X(jw)

Hijw)

1, |w| < we

H(_}m):{ L

0, |w| > we o

—wg wg w
“~Stopband —}«— Passband —»|«—Stopband —

1 +we .
= ht) = %/_ e’ dw

__sin(wet)

i

Feng-Li Lian © 2015
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= Filter Design:

H(jw) = /c: h(t)e 7™ tdt -

L e — |
— — L

z(t) y(t) = h(t) = z(t) i
- = /_Z h(t — 7)x(r)dr

H(jw) = / h(t)e vtdt i

—QoC

X(jw) = /Oo x(t)e 7vdt i

—00 [~

= Y(jw) = H(jw)X(jw) I

1 +oc0 .
= glt) = E./— Y (jw)e?* dw -
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Signals & Systems: CT & DT Systems

= |nterconnections of Systems:
e Audio System:

Microphone
or Tape

+25

T T 171 T T T U L L
+20 - 1
+15 |- Switch position 1 |
@ +10 =
2 /
3 45 ‘\ - +5
é ol Switch position 2 — 0
@
&
-5 |- — 3
-10 |- - -10
S SR I 1 I | T N I s —L 1 1 1) 1 L1 I O T T
20H: 30 40 60 100 200 400 600 TxHz 2 34 6810 20 20Hz30 40 60 100 200 400 600 TkHz 2 34 6810 20
Frequency Frequency
@) )
+25 LI B T T 1 T T T T T 17
20 - Upper limit .
+15 - -
@ +10 —
=
2 45 = -1
[
g of >
4 Lower Emit
('3 5 -
10 -
15 N | 1 11 1 N |

20mz 3040 60 100 200 400 600 1kmz 2 34 6810 20

Frequency
(b}
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= Filter DeS|gn H(jw) = /DO h(t)e " dt

o(t)
(1) = h(t) * 2(t)

= H(jw) X (jw)

RC circuit
—t F . 1
h(t) =e *u(t) «— H(jw) = ——
Jw—+1
i frequenc .
h(t) impulse qUeNcY | (jw)|
; response response

I
I
I
I
1

(a) )




Convolution Property NI e

= Example 4.19:

1
— —at = H(1 —
h(t) = e~ %u(t), a>0 (Jw) P
z(t) = e u(t), b>0 = X(jw) = !
’ b+ jw
= Y(jw) = HGw)X(Gw) A
w) = w w) =
J J J PR Ol A
if 4 # b _ 1 t 1
b—ala+jw b4+ jw
Convolution Property o an o2
= Example 4.19:
. 1 [ 1 1
ifazZzd Y(Qw)= — :
b—al|la+jw b+ jw

= glt) = bi :e_a'tu(t) — e_btu(t)]

1
ifa=b Y(w)= .
(a + jw)?
since e Yu(t) < 7, 1 sty s ® aetn
o+ jw —jtz(t) +— E (ju

d 1 1
and  te Uu(t) s =
& ) ) [a + jw] (a + jw)?

= y(t) = te” “u(t)
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= Example 4.20: ;) = Si”(’wct) H(jw) = [~ n(t)e " dt

= Y(jw) = Hjw) X (w)

Convolution Property

X (jw) H(jw)

1, |w| <w; '_‘_l 1
= X(jw) = [T

0, otherwise —w; Wi ® —We  We o

1, |w| < we
= H(w)= '

0, otherwise |

1, |w| < wg
= Y(w) =

0, otherwise

wo = min(wc, fu),,;) ) Smﬁf“t)a we < w;

S|n(u)ot) = yt — . +

= vy =—"= SN e > w;
Outline Feng-Li Lian © 2015
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» Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

* Properties of Continuous-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Systems Characterized by
Linear Constant-Coefficient Differential Equations




Multiplication Property N_FFE“EQEL'S;fncﬁFZTOg
= Convolution & Multiplication: ()

y(t)
—_—
Y (jw)

X(jw)

y(t) = 2(t) x h(t) < Y(jw) = X(jw)H(jw)

= /f; z(r)h(t — 7)dr

r(t) = s(t)p(t) —— R(jw)=% /_ZS(je)P(j(w—e))de

= Multiplication of One Signal by Another:

« Scale or modulate the amplitude of the other signal
* Modulation

p(t) 1
r(t)
(t)
Multiplication Property o an o2
1 2 : jurt g,
T(t) — S(t)p(t) :1r(t)=zf_m X(jw)e dw

o0 X
X(jw) = f_m x(t)e "dt

= R(jw)

/Oo r(t)e 7Wdt

/_Oo s(t)p(t)e 7% dt

/ s(t){ / P( j@)efﬁfda}e—ﬁwtdt
—00 271- —00

f s(t)e~9(w= B)tdt] d6

I

— [ PGo)

— %/_ZP(j@)S(j(w —0))ds = %/_O;P(j(w —0))S(j6)do




T . Feng-Li Lian © 2015
Multiplication Property UL Sea T 60

= Example 4.21: r(t) = s(t)p(t)
S['IJL f .
/ \ s(t) <2 S(jw)
T 3 [ p(t) «— P(jw)
p(t) = cos(wot)
> P(jw) = m6(w — wg) + md(w + wo)
> . 1 : :
R(jw) = ——[S(jw) x P(jw)]
21
> 1 oo
Rlo) = - () « Po) = E-/.—oo S(GO)P(j(w — 0))db
PAN ][ ZAN ) .

ol ot . LIV O = ES (j(w - wo)) + ES (j(w + 'wo))
Multiplication Property gl bl
= Example 4.22: g(t) = r(t)p(t)

Rijos)
a2 F .
PAS + 2 r(t) +— R(jw)
" S TTTE
m P(jew) 1"‘
p(t) +— P(jw)
" p(t) = cos(wot)
. . 1 . :
G(jw) = — [R(jw) * P(jw)]
2m
Gljw}

(c)




Multiplication Property oo

= Example 4.23: o0 = o [ XGupeaw

X (jw) = [ j:" 2(t)e " dt

sin(t) sin(t/2) . .
z(t) = 5 X (jw) = /oo sin(t) Sm(t/Q)e‘j“"dt

o 71't2
sin(t)\ [sin(t/2)
(%) ()

X(jw) = gf{smﬁf)} ; f{ﬁ}

|
3

7t 7t
Hj w) Hj)
1 | ,
— I R o [ p—
2 -1 1° I 1° —
_5 5 Aljw)
1/2
2 ; I ) ®
Multiplication Property Feng-Li Lian © 2015
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= Bandpass Filter Using Amplitude Modulation:

| |

| > Hijuw)

.K{t] ——- 1

~ e w
f— Zag—

jwet
6" Ideal lowpass e
l filter

H(jw)

1 t
X () »@ y(t) < w(t)

—Wy W, W
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Multiplication Property

= Bandpass Filter Using Amplitude Modulation:

. J_- .
eIt 5 27w5(w — we)
e luet We |deal lowpass et We
filter 4]—’
. yl) 1 w(t) » >~ f(t)

R [T ] 2
- w © ) )
Y (jw) = X(j(w —we)) 0 2 F(jw) = W(j(w+ we))
Xlje) Fljo)
/\/‘-\/\ {o‘
]
v — wn el
o) —We — WO —we + wo
Frequency response of = -1- -
ideal lowpass filter "‘-j/\[\/\
_L:*ﬂ Wlo ’Ul‘(' &)
Hijw)
Wije)
I_' 1
|
) IU:"O w LE?;-»
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Multiplication Property

= Bandpass Filter Using Amplitude Modulation:

1
Hjw} 2
o— —LITE] ——
e 200 | - 20—+ -
* On Page 349-350, Problem 4.46 I'__I :

x(t) #é :- :é_:* y(t)

—»@ :- »( X 4




I |0 de = %f X(ja) dw

TABLE 4.1  PROPERTIES OF THE FOURIER TRANSFORM Feng-Li Lian © 2015
e Section Property Aperiodic signal Fourier transform w
) X(jw)
0] Y(jw)
431 Linearity ax(t) + by(r) aX(jw) + bY(jw)
432 Time Shifting Xt~ to) e X (o)
436 Frequency Shifting e x(r) X(jla — ao))
433 Conjugation X0 X (= jw)
435 Time Reversal x(=1) X(— jw)
1 jew
435  Timeand Frequency  x(ar) =57 (i—)
Scaling lal“\'a
4.4 Convolution x(t) = v X(jow)Y(jw)
Tl NI .
4.5 Multiplication 201 EJ..XUO)VUW - M)de
434 Differentiation in Time % x(f) JoX(jw)
434 Integration I x(dt j%X( jw) + TXO)5(w)
4.3.6 Differentiation in 1x(1) ji)(( Jw)
Frequency o&
X(jw) = X'(- jw)
Re(X(jew)} = Re(X(~ jo)}
433 Conjugate Symmetry x(t) real IndfX(jew)} = —Im{X(- jw)}
for Real Signals 1X(jew) = X(— jw)|
TX(jw) = —LX(- jw)
433 Symmetry for Real and  x(r) real and even X(jw) real and even
Even Signals
433 Symmetry for Realand  x(r) real and odd X{jw) purely imaginary and odd
Odd Signals
433 Even-Odd Decompo- xe(t) = Svix(@)} - [(0) real) (.He{xu?')}
sition for Real Sig- Xolt) = Od{x(n)}  [x(2) real] JIm{X(jw)}
nals
4.3.7 Parseval’s Relation for Aperiodic Signals

T

TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Feng-Li Lian © 2015
NTUEE-SS4-CTFT-76

Fourier series coefficients

Signal Fourier transform (if periodic)
Z agelten 27 Z ad(w — kwy) aj
k=-n ha=x
el 278 (w — wy) @ =1
! a; = 0, otherwise
swot (8¢ ) + 8w + wp)] o =) =
- w W -
el bt g 2 ay = 0, otherwise
sinwof T8 - wp) - 8@ +wp)) T
J « = 0, otherwise
ﬂu‘:l, 0:.=0.k-750
x(n =1 27 §(w) this is the Fourier series representation for
any choice of 7 > 0
Periodic square wave
o= <7 5 2sinkwoT, T kooT) ) sinkwpT
¥ =1, Ti<kl=% > ZSN 0T S(w - kwg) 0~ sinc ( = ')= L
‘ T T km
and =&
x(t+T) = x(1)
%’“ L e 2‘” g‘ Lo z‘rk\ l £ .. 11

T




and

© 2015
ATl TET-77
2 & 2wk 1
"‘Z_‘v 8(t — nT) T A%xa (a) -7 ) a. = 7 for all &
ol b <D 2sinw Ty 3
O. Ir| > T| w
sin Wt X(jw) = [ 1, | ::: W -
i 0, |w>W
o(t) 1 o
1
utt) — + 7 8(w) —
jw
8“ - ta) e ot -
) l[!} G‘{ j{ f} -~ 0 l -
¢ e a+ jw
te ™" u(t), Refa} > 0 _ 1
(4 Hr), ar = [a m jw }:
ﬁe I”“U)- l N
Refal > 0 @+ joy
Outline Feng-Li Lian © 2015
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» Representation of Aperiodic Signals:

the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

* Properties of Continuous-Time Fourier Transform

= The Convolution Property

= The Multiplication Property

= Systems Characterized by

Linear Constant-Coefficient Differential Equations




Systems Characterized by Linear Constant-Coefficient Differentiaf fiudtidifs .
= A useful class of CT LTI systems:

-79

dNy(t) dV—1y(t) dU(
AN—GN T ON-1" N1 Tt a

)+a oy (t)

dMz(t) dM=1g(t) d:c(t)
= bv— 3 TOM-1— g T T hi—

+ box(t)

i akdk’y(t) _ i . dkz(t)

. k
— dtk o dtk

Y(w) = XGu)HGw)  H(jw) = )};8%3

Systems Characterized by Linear Constant-Coefficient Differentiaf fjueiiords:>

N k k d_ F oo
d t d t x(t) wX (jw
YT A AN S P OB iU Rl
k=0 dt k=0 dt ﬁm) < Gw)rXGw)
S o dy(t)  _ S b d*x(t)
= dtk = dtk
N & M "
d ap(w)® Y(w) = ) b(jw)® X(jw)
k=0 k=0
N M
Y (jw) [Z ak(jw)k] =  X(jw) [Z bk(jw)k]
k=0 k=0
M i
br(Jw)
~ H(jw) = Y(w) _ k;; ' _ b 4 -+ by (Gw) + bo
J XGw) &L GV FaGe) +a
> ap(jw)

k=0




Systems Characterized by Linear Constant-Coefficient Differentiaf Etudtidifs:

» Examples 4.24 & 4.25: H = %
dy(t) .
7 + ay(t) = z(t) = HGjw) = - 1
Jw + a
(Gw)Y (jw) + aY (jw) = X(jw) = h(t) = e %u(t)
d?y(t) dy(t) dz(t)
. +3y(t) = ==+ 22(1)
L (jw) + 2 _ (jw +2)
= HUw) = G FaGw+3  — Gut DGw+3)
1 1 1 1

2 jw+1 T jw+ 3

= h(t) = %e_tu(t) + %e_3tu(t)

Systems Characterized by Linear Constant-Coefficient Differentiaf Ejudtidifs:

= Example 4.26:

x(t) = e u(t) —b-—b y(t) = 7727

(Jw =+ 2)

-82

H
Uw) = G+ D Gw +3)
= Y(jw) = X(w)H(jw)

e [t
T w4 1] [Guw+ 1D)Gw + 3) e
_ jw + 2 |
T (w4 1D2Gw +3) T
— l 1 4 1 1 B 1 1
4 jw+l 2 (jw+1)? 4 jw—+3

= vlt) = E e %“’t - %e u(t)




X(jw) of Aperiodic Signals and a_k of Periodic Signals il

1

ar. = —X(Jw ‘

k T (J )w: wo
“+co

X(jw) = Z 27 ap 6(w — kwg)
k=-—o00
o0 1
=Y o ?X(jkwo) §(w — kwg)

k=—o00

w = wg
o0 1 ;
X(mwo) = > 2« ?X(kao) §(mwo — kwo)
k=—oc0

1
=De —. X9
= (jmwo)
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Chapter 4: The Continuous-Time Fourier Transform NTUEE.SS4.CTET.86

* Representation of Aperiodic Signals: the CT FT
= The FT for Periodic Signals
= Properties of the CT FT

Linearity Time Shifting Frequency Shifting
e Conjugation Time Reversal Time and Frequency Scaling
e Convolution Multiplication
« Differentiation in Time Integration Differentiation in Frequency

e Conjugate Symmetry for Real Signals

e Symmetry for Real and Even Signals & for Real and Odd Signals
e Even-Odd Decomposition for Real Signals

* Parseval’s Relation for Aperiodic Signals

= The Convolution Property
= The Multiplication Property

= Systems Characterized by Linear Constant-
Coefficient Differential Equations




Feng-Li Lian © 2015

Questions for Chapter 4 NTUEE-SS4-CTFT-87

= Why to study FT

e In order to analyze or represent aperiodic signals

= How to develop FT
e From FS and let T -> infinity

= Do periodic signals have FT
* Yes, their FT is function of isolated impulses

= Why to know the properties of FT

* Avoid using the fundamental formulas of FT to compute the FT

= What the duality of FT and why

e FT and IFT have almost identical integration formulas

= Why to know the convolution property
* To analyze system response and/or design proper circuits
e To simplify computation

= Why to know the multiplication property

» For signal modulation with different-frequency carriers
e To simplify computation
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