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* L. Euler’'s study on the motion of a vibrating string in 1748

|7 X Position along
the string

vertical deflection
f{t.x)

Leonhard Euler
1707-1783
Born in Switzerland
Photo from wikipedia
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L. Euler showed (in 1748)

—The configuration of a vibrating string
at some point in time is a linear combination
of these normal modes

* D. Bernoulli argued (in 1753)
—All physical motions of a string could be represented Daniel Bernoull

. . . 1700-1782
by linear combinations of normal modes Born in Dutch

Photo from wikipedia

—But, he did not pursue this mathematically

« J.L. Lagrange strongly criticized (in 1759)

—The use of trigonometric series
in examination of vibrating strings

—Impossible to represent signals with corners
using trigonometric series

Joseph-Louis Lagrange

1736-1813
Born in Italy
Photo from wikipedia
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* In 1807, Jean Baptiste Joseph Fourier
— Submitted a paper of using trigonometric series to represent
“any” periodic signal
— Itis examined by
S.F. Lacroix, G. Monge, P.S. de Laplace, and J.L. Lagrange,

— But Lagrange rejected it!

* In 1822, Fourier published a book
“Theorie analytique de la chaleur”
— “The Analytical Theory of Heat”

800ft — = T T N n Baptist h Fourier
= Wavelength 150 ft Ll Jean e SGe8JOSS§8 o
- —— — Wavelenght 500 ft 1768-1
=+ = =Wavelength 800 ft Born in France

Photo from wikipedia

Feng-Li Lian © 2015

A Historical Perspective NTUEE-SS3-FS-6

Figure 1.2: A medallion by David d"Angers, the oaly known portrait of Lacroix,
b two years pebor 1o his death. [Aeadémbe dis Selenoos de ITastitut de Franee|

Sylvestre Francois de Lacroix Gaspard Monge, Comte de Péluse Pierre-Simon, Marquis de Laplace
1765-1843 1746-1818 1749-1827
Born in France Born in France Born in France
Photo from Photo from wikipedia Photo from wikipedia

A short biography of Silvestre-Frangois Lacroix
In Science Networks. Historical Studies, V35,
Lacroix and the Calculus, Birkhauser Basel
2008, ISBN 978-3-7643-8638-2
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e Fourier’'s main contributions:
— Studied vibration, heat diffusion, etc.

— Found series of harmonically related sinusoids
to be useful in representing
the temperature distribution through a body

— Claimed that “any” periodic signal could
be represented by such a series
(i.e., Fourier series discussed in Chap 3)

— Obtained a representation for aperiodic signals
(i.e., Fourier integral or transform discussed in Chap 4 & 5)

— (Fourier did not actually contribute to
the mathematical theory of Fourier series)

A Historical Perspective hnimiieais

 Impact from Fourier's work:

— Theory of integration, point-set topology,
eigenfunction expansions, etc.

— Motion of planets,
periodic behavior of the earth’s climate,
wave in the ocean,
radio & television stations

— Harmonic time series in the 18th & 19th centuries
> Gauss etc. on discrete-time signals and systems

— Faster Fourier transform (FFT) in the mid-1960s

> Cooley (IBM) & Tukey (Princeton) reinvented in 1965
> Can be found in Gauss’s notebooks (in 1805)

¥ e
g
hY . JE—
LA

Carl Friedrich Gauss (GauR)

James W. Cooley & John W. Tukey (1965): 1777-1855
"An algorithm for the machine calculation of complex Fourier series", Bornin Ger_m_any_
Math. Comput. 19, 297-301. Photo from wikipedia
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Signals & Systems (Chap 1) LTI & Convolution  (Chap2)
/( Bounded/Convergent \\
Periodic Aperiodic
CT CT (Chap 4)
FS DT FT
(Chap 3) DT (Chap 5)
Unbounded/Non-convergent
LT CT (Chap 9)
\ ZT DT (Chap 10) /
Time-Frequency (Chap 6) Communication  (Chap 8)
CT-DT (Chap 7) Control (Chap 11)

Feng-Li Lian © 2015

Outline NTUEE-SS3-FS-10

= A Historical Perspective

= The Response of LTI Systems
to Complex Exponentials

= Fourier Series Representation
of Continuous-Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation
of Discrete-Time Periodic Signals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters




Feng-Li Lian © 2015

Response of LTI Systems to Complex Exponentials NTUEE.SS3.FS.11

= Basic ldea:

* To represent signals
as linear combinations of basic signals

= Key Properties:

1. The set of basic signals can be used

to construct a broad and useful class of signals @
2. The response of an LTI system to each signal

should be simple enough

in structure to provide us

with a convenient representation

for the response of the system

to any signals constructed
as linear combination of basic signals
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= One of Choices:

* The set of complex exponential signals
signals of form et in CT

signals of form z" in DT

= The Response of an LTIl System:

. +o0
input %-% output (1) = / z(T)h(t — T)dT
—o0

: st NSt
. —adlige eigenfunction

DT: 2" — H(2)2z" eigenvalue
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Let z(t) = et Let z[n] = 2"

+o0 oo
v = [ Ch@at-rydr vl = X hlkeln K]

fore) k=—00
+c0 3
- /+OO h(r)e*t""ar = >  hlk]z""
—00 k=—o0

+ iy k
oo n .]..—K
eSt/ h(t)e *"dr 2" Y. hlk]z

—O0 k=-—o0

= y(t) = H(s)z(t) = H(s)est = yln] = H(z)z[n] = H(2)2"

00 +oo
H(s) 2/_+ h(m)e °"dr H(z) = Z h[k]z‘k’

o0 k=—o0
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= Eigenfunctions and Superposition Properties:

s1t — H s1t
es2t — H(sy) eS2t

k=1,2,3 eS3t H(s3) €53t

z(t) = aq €51t + ap e’2t 4 a3 e%3t

y(t) = ay H(s1) €1 + ap H(sp) e%2' + az H(s3) 3

= 2(t) = Zakeskt — y(t) = ZakH(s;\._)eskt
k k

= z[n] =) arz” — yln]l =) apH(2x) 2"
i i
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= Harmonically related complex exponentials

21
: wo = —
5 k(2=
i (t) = efhwot = ¢’ (f)t, k=0,+1,+2, ... &
= The Fourier Series Representation:
z(t) = - a—2¢-2(t) +a-1¢-1(t) +ao do(t) +a1 $1(t) +a2 $2(t) +...

= Y epdp(t) = ) ap ™ = ¥ gpe \*

k=—o00 k=—c k=—o0

k= +41.—1: the first harmonic components
or, the fundamental components

k= +2,—2: the second harmonic components

etc.
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= Example 3.2: ap =1
+3 | a1 =a_1 =73
"L(t) = Z akejk(2ﬂ)t a» = a_n = %
k=-3 1
a3 =a-3 =3

= gl = 1_|_%(ej2¢rt+8—j2?rt)+%(ej4ﬂ-t+€—j4m)

+%(ej6ﬂ't + e—j67rt)

el? = cos(0) + jsin(0)

1 2 ) )
= z(t) =1+ 5 Cos 2t 4 cos 4t + 5 Cos 6mt  [cos(0) = (e e

Lo ;
sin(f) = ?({BJB — e~ 19
J

Feng-Li Lian © 2015

Fourier Series Representation of CT Periodic Signals NTUEE.SS3.06. 16

1 2
x(t) =1+ 5 Cos 27wt + cos4nt + 3 COS 67t

Xy(t) % cos 27t xolt) + x4 (1)
#v%‘Lv%ﬂv -
%ft) = cos 4=t Xoflt) + %4(t) + x5(t)

Xaft) = £ cos Bt x(t) = Xot) + Xq{t) +xo(t) + Xaft)
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= Procedure of Determining the Coefficients:  ,,, = il
d

o0 _
wlt) = Z a e’ Fwot

k=—0o0
. +o0 _ _
m(t)e“_.}’-n.u_:ofi — Z akejkate—w_}nu'Ot
k=—c0
‘4 , T oo _ |
/ CU(t)e"Jnﬂ:Ofdt — / Z akejkwotc—j?wsotdt
JO 0
k=—o00

o0
= > {/!ej(k_")'wotdt]

k=—o0 -

/jej(k—n)u-‘otdt = ./: cos ((k — n)wot) dt + j/c;T sin ((k — n)wot) dt
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= Procedure of Determining the Coefficients:

F T -
fo o (k—n)wot gy — /o cos ((k — n)wot) dt + j/o sin ((k — n)wot) dt
T, k=n
" lo, k#En
T —_ 3 o
= ./[; z(t)e IO — gy T = an= ?fg z(t)eImwol gy

1 T
= ap= %‘/(; z(t)e IFwot gy

e Furthermore,

. T 17 o
/ ol (k=n)wot g — T, k=n = gy = —/ z(t)e IFwol gt
T 0, k#n Tr




. . . . . . Feng-Li Lian © 2015
Fourier Series Representation of CT Periodic Signals NTUEE.-SS3.FS.21

In Summary:

e [ he synthesis equation:

~+00 _ +o00 A
2(t) = Z ake;}k.urot — Z akejk(Qﬂ/T)t
........ k=—oc0 k=—o0

e [ he analysis equation:

1 - 1 .
ar = — | z(t)e IFwotqs = —/ z(t)e Ik2/T)t gy
e == 2(®) =] a()

TR
III|IIIIIIII

TS _ , _
o z(t) «—— ap: CT Fouries series pair

e {a;}: the Fourier series coefficients
or the spectral coefficients of z(t)

1 3
e g = ?/fx(t)dt’ the dc or constant component of z(t)

' [ ' dic S Feng-Li Lian © 2015
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- Example 3.4: le?? = cos(8) + jsin(6)

cos(0) = %(eﬂ’ + 99

), = —/ (t)e~Ikwol gy = [ (£)e=Ik2m/T)t gy

v (t) = z a(_;.f.rrgf Z a“ﬂm(Q /1)

k=—00 k=—0c

 E— .
sin(f) = ?(CJ” e L
J

x(t) = 1 4 sinwgt + 2 Cos wgt + COS (2wot + g)
= a(t) = 14 = [e7vwot — mivof] 4 [eiwot 4 ¢=iwot]
2j

1
+=

[ej(2w0t+7r/4) 4 e—j(2w0t+ﬂ/4)]
2

= :It(t) =1 + (1 —|— %) ej’wot _|_ (1 _ i) e—j’wot
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= Example 3.4:

( agp - 1} —3-2-1 01 2 3 k
— 1 _ 1,
o = (1+z) = 1-%,
— _ 1, - ,
a_1 = (l—z) — 1+§.§": —32—101'23 k
=
v = 20 = (1)
'*! 1.1180
_ 1.—j(x/48) —_ V2 -
ay = eI = V2(1-j), 0.5000
3-2-1 0 1 3 k
>>al =1-0.5j
>> abs(al)
>> angle(al “  0.7854
-2 1
|a‘| a = |(L|(—3j§‘” ” “3 | -1 0 | 2 3 k
Ja a = |a| | cos(J a) + jsin(J a) -0.4636
a=b+jc=Vi?+3 \/b’;—i-cz +J ¢55+c2]
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17 - T/ —
= Example 3.5: a; = 5f].‘m(t)e‘3”°”'°tdt = ;/T;v(t)e‘f””@“/"r”dt

Fourier Series Representation of CT Periodic Signals

| ' | | = ) — Lt <Th
__I:];-_-,:_-z—._:f‘.._.. - e /I(f) . { 0, Tl < |f! < T/2

i / 2T1
N - T

j T
1 /T g 1 1 R 1
k#0 ap = _/ . e—jku-otdt = —jkwot
B AR T (—jkwg) _7
. . 27
— 71 |:e-?k“"OT1 — e_jk’u‘OTl:| / ’LUO — ?

jkwoT

_ 2sin(kwoTy) _ sin(kwgTy) _ sin(k(27/T)T1)
o kwol k o km ’
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= Example 3.5: 7 =147y

it}
1
Wb | ] | e
A i — T— - l — e e
T -T2 -T, 2 T T 1

T, 2

sin(k2w%)

"R I

~ sin(kZ)
o k

sin(k27r 24 Tay, N
km

sin(k%5)

ke DAAERGASRE MRS | Izozl DR MR A k
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: T Th =1
= Example 3.5 ,, = S”"(’;ifr) .
- —
T = 4T, sin(kZ) o
"= ‘ '
- T 1 I Iao 2| I 1 ! k
@
T = 38T sin(kZ) aj
U= km
] [T - W
4 0 4 k
(b)
T = 16T a
! sin(kT) g
U= km

l_l . 'Illllllllllll'a'llll'

'lllll'é

(c)
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 Example 3.5; 7 o — 7 SN2

kT
T = 4T1 Sin(kﬂ) Ta,k
Ta;, = 2
k
. km
o il
E I I 20 2| I k
(@)
T = 8T,
Tap =
I_I | .
(b)
T = 16Ty sin(k™) Tay,
-- o alllll]
l_l .|||.='II |||:II| ||I=|| II=.|||.
Fourier Series Representation of CT Periodic Signals Feng LiLian ©2019
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= Example 3.5:

T = 8T} ’ | Tay, 1
ol e N
L I R B T K L 5_A o A 3 0
(b)
' , sin(m6)
kT = —
Tap =T sin(k%) sinc(#) -
km
ok
:1 T sm(:z)
Tz
1 .k
=7 T SInC(Z) -
o 2sin(wTy)
fu;o = — Ta’k -
T w
— 2
w = kwqg wTy = k (?ﬂ) Ty
2k

A
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= Example 3.5: T g = Sm(’;ﬁ
. ™
oo g SINGRD)
K km
1 = 16T in(kZ
=T sinc(ﬁ) Tay= T sin(kg)
- - 2 - km
e 'I'zi EI' TR Gl e

1 k
3 Smc(8)

I
o SinGg) . =.”““_é.IIH.;O |||"§u||“|== .
km

1 k
= — T sinc(—
J )
-4 0 4 C—ar "k
/T\ ———
) f\\/ 0 '\_//_\“—’f:.

T—

k
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= Example 3.5:
2sin(kwpT: e
Tap =T (kwoT1)
k’on 27‘[’ 1
’u}?o P
. T
_ T 2sin(kwoTy) / o
— Y T kwony ~OR A e N
T — 47T
Col - joal e i i [= o =] | -
= — T sinc(-) -
T = 8T

1 L
= — T sinc(—
. )

=é T Siﬁc(g) ” 10 ]
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= Fourier Series of Real Periodic Signals:
o If z(t) is real, then z*(t) = z(¢t)

oy  kwot
—_ w
= 2, ey (a+b)" = (a"+b%)
- * (axb)* = [a® %"
= z(t) =z(t)* = ( > akejk“"ot)
k=—00
+o0
— Z aze—jk'wot
k=—o0
-0
— Z a_m*ejmwot = —k
m=-+c0
+o0
= Z a*_;l_._ejkwot k=m
k=—o0

= Bep=@QE O G =4a-k

. . . . . . Feng-Li Lian © 2015
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= Alternative Forms of the Fourier Series:

+o0 _
LL‘(t): Z ake;}k.u:ot

k=—o0

m [ . .
= z(t) =ao+ ) ape’ Fwot | a_ke_«?ku"otl
k=1l "

m B . .
— a0+ Z a,kejkwotﬁ—a};eﬂkwot}
k=1~

ael Mol taje~Tkwol = (R451)(C+;jS)+(R—jI)(C—jS)
= (RC—-1S)+j(RS+IC)+(RC—-1S)—j(RS+IC)
= 2(RC — IS)

CX:) .
= ap —|— Z 2 Re {akejkwot}
k=1
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= Alternative Forms of the Fourier Series:
o If g, = Ay, eI%
o0

= IU(t) 7 + 2 Re {AL 65".0;1- 8jku"0t}
k=1

[’s)
=ag+ Z 2" Re {A;l. 6j(kw0t+0*')}
k=1
o0
=ao+2 > Ay cos(kwot + 6;)
k=1 |r1j” = cos(#) -|-j5in(())|
o If ap = BA" + ] ka a4+ 3b)(c + jd) = (ac — bd) + j(ad + be)

Cla+b) = C(a)C(b) — S(a)S(b)

= z(t) =ag+ i 2 ’R,e{ (B;ﬁ + 7 C’;.L.) ejkwof’}
k

=1
e o]
=ag+2 ) [Bk cos(kwot) — C, sin(kwot)]
k=1

. Feng-Li Lian © 2015
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« Fourier maintained that
“any” periodic signal could be represented
by a Fourier series

* The truth is that
Fourier series can be used to represent
an extremely large class of periodic signals

* The question is that
when a periodic signal x(t) does in fact have a
Fourier series representation?

z(t)
= j 1y k(27T
zrs(t) = Z a;ﬁejk(QW/T)t By = :/ z(t)e™ (2 /T)t gy
k=—c0 /T
+N
an(t) = Z cr,i:cej*z‘j(z'”/]h)‘t
k=—N

. . Feng-Li Lian © 2015
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= One class of periodic signals:
« Which have finite energy over a single period:

| - .

. /T e(®)Pdt <o = a=z /Ta;(t)e—ﬂf“-ofdt < o0

+N _
ey (t) = Z akejkurot
k=—N
+o0 _
en(t) = z(t) —zn () e(t) =a(t) — 3 agekwot
k=—0o0

BN(®) = [ len(t)?dt B(t) = [ le()Pdt = 0

~+o00 _
—+ 0 as N — oo z(t) = Y apetwol vt 777
k=—o0
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* The other class of periodic signals:
* Which satisfy Dirichlet conditions:

e Condition 1:
— Over any period, %
X(t) must be absolutely integrable, i
. Johann Peter Gustav Lejeune Dirichlet
l.e., 1805-1859

Born in Germany
Photo from wikipedia

/T |z (t)| dt < oo

x(t)

1 . i i i
= < —/ x(t)e Tkwot| gt | | i
lag| < 7 ) x(t)e
1/ (t)‘dt <
—g T 00 : : :
T )1 k
. f —

1

. . Feng-Li Lian © 2015
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= The other class of periodic signals:
* Which satisfy Dirichlet conditions:
« Condition 2:
— In any finite interval, x(t) is of bounded variation; i.e.,

— There are no more than
a finite number of maxima and minima
during any single period of the signal

x(t)

P "/\ p /\ w(t):sin(QT”), 0<t<1

1 2 t 1
v /O z(t)| dt < 1

(b)
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* The other class of periodic signals:
* Which satisfy Dirichlet conditions:
« Condition 3:

— In any finite interval,
X(t) has only finite number of discontinuities.

— Furthermore, each of these discontinuities is finite

x()

s
<
]

()

. . Feng-Li Lian © 2015
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= How the Fourier series converges
for a periodic signal with discontinuities

e In 1898,
Albert Michelson (an American physicist) :
used his harmonic analyzer /flbertAl;g;gﬁngﬂliche@n
to compute O photo fom wikipedia
the truncated Fourier series approximation
for the square wave x()
paiaN

+N _ / \ N=1
en(t) = ) ajelkwot
VRN

z1(t) = a_qe 71Ol 4 g 4 gqel 0!
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Xyl Xpnlt) Xp(t)

yas yaN VAV.V‘V_\' - V“V‘v

N
/ \N 3 N=7 N=19
. / \ el '\rvv‘v‘ B A

NS -T, 0 T, N = 0 T Ty 0 VYT
(b) {c) (chh
_|_ xn(t)
m(Tl_) + m(Tl )
zn(T1) = 5 -

* Michelson wrote to Josiah Gibbs

« In 1899, Gibbs showed that e

— the partial sum near discontinuity exhibits ripple

— the peak amplitude remains constant
with increasing N

Josiah Willard Gibbs
1839-1903

e The Gibbs phenomenon Born in USA

Photo from wikipedia
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= CT Fourier Series Representation:

e [ he synthesis equation:

i +oo ) + oo ‘
x(t) = Z akejk-wotz Z akeﬂc(zn/ﬂt

1 k=—oc0 k=—co

e [ he analysis equation:

1 - 1 k(2n/
ap. — — x(t 6_jk”"0t(_){t — —/ x(t e_jk(Qﬁ/T)tdt
. T/]‘() 7}

o x(t) PN ay Fouries series pair
Outine i el
Section Property
351 Linearity
3.5.2 Time Shifting
Frequency Shifting
3.5.6 Conjugation
3.5.3 Time Reversal
354 Time Scaling
Periodic Convolution
3.5.5 Multiplication
Differentiation
Integration
3.5.6 Conjugate Symmetry for Real Signals
3.5.6 Symmetry for Real and Even Signals
3.5.6 Symmetry for Real and Odd Signals
Even-Odd Decomposition for Real Signals
3.5.7 Parseval's Relation for Periodic Signals
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= Linearity: ar= = ]T:c(t)e—:f"w-'ofdt
e 2(t),y(t): periodic signals with period T

FS T :
z(t) +—— ay z(t) = Z akej'k'wot
k=—o0
FS Foo
y(t) +—— by y(t) = Z b'm..ejmwot
m=—oQ
FS
= 2() = Az(t)+By(t) «—— ¢, = Aap+Bb;

+o0 _
2(t) = 3 cpedhwol

k=—00

Add

Properties of CT Fourier Series Feng-Li Lian © 2015

= Time Shifting:

e 2(t): periodic signal with period T

FS
x(t) «—— ayp

FS i u'k(z—”)t
= 2(t —tg) +—s by =e JFwolog, = ¢ 7\T )0,

1/ y t—to=T
ble bp= 5/T;n(es — tg)e Fkwot gy (;: e
dt = dr

- l/ 2(r)e—kwo(r+t0) 47
TIT

= ¢~ Jkwoto i/ z(7)e kw0t gr
TIT
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= Time Reversal:

TS .’B(t) — Z a’,kejk(T)t
x(t) «—— ay k=—oc0

FS 400 i (2n
= CE(_t) — O0_g x(—t): Z ap e Jk(r)t
k=—o00
+o0 . (2n
L)
o If z(t) is even, i.e., z(—t) = z(t) M==00
= ay IS even, l.e., a_p=ay k= m
o If 2(t) is odd, i.e., z(—t) = —x(t)
= a IS 0dd, l.e., a_j = —ay,
Properties of CT Fourier Series Feng-Li Lian & 2015

NTUEE-SS3-FS-48

= Time Scaling:

e z(t): periodic signals with period T

and fundamental frequency wq
e z(at): periodic signals with period g

and fundamental frequency «wq

~+oc0 +o00 o Fo
= 5 qommiz 5 ()
kz—oc k:—OO
~+o0 Ji | .
:]C(Clt) — Z ay, ej kwo (a t) — Z a ej k o (2T )t
k=—00 P

Too : +oo ke ( 2 ) t
— Z ay, ol k(awp)t Z i ej (%)
k=—00

k=—00
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A . —+00
= Multiplication: 2(t) = Y cpedhwol
e 2(t),y(t): periodic signals with period T ==
FS +oo 3
z(t) +—— ay ()= > aje’wot
FS l=—00
y(t) «—— by +00
: — ~ Jmwot
= z(t)y(t): also periodic with T’ y(t) m;m bme
FS s
2(t) = a(y() —— & = D @bkt L stet )
400 + [=—c0 =ad+ae+af
o0
= ( Z ejlwot)( Z ejmwot) +bd + be + bf
l=— m=—00 +ed + ce + cf
+oo  +o0o
— Z Z ej(l-l—m)'wot
l=—oom=—00
<400 00 _
= 5% 5 el (K Jwot
k=—occm=—00 Add
Properties of CT Fourier Series il
. .. 00 _
= Differentiation:. () = Y agelkuol
k=—00

e z(t): periodic signals with period T

FS
z(t) +—— ay

d FS
—z(t) «—— jkwg ap
dt
+o00 _
w(t) = > aj, el kwot
k=—oc0
—+co

— Z ag el kwot

k=—o0
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. +oo
= Integration: () = Y agelkuol

k=—occ

e z(t): periodic signals with period T

FS
z(t) +—— ay

" Fs 1 only if ag = 0,
/ r(7)dr ——— ay it is finite velaued
—00 Jkwq

and periodic

+oo _
x(t) = Z ag el kwot
—— 50
+00 '
—; Z ay, eJ kwot
k=——00
Properties of CT Fourier Series Feng-Li Lian © 2015

NTUEE-SS3-FS-52

. . . +oo
= Conjugation & Conjugate Symmetry: @)= 3 agelkwol

k=—c0
FS FS ,
z(t) +—— ay z(t)* +——— a_;”
+o0 _
k=—o0
+o0 _
— Z aj, ejku.'ot
k=—o00
+o0 _
— Z aj, eJ k wot
= —k=m
e '
- Z & o5 e ™m wot
m=-+400
+o00 m =k
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= Conjugation & Conjugate Symmetry:

FS FS :
z(t) «—— ay z(t)* +—— a_;*

o 2(t) = z(t)* = a_j = aj,
z(t) is real = {a;} are conjugate symmetric
oz(t) =z(t)* & z(—t) =z(t) > a_p = a} & a_j, = a;,
= ap = ay,
z(t) is real & even = {aj} are real & even

e z(t) is real & odd = {a;} are purely imaginary & odd

= CLI: — —ag

. . . Feng-Li Lian © 2015
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= Parseval’s relation for CT periodic signals:
e As shown in Problem 3.46:

FS
g z(t) +—— ay

1
-T -T2 —Ty T, T2 T 1 ‘V—A“—VVVJ‘\‘—”T;‘-\-IJ()‘L?—W—J“%

> L5
:L‘(t) = ) Z akejk-u.‘ot ap = f'/T"B(t)e jku.otdt
=—00
1/ 2 +o0 5
T T| ’ k=—oo‘ |

» Parseval's relation states that
the total average power in a periodic signal
equals
the sum of the average powers
in all of its harmonic components




TABLE 3.1 PROPERTIES OF CONTINUOUS-TIME FOURIER SERIES i Lian © 2015
Property Section  Periodic Signal Fourier Series Coefficients SRR
x(t)| Periodic with period T and a
¥(1)| fundamental frequency wo = 27/T by
Linearity 3.5.1 Ax(r) + By(n) Aa; + Bb; _
Time Shifting 3.5.2 x(r = ty) . age et = ggem MR,
Frequency Shifting eiMwat = IMQmITH y(p) ag-m
Conjugation 35.6 x'(1) a',
Time Reversal 353 x(—1) a.y
Time Scaling 354 x(axt), e = 0 (periodic with period 7/e) ag
Periodic Convolution J x(T)y(t — 7)dt Taiby
.‘.
Multiplication 355 x(1)y(1) > abi
o=
. ot dx(t ; ., 2
Differentiation %)- Jkwgay = jk T;-{I;
I G Jf ©d {finite valued and (__I_)‘T _ (____ 1 _]a
ntegration L periodic only if @y = 0) jkeo : JkQaIT) [
a; = “'-L
Relay} = Rela-;}
Conjugate Symmetry for 356 x(1) real Imlay} = —9Imia-,}
Real Signals x| = la-il
La; = —¥a-y
Real and Even Signals 356 x(2) real and even ay real and even
Real and Odd Signals 356 x(1) real and odd ay purely imaginary and odd

Even-Odd Decomposition
of Real Signals

{x,(r) = &{x(n)} [x(1) real]
X,(1) = 0d{x(N} [x(r) real]

Melas}
jgmlai}

Parseval’s Relation for Periodic Signals

;,L |x(n*dt = las?

Properties of CT Fourier Series

= Example 3.6:

ity

ol

FS
z(t) +—— ay

oy — 1t <Ty
“’(t)_{og T < |t| < T/2

Feng-Li Lian © 2015
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1 .
ap = %[Tx(t)efﬂ”“of’dt

+o0 )
k=—0cc

1 a —2ﬂ
°= 7
in(k(2
a_k:sm( ( W/T)T1)1 k£ 0

gt)=z(t—-1)—-1/2 «——

g(t)=a(t—-1)—1/2

with T=4,7y =1

x(t — 1) PN by = ape I57/2
FS apeIkT/2 for k # 0
ag—1/2, for k=0
sin(kn/2)  —jkn/2
g(i)eﬁsz TBJ /, fOI’k‘?l:O

)

for k=0




Properties of CT Fourier Series

= Example 3.7:

git)

T=4

-2 1 1 2 '

P

o) = Zy(t) =

N

dj =

&

™

€;€—

Feng-Li Lian © 2015
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g(t) < 4

FS
y(t) «—— e

d FS :
ay(t) +—— Jkwg ey

dj, = Jk(ﬂ-/Q)eh

25in(wk/2)€_jkﬂ/2

k)2 for k=0

for k=0

Properties of CT Fourier Series

= Example 3.8:

qit)

e
=
=

[ ;I:(t) — ap =

L
T2

RN

Feng-Li Lian © 2015
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1/ —dikw
ap = — [ x(t)e IFwolyt
v =2/ ()
FS 1
FS
g(t) +—— ¢y

d .
q(t) = Eg(t) < b, = jkwocy

q(t) & by,

gty =a(t+Ty) —x(t —T1)

s by, = eikwoT1y, _ g=ikwoTy,




Properties of CT Fourier Series

Feng-Li Lian © 2015
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= Example 3.8:

by = eIkwoT1g, — g=IkwoT1,,

_ 1! [ej kwoTy _ e—jkonl}

T

__ 2jsin(kwoTr)

T
b, = jkwocy,
k#0 cp = b_k — 27 Si.n(-'IC"LUOTl) _ sin(kwoT)
;-' ,l.':"u.lo j k‘fu_;OT kﬂ'
2T
Jlb == O co = —1
T

Outline

Feng-Li Lian © 2015
NTUEE-SS3-FS-60

= A Historical Perspective

= The Response of LTI Systems
to Complex Exponentials

= Fourier Series Representation
of Continuous-Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation
of Discrete-Time Periodic Signals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters
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= Harmonically related complex exponentials

?

br[n] = edkwon — ¢’ (\>” k=0,+1,42 ..

dpynln] =€ UH_M(QT) - ejk(%)” jf\r(%)”

= ¢pln] = dpynIn]l = = dpy » nIn]

= The Fourier Series Representation:

zlnl = Y apppln] = Y apeon = 37 e’ ()r
k=<N> k=<N> k=<N>
Fourier Series Representation of DT Periodic Signals il
. .. —1
= Procedure of Determining the Coefficients: ¢ m
z[0] = Z ay, 27 n |
zll] = Z ake N in:3‘ 4 N
k=<N> ( )
_ ik2(5F
z[2] = Z Ae N m =12
k=<N> ;“ - — ‘
k(N—1) (2%
z[N —-1] = are’ ( )(N) .
k=<N>
ik(N) (2
z[N] = > ae’ ( )(N)
k=<N>
jm(z_ﬂ)n N, m = 0,+N,+£2N, ...
and > € \N/)' =

n=<N> 0, otherwise




Fourier Series Representation of DT Periodic Signals

= Procedure of Determining the Coefficients:

(%)
x[n] = p akej N )"
k=<N>
i 27 —jr(?—?):n,
SPRAGIK > &
n=<N> n=<N>

> a7 F) = 5 5 g )

n=<N> n=<N>k=<N>

) w[n]e_jr(%)n Yooap Y =) (3 )n

n—=<N> k=<N> n—=<N>
1 F(Q—r) T
= ar=— » z[n]e v
N??..=<N>

Feng-Li Lian © 2015
NTUEE-SS3-FS-63

= GJTN

Properties of DT Fourier Series

= |n Summary:

e [ he synthesis equation:
2

- ()
zln] = Y qeffron= % age’ \N)"

k=<N> k=<N>

e T he analysis equation:

I g g 1
ap =— Y. z[n]eIFwO" = —
Nﬂ=<N> Nn=<N>
ap = Qg4 N
FS . . .
o z[n] «—— ap: DT Fouries series pair

e {a;}: the Fourier series coefficients

or the spectral coefficients of z[n]

Feng-Li Lian © 2015
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> afle 7 (F)"
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= Example 3.11:

zln] = 1 + sin (2%)?’1 + 3cos (%)n + cos (%Tn-l-g)

= z[n] 1 + l -ej(%r)n — e_j(%ﬂ)n] + S {ej (QTT)R + e’ (Q_J)n]

. . . . . . Feng-Li Lian © 2015
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= Example 3.11: o = |aje’” ] _
a = |a| | cos(d a) 4+ jsin(<d a)

agp = 1
3 1 3 1.
ay = §+z) = 27— 2J a,:b—l—jc:\/fm b +J =
= {1 = Eg_ %) = 3+3% V24 Vet
1.
a = 3J
a_o> = —%;
|, = 0, othersin < N > lag|
o ‘ l| 1 M
| 2N -N 1] N 2N k
2N -N 0 N an Tk q ag
w2
Im{ay} J 1.]‘..... JJ HL" 1.)...,,
SO O O
2N N | Nl |2N| k i,

(a) ®)
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NTUEE-SS3-FS-67
| Example 312 a’k:% Z :E[n]e_jk(%)n

n=<N>
“HI 1I”” ””I 1, —Ni<n<M
oo cee z[n] =
~N -N; 0 N, N n 0, othersin <N >
i'\*rl Nl
ap = % Z 1 - e_jk(zn-)n = % Z (e_?k(%))n
n=—Ny n=—N1

=5 O+ O (]

_ i(_)—wl 1- (-)(2N1+1)]

TN RS

=L () ()
° Letm=n—|—N1 orn=m— Ny

) #1

2Ny

_1 Z ok (Z)m-ny L k(3 3 ek (F)m
N m=0
Fourier Series Representation of DT Periodic Signals il
= Example 3.12: 1 = e
0 .0 0 .0
o k = O, :|:N, :|:2N, — e 7122 — e 72772
ONy + 1 — gk (EJ% . eﬂ%)
(), = e
N L |
ok £ 0,+N,+2N, ... .
T (N1 +3)
N 1 — e_-?k( ) (5)
. e—;k(Q—;{r) {ejk(zz—;{r)(z'\fﬁ—l) B e—jk(%)@}\fl—l—l)}

e—jk(%) { Jk(zN) — e_jk(%)}

sin [(%\—?) k(N7 + %)]

sin K%) k:]

2|+




Fourier Series

= Example 3.12:
e2N;+1=5

o N =10

LLELLE

uuuuuuuuuu

\\\\\
v s

Representation of DT Periodic Signals

a

uuuuu

nnnnnn

LLLLKLLL { g U h U h U h U h U h U 4 { Nﬂw
| mm. fvmu mu 1| MT r m iy ! rly m iy TH
e el
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= Example 3.12: T

~wpwpwu%mmmmmmmH2

o N =40 :
sin [(2F) k(N1 + 3)|

:F LI S Jﬂﬂh W Nh

LML LL LL LML LML LL LL LML LU} ll, LL Lﬂi &ML JJ, LL LML

=]
e =]
==

Feng-Li Lian © 2015

Fourier Series Representation of CT Periodic Signals NTUEE.SS3.FS. 7

= Examples 3.5 (CT) & 3.12 (DT):

i)
1
__l._J._ S - ! — I_A___| —
T =Tr2 -Ty T Tz T 1

sin(kg) T =161,
km A I|l||||||||||

TTITYSg g grrrrrre

Tak:T

~ 1 sin|[(5F) k(N1 + 5)]

TN s [(7)A




Fourier Series Representation of DT Periodic Signals

= Partial Sum:

z[n] = > age g
k=<N>
e If N is odd
M o
z[n] > akejk(T")n
k=—M

k=—M+1

Feng-Li Lian © 2015
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N =9 o) M=1

il M =2

Ml .l !HL,,TIH!L,,TIHH

S M =3

1A 1

M =4

—qg Tt g *ttt Ty g s
(d)

Outline

= A Historical Perspective

Feng-Li Lian © 2015
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* The Response of LTI Systems to Complex

Exponentials

= Fourier Series Representation of Continuous-

Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series
= Fourier Series Representation of Discrete-Time

Periodic Signals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters




Outline

Feng-Li Lian © 2015
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Section

Property

Linearity

Time Shifting

Frequency Shifting

Conjugation

Time Reversal

Time Scaling

Periodic Convolution

3.7.1

Multiplication

3.7.2

First Difference

Running Sum

Conjugate Symmetry for Real Signals

Symmetry for Real and Even Signals

Symmetry for Real and Odd Signals

Even-Odd Decomposition for Real Signals

3.7.3

Parseval's Relation for Periodic Signals

Properties of DT Fourier Series

TABLE 3.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES

Feng-Li Lian © 2015
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Property

Periodic Signal Fourier Series Coefficients

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal

Time Scaling

Periodic Convolution
Multiplication
First Difference

Running Sum

Conjugate Symmetry for
Real Signals

Real and Even Signals

Real and Odd Signals

Even-Odd Decomposition
of Real Signals

x[n] | Periodic with period N and ay | Periodic with
¥[n] | fundamental frequency wy = 2mw/N by | period N
Ax[n] + By[n] Aay + Bby

x[n = mg) age~ NI
MmN “x[n) il

..-’[n] a' o

al=n a-y

e x[n/m], if nis a multiple of m 1 a fviewed as periodic
w 0, if n is not a multiple of m m " (Wilh period mN

(periodic with period mN)

E: xlrlvln -] Nayby
r=i{\)
x[n]yln] Z aphy_y
=N}

x[n] = x[n = 1] (1 — e~ /i2miing,
— ffinite valued and periodic onl 1
L X[k, ; y) (—" T )“l
= ifag = 0 (1 — g~iriasivy)

a = a.,

Refa;} = Refa_y)
x[n] real Imfas} = ~Imfa-;}

laz] = |a-|

Fay = —<a_;

ay real and even

ay purely imaginary and odd
{ﬁ«{u;}

jImia}

x[n] real and even

x[n] real and odd

[.r,[ul = Bv{x[n]}
xo[n] = Od{x[n]}

[x[n] real]
[x[n] real]

Parseval’s Relation for Periodic Signals

1 - ) - s
5 :-_ xnlfF = >_‘ |
n=(N) A=iN)
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= |n Summary:
e T he synthesis equation:

. 27
:U[‘n] — Z akejk?_(,on — Z ape ( )
k=<N> h=<N>
e The analysis equation:
1 T 1 — k(zi)n
== Y alledFeor == 3 gfple
Nn=<N> Nn=<N>
-8'-4 0 478 ak = ak+N
FS . . .
o z[n] «—— ap: DT Fouries series pair
Properties of DT Fourier Series iyl
. o _ Jjkwon
= Linearity: xln] = > age

k=<N>
e x[n],y[n]: periodic signals with period N

FS
z[n] +—— ay

&5
yln] —— by

= z[n] = Az[n] + By[n] o, ¢ = Aay + Bby,

= Time Shifting:

7S
z[n] +—— ay

FS T, — k<e>n
= z[n — ng] —— e Ikwon0g, = ¢ N/ 00,
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= Multiplication:

e z[n],y[n]: periodic signals with period N

FS —_ lwan
z[n] +—— ay z[n] = E_;\b aje?™0
y[n] (& b — Jjmawon
Y k y[n] = Z bme
m=<N>

= z[n]y[n]: also periodic with N

ek = Y, abg_
FS I=—c0
z[nlyln] —— dpy= >  a;byy
=N

= a periodic convolution

Add

Properties of DT Fourier Series FEQ%E'ELEQ fé’;%
= First Difference: zln] = Y agelkwon
I=<N>

FS
z[n] +—— ay

FS I — k(gf'-)n
= z[n —ng] —— e .}A,’uonoak — B IR\ N Oak
FS ki - ;1(-2-1)
= z[n—1] «—— e JhWog, = 7"\N/qg,




Properties of DT Fourier Series

= Parseval’s relation for DT periodic signals:

* As shown in Problem 3.57:

FS
z[n] +—— ay

Feng-Li Lian © 2015
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=Ny 0 Ny JL LIV DS | I

gl
jkwon 1
zn] = > aped™0 ap = —
k=<N> Nn <N>
2
3 2 = 3 |a
H LN s k=<N>

« Parseval’s relation states that
the total average power in a periodic signal
equals
the sum of the average powers
in all of its harmonic components
(only N distinct harmonic components in DT)

93[73]6 Jjkwon

Properties of DT Fourier Series

Feng-Li Lian © 2015
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= Example 3.13: aj :% Z z[n]eIkwon

n=<N>
(]

n

Il e

FS

el

S
O
T

%g(n]

e LT LLLLLL Y

(c)

n

111 . x1[n] +—— by

FS
xo[n] +—— ¢

%% for k # 0,45, +10, ... ] ) -
= by " z[n] = xz1[n] + xo[n
3, for k =0, +5,+10, ... . 2
I ) for k # 0,+5,£10,... = aj = b, + ¢,
k=1, for k = 0,45, +10,.
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= CT & DT Fourier Series Representation:

x(t) =Y. apelto! o = 7 e ot

k=—o0

f
w| CTFS ||“|
— - [ JT_ ST |||_.I ! |JIII 1

R J,’(t) > ag

I L I g 2 g sl il

1 .
o _ = —j1kwon
z) = % akejk?fon ag = > z[nle 0
k=<N> n=<N>

Feng-Li Lian © 2015

Outline NTUEE-SS3-FS-84

= A Historical Perspective

* The Response of LTI Systems to Complex
Exponentials

= Fourier Series Representation of Continuous-
Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation of Discrete-Time
Periodic Signals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters
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Fourier Series & LTI Systems NTUEE-SS3-FS-85

= The Response of an LTI System: On pages 12-14

CT: et — H(s)e

DT: 2" — H(z2)z"

+o0 e _
H(s) =f h(t)e *'dt = the impulse response
—0
+oo
H(z)= Y hl[k]z7* = the system functions
k=—o00

o If s = jw or z = eI¥:

+o0 ;
H(jw) =/_DO h(t)e 7Wiat

= the frequency response

. too :
H(e")= )_ h[nle7 %"

n——oo

Feng-Li Lian © 2015

Fourier Series & LTI Systems NTUEE-SS3-FS-86

= In Summary: a = |a|e?**
H = |H|ei*H

m — — out

DT: zP— H(z)z?

( 8 = jw; or z; = eI%i)

+o0 ' +oco '
o(t) = Y ag el tug? — y(t) = Y ax H(jkwo) eIkwot
k=—co k=—co
o 27 : {0 (27
w[n] = Z a ejk(W)n — y[n] — Z a H(ej(T)k) eJk(W)n
k=<N> k=<N>

Examples 3.16 & 3.17
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= A Historical Perspective

* The Response of LTI Systems to Complex
Exponentials

= Fourier Series Representation of Continuous-
Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation of Discrete-Time
Periodic Signals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters
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= Filtering: , -
m — — out

* Change the relative amplitudes
of the frequency components in a signal,

— Frequency-shaping filters

* OR, significantly attenuate or eliminate
some frequency components entirely

— Frequency-selective filters




Filtering: Frequency-Shaping Filters

= Frequency-Shaping Filters:
e Audio System:
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Microphone

T T T 1 LI +25 L | T L — T T T T7T
+20 | E +20 | .
+15 |- Switch position 1 N

o o+1 - -

P g

g s N 8

2 ol Switch position 2 - -4

$ o

& 5l | &

10 .
-15 I 1 T I T I N T I 15 T T 1 L1 L4111
20Hz 30 40 60 100 200 400 600 TxHz 2 34 8 810 20 2013040 60 100 200 400 600 Tkmz 2 34 6810 20
Frequency Frequency
(a) {c)
+25 1 L T T T | I B R B i |
+20 = Upper limit _
+15
o +10
2
g 5
§
g oOF Lowrer limit
£ 5| 4
10 - ]
~15 I ! [ 1 [ T N
20Hz 30 40 60 100 200 400 600 1kHz 2 34 6810 20
Frequency
(b)
Filtering Feng-Li Lian © 2015

NTUEE-SS3-FS-90

. . d
* Frequency-Shaping Filters: = — [aag— »© = 5+

- Differentiating filter on enhancing edges: 7t = v
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Filtering

= Frequency-Shaping Filters:
 Differentiating filter:

H(jw) = jw
| Hiw) |
AH(jw)
12!—
Fitering iy
. . - ) 0 7
* Frequency-Shaping Filters: Ide % = g™ (effz:te‘ﬂﬁ)
* A simple DT filter: Two-point average
1 i
yln] = 7 (z[n] +zln - 1]) = z[n] = H(e'") x[n]

= h[n] = % (6[n] + d[n — 1])
= H(") =3 e = 1-i(%) D) 4 eI

2
— (%) cos (g)
‘H (e'? u" )l ’ [H(et) <I H (ejw) FHE)

/ \|>mz
= 0 T, - Y 71—::
(a)

if z[n] = Kel(5)n then y[n] = H (ej(%)) Kel(5)m
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Jln] = H (90 Kevon o
L t

’DT-FT =2r | —uwyp g 2"[ w
./L'[n] = COS(won) > X(ej’w) (- 2«—1...01 ( z!w.,n] ’ @m—og) [2n1-.,.0)
+oc +oo
= Z ﬂ'é(’w—ug—er)—l—Z?ré(u,—l—ug—Q?TJ)
[=—0c =—oc

wo=0 =z[n]=1
h[n] *x x[n]

. . . 1 o Feng-Li Lian © 2015
Fllterlng h[n] = 5 (5[:1] + §[n 1]) NTUEE-SS3-FS-94

Jln] = H (90 Kevon o
L t

DTFT 2 f . w p 2n 3
./L'[n] = COS(’IUO’R) > X(ejw) (- 2«—1-..01 ( z!w.,n] ’ @m—og) [2n1-.,.0)
o0 teo
= Z w6 (w— wo — 27l)+ Z (w4 wo — 27l)
l=—00 I=—oc

o T
wo = — r|n| = COS(—n
0=7 [l =cosCn)

h[n] * x[n]

1
t IS

o IH|II
e _ [ I uu
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y[n] — I ( eju..-o) Kej“-’oﬂ - | NTUEE-SS
x[n] = cos(wgn) ﬂ X(e/*) ..:_.J“j:iw T L L [21}%}2";2"!%)”."'
= ¥ wo(u-wo—2nD+ 3 76w+ uo-2n)
@ [ ]— cos(rn) =
IHHHI | ln] * aln]
IIIIIIIIHIIII i
f | -7 *““*“l‘“*“*“

Filtering: Frequency-Selective Filters

= Frequency-Selective Filters:

» Select some bands of frequencies and reject others
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H(jw . .
({ ) CT ideal lowpass filter
1: le S We
~wg 0 wC w H(JT_U) = O
~—Stopband-—--—Passband—»‘-«—Stopband—»— ) |w| > We
H(jw)

CT ideal highpass filter

1

O, le < We
L | - H(jw) =
[ @ 56 1, Jwl 2 we

H(jw) CT ideal bandpass filter
1 ) 1, wey < |w| Swep
H(jw) =
~wea — ey Wel We2 0, otherwise

(b)




Filtering
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= Frequency-Selective Filters:

Select some bands of frequencies and reject others

H(eI™)
| | | | i 1
on S e 0 We T o DT ideal lowpass filter
{a}‘ 2T — we
H(eI™)
; | : | DT ideal highpass filter
-2 - 7 2w
(b)
H (™)
| | | 1 DT ideal bandpass filter
-2 —r ™ 2r
©
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= A Historical Perspective

* The Response of LTI Systems to Complex
Exponentials

= Fourier Series Representation of Continuous-
Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation of Discrete-Time
Periodic Signals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters
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= A Simple RC Lowpass Filter:

+ v () -
Input signal: W(\)& Output signal:
vs(t) = eJWt ) ve(t) = H(jw)edwt
w () c =% ) —
5(t) h(t)
u(t) s(1)

= RC %-vc(t) + ve(t) = vs(t)

= RC o [H(j'w)ej' u’t] + H(jw)elWt = Wt

= RC jw H(jw)el"! + H(jw)el Wt = It

1
14+ RCjw

= H(jw)e!Wt = el Wt
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= A Simple RC Lowpass Filter: m(jw) = /+°° h(t)e Wt

— 00
= H(jw) = - = h(t) = L -t/rC u(t)
14+ RCjw RC
— [+ _ —t/RC
H = |H|e/* ! = s(t) = [1 e ] u(t)
h(t) impulse response
|H(jw)| 1
é&
N s(t) step response
%: H(]'ZL) LH(ju) ] g
- ﬁ: L S
! . 1/RC © :
1/RC UM |
1L | E—— |
-w/2 _lr t

®) (s3]
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. : : .o h(t) Output signal:
A Simple RC Highpass Filter: S() on(t) = Gjw)edt

+ v () -
Input signal: W(\)f‘v
vs(t) = eJwt "
w () c =% velt)
6(t)
u(t)

= RC %zir(t) + v (t) = RC %’Us(t)

d . . d .
= RC — [GGw)e’™!] + G(jw)e’™" = RC aev»"’wt

= RC jw G(j'?,t,?)ejwf - G(j’w)ej“’t = RC jw eJwt

jw RC
1+ jw RC

= Gljw)elt = it
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= A Simple RC Highpass Filter:

_ Jw RC
= G(i1 —
(Guw) 14 5w RC
‘G(J%) ‘ GGl
- ’Urp(t) = ’Us(t) - UC(t)
TiRc o whe @ = UT‘(t) = e_t/RC u(t)
(@
t
JIG(Jw) 6(jo) ’UT( )

w2 step response

|
| 0 1/RC w
a——— —n/d

- —71/2

()
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DT Filters by Difference Equations

= First-Order Recursive DT Filters:

y[n] — ay[n — 1] = z[n]
o If z[n] = 7%, then y[n] = H(eI¥)eIWn
where H(e/%): the frequency response

- H(ej'w) Jwn _ H(eju') ejw(n—l) — Jwn

= {1 —a e_j'u'} H(W) Wn = gJwn

1
1 — gg—gu

= H(G'ju!) —]
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DT Filters by Difference Equations

= First-Order Recursive DT Filters:
1

H(eV) = . n] = ay[n — 1] + z[n
(") = ———% yln] = ay[n — 1] + z[n]
lowpass filter: 0<a<1 highpass filter: -1 <a <0
Jw =0.6 =—-0.6
‘H (8 )l T @ | High) | ¢
— 7T T —7t -
X H ()
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= First-Order Recursive DT Filters:

y[n] = ay[n — 1] + z[n]
lowpass filter: 0<a<1 highpass filter: —1 <a <0

y[n]

HHH””H nm,,,,,,m Ihll ] 111H’:‘N.nf.',.........n

{c)

;7’°'°'o't's?s'<'1_rb 1] ] l I
FTTT I }

(@)

.....nnntﬂ;{l}]””l'H”'
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= Nonrecursive DT Filters:
* An FIR nonrecursive difference equation:

M
ynl =3 by aln— k)

k=—N

:b—NiB[n+N]+b_N+1a:[n+N—1]—|—---—|—

+b_1 z[n + 1]4bg z[n]+b1 z[n — 1]+ - -+by; x[n — M]
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DT Filters by Difference Equations

= Nonrecursive DT Filters:
* Three-point moving average (lowpass) filter:

1
yln] = 3 (aln + 1] + aln] + [n - 1])

= hn] = (5[n + 1] + §[n] + 6[n — 1])

Wl Wlkr

= H(eV) = (ejw + 14+ e_jw) =

H ()

(1 -+ 2cosw)

W=
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el = cos(9) + jsin(0)

DT Filters by Difference Equations

= Nonrecursive DT Filters:
* N+M+1 moving average (lowpass) filter:

cos(0) = %(e-'ff? + =30

1 M sin(0) = %(eﬁ "
yln = e — K]

NFMTIL 2
= H(JV) = S eduk

N+M+1 k=—N

1 o (N=M\sin ((M 4+ N+ 1)%

= H(T) = ej'w( ) ( _ 5)

N+ M+l sin (%)

I = ~a
1—edo e I2(e2-e7I2

—eJb b/ b _b
1—e™ 6‘)2((’2‘—6 32)
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= Nonrecursive DT Filters:

 N+M+1 moving average
(lowpass) filter:

M=N=16 [H(e™)]
1

= S
2 . 2
H (7™
[ H)
| _Iﬂ- _i 0 i I [ |
2 (0 2
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= [owpass Filtering on Dow Jones Weekly Stock Market Index:

400
| L %‘n http://big5.jrj.com.cn/
i ] ALY AR (052391 0780 -0220  -250% 4 2011-02-15 16:00:00
50 I§ 2.924
200 v 2 ’1{' 2,534
150 il e ] 2.345
o - e 2.055 ]
ol 1.785|g-g 108
0 1.475 o
308
Jan  Jan Jan Jan «an Jan o Jau Jan Jan Jas 1.185
1927 1828 a9 930 1931 1932 1933 1934 935 1936 1937 0.896
[ -
400
|n 0.0
350 ¥ 1 HiE RIS
o ~ 4071050
it \ 2714033
5 1357017
s
150 - \ Ve 03-21  10-11 10-28 11-18 12-03 12-22 01-11 01-28  02-18
100 /
50 r/
o
| .
Jan  Jan Jan Jan Jan Jan Jan Jan Jan o & m
1927 1828 1929 1930 1931 1832 1833 1934 1935 19:;‘6 1;:1"75 1_day OVI ng ave rage
]
400 | [
350
AN
200 || N
250
/ |
200
N
150 i.-._._
100 - //
- 8 N
oL |

o omomom e s s oa s 5201-day moving average

e
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DT Filters by Difference Equations

= Nonrecursive DT Filters: {ge 98 — 95 (ef%ieﬂ%)
* Highpass filters:
z[n] — xz[n — 1]
2

yln] =

§[n] = 6[n — 1]}

N |+~

= h[n] =
= H() = — 1= e 9] = 2B [JB) - i (®)

2
— i e (3 sin (%)

Correction

= On page 235, Eg. 3.139 e = ¢/ (ef%ie_j%)

o H(TY) = % [1 n e—jw] — %B—j(%) {g(%) n e—j(%)]

— ¢7(3) cos (%)

= On page 249, Eq. 3.164

1

= H(V) = — {1 — e_jw} = le_j(%) {ej(%) —ei(3)

2

— j e () sin (%)
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Chapter 3: Fourier Series Representation of Periodic Signals NTUEE.SS3.FS.113

= A Historical Perspective

= The Response of LTI Systems to Complex Exponentials
» FS Representation of CT Periodic Signals

= Convergence of the FS

= Properties of CT FS

Linearity Time Shifting Frequency Shifting Conjugation
e Time Reversal Time Scaling Periodic Convolution Multiplication
 Differentiation Integration Conjugate Symmetry for Real Signals
e Symmetry for Real and Even Signals Symmetry for Real and Odd Signals
» Even-Odd Decomposition for Real Signals Parseval's Relation for Periodic Signals

» FS Representation of DT Periodic Signals
= Properties of DT FS

* Multiplication First Difference Running Sum

= FS & LTI Systems
= Filtering

» Frequency-shaping filters & Frequency-selective filters

= Examples of CT & DT Filters
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