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= Discrete-Time Linear Time-Invariant Systems
* The/Convolutiory sum

= Continuous=Time Linear Time-Invariant Systems
* The Convolution integral

= Propertie Linear Time-Invariant Systems

Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions
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In Section 1.5, We Introduced Unit Impulse Functions NTUEE.SS2.L71.4

» Sample by Unit Impulse

= For x[n] = More generally,
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DT LTI Systems: Convolution Sum
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» Representation of
DT Signals by Impulses ————-
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DT LTI Systems: Convolution Sum

» Representation of DT Signals by Impulses:

= More generally,

+ z[-3]é[n + 3] + z[-2]0[n 4 2]

F ]

+ z[-1]6[n + 1] + =z[0]d[n] + =z[1]d[n — 1]

P N Y

+ z[2]6[n — 2] 4+ z[3]6[n—3] + ---

. sifting property of the DT unit impulse
X[n}) = a superposition of scaled versions of
shifted unit impuls
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DT LTI Systems: Convolution Sum

= DT Unit Impulse Response & Convolution Sum:
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DT LTI Systems: Convolution Sum

» DT Unit Impulse Response & Convolution Sum:

x[[f] — [ilinear Sysiem| — y[1]
ﬂa_[nm—wﬁf?- )

z[1]/- 5[n121] ~—— Linear System — hl[_n'J @
@ 5[n-_f—2] — JEREERSYSEm] — /i2[n] - b2
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= If the linear system (L) als@nvanantb
* Then,
il =@ (1) §Tu) > bl

= Hence, for an LTI system,

+oo ﬁ"'oo
yln]) = | > z[k]h[n — ] (: > z[n —k]h[k]

ch\"fQ ’\ék_oo_

* Known as the‘.convolution\ of x[n] & h[n]

- Referred as the convolution sum or superposition sum

= Symbolically, yln] = M].%*'M] = w

DT LTI Systems: Convolution Sum Fﬁ??JEL'EL?é}@ﬁ?lfz
0 h

= Example 2.1: (=l —>!_* ylnl —— "
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k=—o0

1 2 n

—X+a:p<_1]h[n+1] X]h[n—2]+ ){ .

| |y 0.5
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= Example 2.2; /" :;Z:m[k]“[“"“] zln] — [ — v(n]
g X é X
i =0.5' ] g k o |0 ‘1 2 k‘ln"l . 3'{0 ] o—o—o g
KO ylo] = +fj° e[KIR[0 — 4] = h[f\{\ h[’k]
k=—o00 X s

\\9( y[1l = > =z[k]lh[1 — k] ‘ | h(l—-[c]
k=—0o — I : |
—.. .—I—a:[—l] +z| @]_—I—:c[l]+g;[2]h[_1]+, =%

. W2+
o 2 = ISP kl@ vm : n[ ]

k=—00
00 3-'&
“>’b y[3] = kiz_oo:v[k]h[?) — k] = % 6 \O O‘ ' | | = | ht ]
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DT LTI Systems: Convolution Sum

= Example 2.2: P | i
+o0 '

0 1 K
y[n] = Z x[k]h[n — k] @
N |"l1

hi-k]
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DT LTI Systems: Convolution Sum

- Example 2.1:  =ln] — JlN— v[7]

x[n]
“+oo

ylnl = > zlklhln — ]

k=—o0 ® 0 1 2 n

= e[~ 1]hln + 1]+2[0lh[n]+2[L]hln — 1]+2[2]hln — 2]+

¢ 059 9 ¢ OS]
y[n] — LL‘[O]h[?’L - O] + $[1]h[n - 1] 2 2h[n-1]
:O.Sh[n]+2h[n—l] e:g]ll o -
(b)
o 2 vl
DT LTI Systems: Convolution Sum Feng e a2
+co
= Example 2.2; M= 2 alkhin=H z[n] —>-—> y[n]
2 ) K
1
-:0'5T]:== ¢=III==
il K 0o 1 2z k
+o0
y[0] = > z[k]h[0 — K]
k=—o00 *—o ®
= - -+z[-1]h[1]4+=z[0]n[O]+z[1]A[-1]+=[2]A[-2]+--- = 0.5
+ oo
yl1l = > =z[klh[l —k] =25
k=—0c0

L ]
L
L ]

— - ol 1R[2] O] h[L]+1]A0] 422 A~ 1]+ - = 2.5

+ oo
yl2l= > zlklh[2 - k] =25 y[n] =0 for n <O
k=—0c0
+co
y[8]= > z[k]r[3-k] =20 y[n] =0 for n > 3

k=—0c0
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= Example 2.2: 7 ] "““
—|—OO PY :IE ” e © —o 3
ylnl = Y zlklh[n — K] @
b——o00 I I' o hin-KkJ, n<0
n-2 n-1 n 8 S k
Kl l h[0—K]
S e
T o0 o1 o2 k 1‘ 1 T -
1o 1 %
1 hi-K] 1 h{2—-k]
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DT LTI Systems: Convolution Sum

= Example 2.2:

“+ oo
yln] = Y z[k]h[n — K]
k=—o00
2 (K]
& =G5T I *—o—o
h[0—K]
fig). . aee
e x[K]
o :CMST I *—o—9
0 1 k
hi1 —K]
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+oo
"Example 2.3:  yn]= Y z[k]h[n — K]

Ix[k]nku[k] k——o0
{] .l k
:B[n] <a<l
== e ———

")
()

Ezﬁ[i'] n <0 m
X" &

(
for n < 0, =z[k] h[n — k] :(CD K = Ul
= = — [
l

= y[n] =0 ° @
———
DT LTI Systems: Convolution Sum P e e
+o00

"Example 2.3:  yn]= Y z[k]h[n — K]

x[K] = aulk] k——o0
k

0

(a)
z[n] =a"u[n], O0<a<l

hin] = ufn] h[~k]
1 e
0 ) n

h[n] = u[n]

forn =0 1t

ak, 0<k<n
zlk] hln = k] = { 0, otherwise oy
n 1 —qntl ZC[& WT FTﬂTﬂﬂm
= ylnl & X o) = 1o pim— (/]

k=0
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DT LTI Systems: Convolution Sum

+oo
= Example 2.3: ylnl = Y z[k]h[n — K]

x[k] = o*ulk]

) .

° w
l \ v = (15
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DT LTI Systems: Convolution Sum

= Example 2.4: g 5
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x[k]
hl” for n <0, z[k]h[n—-k]=0 = y[n]=0
CE——

0 4 k
(a)

n—k
o~ for 0<n <4, x[k] h[n—k] = { o™, 0<k=n
I e — 0, otherwise
[ty |
*s n 0 k n
' ) = y[n]= ) ank
hin—k] k=0
O=n=4
| | | | ‘ | ! n—k
o K for4<n<6, m[k]h[n—k]:{a » 0sk<4
(c) - p— 0, otherwise
hin—K]
4<n=86 4
= ylnl =Y ok
/0 n K k=0
n-6 (d)
hin=k]
6<n=10 _ Q{n_k, (n — 6) S k S 4
||I[[ for 6 <n < 10', z[k] h[n—k] = { 0. otherwise
ot n k
n-6
(e)
hin—k] = y[n] =
I n>10
0 nib‘ n k
] forn > 10, y[n] =20

-—/

DT LTI Systems: Convolution Sum
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zln] — [N — vln]

5 " z[n] =1, 0<n<4
,;ll” n h[n] =a", 0<n <6
(0, n <0
vl —_
o™ 0<n<4
(8
ﬁ
o 4 6 10 _ n—4 _ _n+1
yln] = { —==2—, 4<n<6
n—4 7
et 6<n<10
— -
. O, 10 < n
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= Example 2.5:  «[n] =_@ zln] — I — v(n]

\ hn) <(ulnl) —md! [l
x[n] i 1 1 x[K] = 2"u[-K]
% &
forn>0, ynl= Y alk]lhln-kl= Y 2*
S — r—— el L =
h\d — ] hin—K] - —_—
1 T
n k — Z (1) — 1 2
r=0 2 1- (1/2)
—
hin—K]

" for n <0, y[n] = %m[k] hln—k] = i
k ==

y[n] ‘ ; N .
HH - E =50

~ SONIE N )

>l
M| ool

) Py =

1
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= Discrete-Time Linear Time-Invariant Systems
* The convolution sum il = S albhln- Kyl = alol+nl

k=—00

= Continuous-Time Linear Time-Invariant Systems
* The convolution integral

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions
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CT LTI Systems: Convolution Integral

= Representation of CT Signals by Impulses:

INOET | KG—)

6A(t>={%’ogt<A |
G

0 a ' 0, otherwise

: 6A(t—@
oA t
-‘l ‘I INE —@
: t
I | R I
a A

424
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CT LTI Systems: Convolution Integral

» Representation of CT Signals by Impulses:

Qm(kA)éA(t - kA)@ é
2(kA)SA(t — kA@

o — z(t) /_-fmﬁlzé(ti'rj&?h‘ @

[
\ T e e —

K(-28)5,1 + 220

| 2.\][—|
25 -A

1 the sifting property of CT impulse

hifted impulses




CT LTI Systems: Convolution Integral

= Graphical interpretation:

2(7)
5 (t— ) | 7
A
ll l A>0

()8t — 1)

t-A ﬁ T

X(ma) - ‘E
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z(7)

o(t — 1)

z(T)o(t — 1)
=x(t)o(t — 1) (t

(c)

CT LTI Systems: Convolution Integral
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» CT Impulse Response & Convolution Integral:
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CT LTI Systems: Convolution Integral NTUEE.-SS2.LT1.51

» CT Impulse Response & Convolution Integral:

z(0A) n 5A(t)<\—>_—>hm(t+ z(0A)
2(18) da(t- 1.A) Q- [linear System| — hlA(t+ 2(1A)
w2y 50~ ot I ) )

T +
2(kA) 5A(t—kA) ér*_—* heal®)  gk8) L

+oco \\
z(t) =| ). z(kA)SA(E — kAN = (G(tY)/=
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CT LTI Systems: Convolution Integral NTUEE.SS2.LT1.33

= CT Unit Impulse Response & Convolution Integral:

i =3 akd)ka® A

A

y(t) h(t) dr

——
@:[t:of("r@d'r :$ {;::O:I;(T. hr(t)dr
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CT LTI Systems: Convolution Integral

= If the linear system (L) is also time-invariant (T1)
- Then, z(t) — N — v(1)

hr(t) = ho(t — 1) = h(t — 1)

= Hence, for an LTI system, 5

(1
400 400
v = [ Ta@nt=ndr = [ " hDa=r)dr

« Known as the convolution of x(t) & h(t)

* Referred as the convolufion integral-

or the superposition integral

= Symbolically, )y = . \Qnt) = h()Pe(r)
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= Example 2.6: v =f_;oo (T)h(t — W)dr

fort <0, xz(r)h(t—171) @
h(t) = u(t) -~ T
-t = y)=[ odr=0
no W) for t > 0, a(r) h(t—7) = { g"”’ Ve

t
= y(t) Zfoe_‘”d'r
z(t) = e u(t)
1

0 — __e—aT
; ’

_ Ll
h(t — 1) -0 =-(1 9 1
y) = 1 (1- e uy
/771 T e
_b

_‘ 0 t

—

t

0

CT LTI Systems: Convolution Integral (1) Feng L e o2
4o
= Example 2.7: vy = [ amht-ndr h ,, T

I I I - L] ———

——

T
h(t) — 0<t<2T ‘/li(*r) - [\ ——t— >
(1) = , otherwise 3T 'c.)'r < 0 t

N (=) l j 0<t<T

2(t) = 1, 0<t<T
~ 1 0, otherwise o R h(t — 1)

s ~7T

0, t<0

= = o"{‘

2t O<t<T T <t<?2T

y(t) =4 Tt—112, T <t<2T .
— =
L2414 312, 2T <t < 3T tT.T 2T <t <37
—
3T <t

0,
- t
/\ﬁk l: 3T <t
o T ot T T — —

t
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CT LTI Systems: Convolution Integral

" Example 2.8: |,y — .26, (¢

t—3 1
for£—3 <0, gli)= f e?Tdr = —¢2(t=3) vt
—00 2
— —— ——
O L2 =1 é_‘
fort—3 >0, y(t)zz e“Tdr =3 L—

. Feng-Li Lian © 2012
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+oo
y(t) = &) * h(t) = f 2(T)h(t — 7)dT

= Signal and Systen.. —o0
+oc0 +oo
@ = Z [n — k] = Z x[n — k]h[k] = z(t) * h(t)
k=—00 — k=—0o0

o0 “+o0
y(t)z/_ x(T)h(t—T)dT:f_ h()a(t —1)dr = z[n] * h[n]

_—

0 e —— 00
O
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= Discrete-Time {inear Time-lnvaria Systems
* The convolution sum = 3 clkil-k vl = el ki)

= Continuous-Time Li Time- Invarla Systems
 The convolution integral” v =" amh@-ndr () =a(t) «h(®)

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions

: Feng-Li Lian © 2012
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= Convolution Sum & Integral of LTI Systems:

+o00
y[n] = Z x[klh[n — k] = x[k] * hn]

k=—00

00
y() = [ a(Dh(t—rdr = a(t)xh()
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| yln] = z[k] * hln]
» Properties of LTI Systems y(t) = (1) * h(t)
a X b = b xaqa
1. Commutative property at+b = b+ta
2. Distributive property ax(bje) = axbhdagxc
ax(bxc) = (axb)xc
3. Associative property ... — axbxe
4. With or without memory
5. Invertibility
6. Causality /\
7. Stability (@
8. Unit step response

-~
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Properties of LTI Systems

= Commutative Property: n —k

LN
,}Q: 1+ A @)
[ B @@

) . i) /_OO o(Dh(t—r)dr ¢ —d'r i}'z

VN
(t — )h(o)@do) = gw(t — 0)h(o)do

= / h(o)z(t — o)do \h(t) * x(t)

OOF_"‘
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Properties of LTI Systems !a X (b+c) =\axbMHa x g)rotiancn?
= @m

= Distributive Property: elnl xhln] = Y a@[klhln - k]

k=—00

2(t) * h(t) = /+°° (7)h(t — 7)dr

()% (R[] + haln] ) = aln] shaln] + oln] « holn]
3 o4

= 7, KA+ h

2+ (hL(®) + h2(®) ) = 2(8) £ha (1) +2() ¥ha(2)

i O Bo
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Properties of LTI Systems NTOEE.-SS2.LT1.44

+oo
= Distributive Property: alnl xhlnl = 37 alklhln - k]

k=—o0

z(t) « h(t) = /:::O z(T)h(t — T)dT

(ﬂ[n] n xQ[n]) «hln] = @[]+ hln] +aole] + Al

«

931(75) I wz(t) «h(t) = x1(¢) xh(t) +z2(t) *h(t)

x1[n] r1[n

%—’ y[n]

y[n]

xo[n
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* Exapia 2.10 | ]

imumnu Ll

1 -
. 1 1 z I x[K] = 2°u[-K]
% 8 4 l
Tle 0 t ——o—v—s
-2 -1 k

yln] = z[n] x hln]

= (2100 + @[] ) * bl JU

: Feng-Li Lian © 2012
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+oo

= Associative Property: o]+ hin] = 3> alklhln - K]

k=—o0

7 (fgtt) =f_—:ooo:1:(7)h(t—T)dT
) ok bt
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6[’“’& i b[n] ) c[n]) - (a[”] * b[n]) x c[n] .
KU\] aln] * ( [n] * b[nl) = 55

+OO k=—oc
= a[n] * ( Z c[k] b('n;— k:])
+o0 b= +o0 \\\
= Z a[m] ( Z clk] blln — m)— k])
m=—00 k—=——00

+o0

Z Z m] c[k] b[n — m — k]

m=—o0 k=—00

o0 00

= Y clk] > alm]blp—K-m]

k=—o00 mM=—00 ,/

= c[n] % ( —i_ZO:O a[m)] b[@-—m]) : = c[n] * (a[n] * b[n])

m=——~0Co
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In Section 1.6.1: Basic System Properties NTUEE.SS.1T1.47

= Systems with or without memory

= Memoryless systems
* Output depends only on the input at that same time

\/
yln] = (2z[n] — z[n]*)?

y(t) = Rx(t) (resistor)

= Systems with memory

n

y[n] = Z z[k]  (accumulator) y(t)zcl;'/_t x(T)dr

k=—oc

yln] = z[n—1]  (delay)
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+oo
= Memoryless: o« hlnl = 3 alklhln - G

—

 The convolution sum: ﬂiﬁ%ﬂt‘[m ]

« Similarly, for CT LTI system: ¢ (¢) = z(t) * h(t) = Ka(t)

O

; . ; ; Feng-Li Lian © 2012
In Section 1.6.2: Basic System Properties NTUEE.SS2.LT1.49

= |nvertibility & Inverse Systems

= Invertible systems
« Distinct inputs lead to distinct outputs

yInl | Inverse
system

X[n] == System

—>w[n] = x[n)

(a)

t
) = ¥ = 2x0) o wit) = Tyl wit] = x(t)

(o)

= yi= & i 2] Wil = vl - yio 1) e wl = i

(c)

y(t) = z(¢)? is not invertible
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Properties of LTI Systems NTUEE-SS2-LTI-50

= |nvertibility:
m(t);@—) y(t) —

Jit) (D m®  w) = Y
= w(1) _@ *lhl(t) " hg(t),-_ Kir)

i)y — mll} = 5(15) —

“

2(t) * h(t) = f_t:’ 2(P)h(t — 7)dr

)

)

Cf“"" WG (g - s

Properties of LTI Systems EJ;U-E'E_;gszqlz
+oo
= Example 2.11: Pure time shift (‘"”(”*h(”—f_m 2(rh(t ~7)dg
w(t) — -@ -_> w(t) ’
‘ \/’

e delay if tg >0
o y(t) = x(t —1tp) e advance iftg<O
-  —
= ha(t) =6t - to)) = z(t) % 6(t —to) = z(t — to)

o w(t) = u(t) =yt +to)

= iz(t) =m-)7 = @* 6(t +tg) = y(t +to)

= ‘h1(t) * ho(t) = 6(t —tg) * 6(t + o) @
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Properties of LTI Systems

“+o0
aladch[n] = z[k]h[n — K]
_ Example ij h[n k:z_:m n
PG

’hl[@v\,
>4 5
= y[n]l =) k] @ = z[k]

- k

— S—

= a running-sum operation .

e Its inverse is a first difference operation:

wln] = yln] —yln — 1] = haln] = —(d[r — 1]
= *hg[m:u[n]—u[n—l]@

Feng-Li Lian © 2012
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Properties of LTI Systems

o0
. Causa“ty z[n] *h[n]l = Y z[k]h[n — k]

k=—o0

+oo
 The output of a causal system w(t) xh(t) = [ " a(r)h(t ~r)dr
depends only on

the present and past values of the input to the system 0 )
° Segcifically, y[g] mus! @ ,7 {(‘)Y\ .

|
hlp—k] =0, fork>un yt;‘z] = ig z[kfrn — &
o k=—c0
h[M] = O, form< 0 —_
hi=0 v <o T Jﬂ‘ a
[t implies that the system is"nitially res;) L s p11 P11 j
|

 ACT LTI system is causal if h(t) = 07 for t < O

‘A
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= Convolution Sum & Integral CO\M§
= -

— y(t) = /_OO 2(r) h(t—1) dr
L 1@ =
C =T x[k] h[n—k-]

k=—0c0 ———
—_

= : a:_(ﬂ h(t=7) dr

hlk] z[n — k]

|
]38

k=0 — ——
=" (0.9)
_ = h t — d
| ) o) et —) dr
In Section 1.6.4: Basic System Properties Feng Lo
= Stability

= Stable systems
« Small inputs lead to responses that do not diverge
» Every bounded input excites a bounded output

— Bounded- bounded-output stable (BIBO stable)
— Forzall [x(t)| < a\then |y(t)| < b, for all t

x(t)

« Balance in a bank account? y[n] = 1.01y[n — 1] + z[n]




Feng-Li Lian © 2012

Properties of LTI Systems NTUEE-SS2-LTI-56

“+eo

= Stability: ylnl = zln] * hlnl = " z[k]hln — k]

—_— -
k=—o00 el

« A system is stable
if every bounded input produces a bounded output

i D
/}(xz z[n] — — y[n] 9,

Iw[n] <@ for all n y[n]{ = ¥ hlklzin — K]

k=—o00

< “’“]( ol
k——oo
ol < aikl| | < l\/\
k:——oo

< o0 then, y[n] is bounded
sSolutely summable

y[n
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+oo
" Stablllty w(t) = h(t) = /._OO z(T)h(t — 7)dT
e For CT LTI stable system:

‘:U(t)‘ < B  forallt ’y(t)’ = |/_+OO h(m)x(t — 7)dr

= |y(t) g/_t:’\hm 2t — 7)|dr
= o < B (/7 h[(»r)]dr)é d

| e
if ‘h(T)’dT < 00 then, y(¢) is bounded
— - apbsolutely integrable
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= Example 2.13: Pure time shift

o yln] = xz[n —nol & h[n] = d[n —nel

— =

N9
° g(t) =x(t —tg) & h(t) =4(t —tg)

o
S e,

= > ‘h[n]‘z JFZO:O ‘5[n—no]‘=(1\ absolutely summable
n=-—oo -

n=—00 n}no

+o0 +o0 _
= /OO ‘h(fr)‘ = foo ‘5(fr — to)‘dq- :(17 absolutely integrable
A

= A (CT or DT) pure time shift is stable

Properties of LTI Systems

Feng-Li Lian © 2012

= Example 2.13: Accumulator

shlfl= > 8 hin] = uln]

NTUEE-SS2-LTI-59
k=—oc0

(]
¢ >
o i) :f_oo(g;(T)hT & h(t) =u(t) 0
+oo 400
= D ‘h[n]‘ = ‘u[n]‘ @ NOT absolutely summable
n=-—0o0 n=0

o0 o0
= / ‘h(’T) :fo ‘U(T)’d’T oc / NOT absolutely integrable
—00

= A accumulator or integrator is NOT stable
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h[n] = d[n] * h[n]

Properties of LTI Systems

= Unit Step Response:
 Foran LTI system, its |mpulse response is:

11 o -

0 —
e Its unit step res ]/
o ety o - - o
M ol = =0 e
~ n(t — 7)h(7T)dr
h(7)dr
’ _ds(t)
= o) = sln] —slp=t— 7 nt) ==,
Outline Feng-Li Lian © 2012
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= Discrete-Time Linear Time-Invariant Systems
+o0
* The convolution sum yln] = Y alkaln—k  ylnl = aln] «hn]

k=—0c0

Continuous-Time Linear Time-Invariant Systems
« The convolution integral - /_ T a(Oh(t - ndr () = a(t) * h(t)

Properties of Linear Time-Invariant Systems
. Commutative property z(t) = h(t) = h(t) x z(t)

Distributive property _
Associative property "”(”*(’Ll(t) + ’“‘2(”) = w(t)xhy (1) + (1) *ha(t)

With or without memory alt) * (b(t) . C(t)) _ (a(t) . b(t)> «e(t)
Invertibility
Causality hin] =0 forn#0 h(t) =0, fort<O0

Sf’]afglttgp response ho(t) * hi(t) = 6(t) if [ ‘fb(’]’)‘d’?’ <0
* Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions pid = (3) " ul

ONoGOhWNE
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Singularity Functions 7%\ %,\ o et 700
= Singularity Functions

e CT unit impulse function is one of singularity functions
6(t) = uo(t) u(t) = u_1(t)

/ O; 5(r)dr = u(t)

%5@) — ui(t) /_too w(r)dr = u_o(t)
%5(1&) = up(1) [ ([ wterde) ar =50
57’;5(15) = w, (1) ]_too . (/_Toou(o)dcr) codr = u_g(t)

. . . Feng-Li Lian © 2012
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(g

x(t) = x(t) * 0(¢

(1) = 8(t) % 6(1)

= Singularity Functions

ra(t) = 0a(t) * oa(t)

| - A—>0

lim 6a(t) = 5(t) = lim ra(t) = §(t)
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initial-rest conditi@n
z(t) = oa(t)

() = ra(t) A\
2(t) = A (1) * r (D)
2(t) = ra(t) = ra(t)

2(t) = 5(t)

Singularity Functions

= Example 2.16 %y(t) @(t) — a(t

| -

0.5f

a(t) = (5&1,(:&) X TA(t)2 z(t) = rp(t) *ra(t) x(t) = o(t)

[ (e)
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= Example 2.16 %y(t)—l—QO (t) = z(t)
with initial-rest condition
z(t) = ()

w(t) = ralt)
x(t) = 0a(t) xral(t)
z(t) =rat) =ralt)

x(t) = o6(t)

W (1) :@u(t)

" 2D = 6(1)

a-] Jﬂ m m ——

wwg(t)L S (t) * m(t)w“'é{(i) =ra(t) xra(t)
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= Defining thel@it Impuls@through Convolution:

wrl /E‘g:ﬁ’)

o Let z(t) =1,

S\
@ x(t) = x(t) x0(t) = 6(t) * (1)
—1 i

t >
=/_o;5(7'7'=/_o:o5(7')d7'

—

e SO that the unit impulse has unit area
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= Defining Unit Impulse through Convolution:

e Alternatively, consdier an arbitrary signal g(t),

g(—)=g(-t)x6() = [ g(r—)s(r)dr

e _

9(0) = [ g(D)s(r)dr

o

e Define :p{(t —7) = 9(7"’)

—

@g(m = [~ gi(r)dr
=
_[ w(t = T)d()dr :v(t)*a(t)’
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= Defining Unit Impulse through Convolution:
e Consider the signal f(t)d(t) =) ,P{ngl\))

e

| a1 Gpdr = 9(0)4(0)

e On the other hand, consider the signal f(0)d(t)

by ———dl
| o dT = 4(0)/(0)

ﬂ

e [ herefore,

(ON0 :@m)
e 3 —

7
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= Unit Doublets of Derivative Operation.

e A system: Output is the derivative of input

y(t) = %x(t) O(l*) U} ——'?(17

& !+

= T he unit impulse response of the system h“_)z &

IS the derivative of the unit impulse,

which is called the unit doublet w1 (t)

e That is, from z(t) = x(t) = 6(¢), we have

" d
] aa‘:(t) = 2(t) * uﬂ
A A~ B

G
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= Unit Doublets of Derivative Operation: %_—&43(
e Similarly, \) ')Q'{') —
d233(t) = x(t] ' -9
dt2 _= \ — -
| )
1 (1)) kui
e [ herefore,
uz(t) = ug(t) *x uy(t)
e In general,
up(t), k> 0, the kth derivative of §(t)
we(t) = ug () * - uy(¢) ,&
s, Co— —
Singularity Functions frihlyoitosn

= Unit Doublets of Integration Operation:

e A system: Output is the integral of input—

-
y(t) = p.:ox('r)ah'

me - (T)@ e 5@8’ ) &7
— )

e Hence, we have M(‘f}

2(t) % u(t) = / 2(r)dr

Ta édg _06»71'

e [ herefore,
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= Unit Doublets of Integration Operation:

e Similarly,

wo(t) = u(t) * u(t) = ft

. w(T)dr

e [ hat is,

u_o(t) =t u(t) the unit ramp function
u_z (t)

Slope = 1
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= Unit Doublets of Integration Operation:

e Moreover,

x(t) xu_o(t) = x(t) * u(t) *x u(t)

— (/_‘too :c(a)da) £ u(t)

/_t /. :E(O')dO’) dr

e In general, (

—— =

u_p(t) = u(@) - *u(t\z ft w_(e_\()dr
g / -0

4

tk—1

Gor®

u_p(t) =




Singularity Functions d'zgl‘f' iehatolelioniay
= |n Summary ~+ 'G'N
S=ut)  SH—{D
—

u(t) =u_1(t) Sﬁj_'l( T—»—»_L—’ M‘ﬁ

T d

wp(t) Q ’kco

Il
l
1

\ 4

Impulse response of a cascade f k differentiator g(?

k<O,
il Impulse response of a cascade d& [k| integrato

5 {§®
u(t) xuy () =0(t) or, u_1(t) xu(t) = uo(t) Ié“',

r/s grm— [ —

:ilwg(t) * ur(t) = upy, ()
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= Discrete-Time Linear Time-Invariant Systems

e The convolution sum vl = 2 sllhln -k yin] = sln]»hinl
Continuous-Time Linear Time-Invariant Systems

® The COﬂVOlUtIOﬂ Iﬂtegral y(t) —/_.:x; z(r)h(t — 7)dT y(t) = x(t) = h(t)

Properties of Linear Time-Invariant Systems

1. Commutative property z(t) * h(t) = h(t) * z(t)

2. D'St”b_UU_Ve property a(t) (hl(t)—t—hg(t)) = 2(t)xhy(t) +z(t) *ha(t)
3. Associative property

4. With or without memory a(t) x (b(t) * c(t)) = (cL(t) s b(t)) * c(t)

5. Invertibilit

8. Unit step response 2(8) » ha (1) = 6(0) 'ff "L(T)‘f”< >

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions
ug(t) * ur(t) = upq,(t)
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» Linear Constant-Coefficient Differential Equations
* X, . - ciicuil -
( —) \/b%')
Input signal: vs(t) |« ' g Oug‘put signal: ve(t)

dvue(t) 1 1
T + Rcfvc(t) = Rcvs(t) 8(+)

d

o [0 { 0 as0 = 0203 y
= 1H)= 4
* Provide an implicit specification of the system

* You have learned how to solve the equation in Diff Eqn

H H H H Feng-Li Lian © 2012
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» Linear Constant-Coefficient Differential Equations
* For a general CT LTI system, with N-th order,

dN N-1
Q| AR

d
y(®)+ - Far—y(t)+aoy(?)

@ 2 d
= bu 7 $(t)+,bM1dtM1$(_Q+' ' -+_b_1ﬁ58__(t)+_1_90f_(t)
= —y(t) = b.—x(t
> () = 3 bia ()

—4 ={H = h\'ﬂ:%lﬂ
o aet) ; L) 1N

Ku)=g) > YHF
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» Linear Constant-Coefficient Difference Equations
* For ageneral DT LTI system, with N-th order,

o[n] — BTN — (1]

@[n] ayln —1] + -+ ay_1y[ln — N + 1] Hapy[n — N]

C—

=bo‘[_vl]—|—b1$[n—1]—|—---—|—bM_1a:[n—M—|—1] byzr[n — M]

— ——
—

= Zaky[n—k]—z:bka:[n—k]
O(Cn}-SLn] > kt“] W«"]
¢

= h[n] =
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= Recursive Equation:

agy[n] +aryln = 11 + -+ + ay_1yln = N+ 1] + any[n = N]
/ — —— —

= bozx[n] + b1z[n — 1]+ --- + bpyy_12[n — M + 1] + bpjx[n — M]

N M
Z ar yln — k] = Z by, x[n — k]
k=0 k=0

0
0- /F
(gl - Faw )

—
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6[n] — — hn]

= Recursive Equation:
z[n] — — yln]

* For example, (Example 2.15)

v

yln] = syln — 1] = z[n]

2 r\n| =
Tmr@ﬂﬁwf J? —

yll=¢ +—§y[0f’l\< =
ul2) =202 + B> =

|y =kl -1 =

- 1= (2) () e

] ‘ n

= an Infinite Impulse Response (IIR) system

Feng-Li Lian © 2012
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= Nonrecursive Equation: > by x[n — K]
« When N =0, =

= a Finite Impulse Response (FIR) syste

JMJLML
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= Block Diagram Representations:

Xa[n] Xa(t)
an adder
X4[n] x4[n] + Xo[n] X4(t) X4 (t) + Xoft)
(@ (@
multiplication
% by a coefficient AN
x[n) _——9— ax[n) x(t) _.—% ax(t)

(b) )

a unit delay/
differentiator T

‘ |
; ! d
i i xin1) 0 ‘ e
| —

(c) (©
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= Block Diagram Representations:

L (1) + ay(t) = ba(t
\{ @ = —ay[n — 1] + bafn] @= ORS00

')C;L"J: b %T 30n)
. p; (m@$

yln] + ay[n — 1] = bz[n

()

yin|

D <+— 2
., —
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= Block Diagram Representations:

y(t)= b () - ay(t)

= y(t) = @m(f) —ay(r)] dr
— —

= o) L + [ [po(r) - ay()] ar

—_—

4
. X b 1%)

/- ey

Causal LTI Systems by Difference & Differential Equations ity
= Block Diagram Representations: ek
d? °

S3u(®) + 3%@;(15) +2y(t) = = (t)

H(s) =

= Example 9.30 (pp.711) (s+1)(s+2
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= Block Diagram Representations:

yln [n 11 -[)in 21 = aln)

> y[n] 2
3

x[n]

X[n] =—>=

L4 ) H(z):

(14 32-1)(1 — z272
= Example 10.30 (pp.786)

S
Chapter 2: Linear Time-Invariant Systems P e
= Discrete-Time Linear Time-Invariant Systems v = 5 «tai-n
* The convolution sum ylol = ln] * hln]
= Continuous-Time Linear Time-Invariant Systems ;- /"« -
« The convolution integral y() = a(t) » h(t)
= Properties of Linear Time-Invariant Systems
1. Commutative property 2() % h(t) = h(t) * 2(t)
2. Distributive property
3. Associative property x(t)* (hl(t) + h2(t)) =a(t)xh1(t)+ax(t) «ho(t)
4. With or without memory a(t) * (b(t) * c(t)) — (a.(t) * b(t)) % (1)
5. Invertibility
6. Causality _ B
7. Stability hln] =0 for n # 0 h(t) =0, fort <0
8. Unit step response ho(t) x h1(t) = 6(¢) if f+°° h(r)]dr < o0
= Causal Linear Time-Invariant Systems hin] = (1)" uln]
2

Described by Differential & Difference Equations
. Singularity Functions wp(t) # wr(t) = wpyp (t)




| Flowchart

Signals & Systems (Chap 1) LTI & Convolution

Bounded/Converge

Time-Frequency (Chap 6) Communication
CT-DT (Chap 7) Control
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(Chap 2)

(Chap 8)
(Chap 11)




