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Outline NTUEE-SS2-LTI-2

= Discrete-Time Linear Time-Invariant Systems
* The convolution sum

= Continuous-Time Linear Time-Invariant Systems
* The convolution integral

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions

z[n] 4»- — y[n] x(t) %-—> y(t)
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Chapter 1 and Chapter 2
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In Section 1.5, We Introduced Unit Impulse Functions NTUEE.SS.LT1.4

= Sample by Unit Impulse
= For x[n] = More generally,

z[n]dé[n] = 2[0]d[n] z[n]d[n — ng]l = xz[ngld[n — nol

x[n] x[n]

z[n]d[n] x[5]8[n — 5]
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= Representation of 18 + 2]
DT Signals by Impulses ——35s3 s ——
(b)
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» Representation of DT Signals by Impulses:

= More generally,

z[n] = .-+ 4+ z[-3]6[n + 3] + z[-2]0[n + 2]
+ z[-1]6[n + 1] + =z[0]d[n] + =[1]d[n — 1]

+ 2[2]6[n — 2] + z[3]6[n —3] + ---

“+ o0
= Y z[k]d[n — k]
k=—o00
» The sifting property of the DT unit impulse

 X[n] = a superposition of scaled versions of
shifted unit impulses 6[n-k]
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: DT LTI Systems: Convolution Sum

= DT Unit Impulse Response & Convolution Sum:
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: DT LTI Systems: Convolution Sum

= DT Unit Impulse Response & Convolution Sum:

«1r) — R — 1

z[0] - §[n] —>_——> holn] - (0]
z[1] - 6[n — 1] — |linearSystem] — h1[n] - x[1]
2[2] - 6[n — 2] — |linearSysiem — ho[n] - z[2]

z[k] - 5[n — k] —>_—> hiln] - z[k]

“+ oo “+ o0
sl= Y alklln—k = yll= Y. alklhn]

k=—c0 k=—o0




DT LTI Systems: Convolution Sum
+co

z[n] = k:Z_ x[k]o[n — K]
w[—1] L 6[ +1]
z[0] l 5[n]
(1] N [n—1]

x[n] ‘TML =
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+o0o

= y[n] = Z z[k]hi[n]
e

1[n] -

DT LTI Systems: Convolution Sum
+o0
Z xz[k])o[n — k]

k=—o0

z[-1P[n + 1] z[—1h_1[n]

=
x[0]5[n]
=

= y[n] =
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“+o0
Z z[k]hi[n]

k=—o00
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= If the linear system (L) is also time-invariant (TI)

5[n] — [linearsysiem| — oln]

= Then,
hgln] = holn — k] = h[n — k]
DT LTI Systems: Convolution Sum iyl
= Hence, for an LTI system,
+o00
yln] = > z[k]lhg[n]
k=—oc0
+oo Foo
= yln] = ) =z[klh[n—k] = > x[n—Kk]h[k]
=—00 k=—o00

* Known as the convolution of x[n] & h[n]
» Referred as the convolution sum or superposition sum

= Symbolically,

yln] = =z[n]*xh[n] = h[n]x*z[n]
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] Example Zlmw[n] _)-—> y[n] o[n] — -—> h[n]

+o0 ‘

ylnl = > zl[klh[n — K]

k=—0o0 . |

- 0 1 2

= - -+z[-1]h[n + 1]4+=z[0]h[n]+z[1]h[n — 1]+2[2]A[n — 2]+ -

y[n] = x[0]h[n — O] + x[1]h[n — 1] 0 1 2 "
= 0.5h[n] + 2h[n — 1] ‘
0 1 2 n
T 1 2 *
DT LTI Systems: Convolution Sum FengLilen o
+co
= Example 2.2m:"" = > mf*[“”[" 2 z[n] —>-—> y[n]
2 K h[n] XK
05 ol | I
o *—o—» 3 ° > - 0 1 K
N @
+0o0
ylo] = > z[k]h[0 — K]
k=—o0

= - -+a[-1]h[1]4+z[0]n[0]+z[1]A[-1]4+2z[2]A[-2]+--- = 0.5

+o0
y[ll= Y z[kAlL -k ‘ |
k=—00 . . e

= . ta[—-1]h[2]+2[0]h[1]+2[1]A[0]+2[2]h[-1]+ - =3 &
+o0
y2l= S zlklhl2 -k =55 i
k=-—o0 ° : k
+oo
y[3]= >  z[k]h[3—k] =6.0 i

j T T o0 o1 2 * k
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2

= Example 2.2m: | ik
+o0

0o 1 k

n] = xz|lklh|ln — k I @
y[ ] kzz_oo [ ] [ ] 1 - h[n-k], n<0

4
=
|
=
! \
£}
=2
=
%)
1
=
o

2 -1 0 k 0 2 K
! h3-K]
T 2 3 k
n=kl, n>=3
== ['-} * n2n-1 n k
(o)
DT LTI Systems: Convolution Sum Fﬁ?gé';g‘gz@éf’lfe
- Example 2.10:  =[n] — [JE— v[7] h[n]
2 x[n] hin|
:
0.5 I I I
+ o 1 n o 1 2 n
o0
yln] = > xz[k]h[n — k]
k=—o0 o ° n

= ---tz[-1]h[n + 1]+=z[0]h[n]+2z[1]A[n — 1]4+z[2]A[n — 2]+ --

] 2h[n—1]
—
2y
|

—

0.5 0.5 n[r
i ) 0 O o
o 1 2

y[n] = z[0]h[n — O] + z[1]h[n — 1]

M —

= 0.5h[n] + 2h[n — 1] oo ]

0
(b)

n
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- Example 2.20 y[n] = _E:C x[k)h[n — K] ZL’[?’L] _>-—> y[n]
e h[n]
2] X 1 i 2 o
+o0 0 1 k
ylol = Y z[klh[0 — k] :
h=—00 o 1 2 * n
= .- -+z[-1]h[1]+=[0]h[O]+z[1]A[-1]+=[2]A[-2]+-- = 0.5
“+oo
y[11= Y =z[k]r[l —k] =25
k=—o0

1 2 n

= a2+ 20l (L a1k (O] +e{2] A~ 1]+ - = 2.5

“+oo
yl2l= >, alkhl2 -k =25 yln] =0 for n <0
k=—o0 7
“+oo
y[31= > z[k]h[3 - k] =20 y[n] =0 forn >3
k=—o0 '
DT LTI Systems: Convolution Sum el
= Example 2.20: ] -
0.5
+o00 e E P k
ylnl = Y z[klh[n — K] @

k=—c0 I I I h|n-k], n<0

[ ]
®
L ]

n—-2 n-1 n 8 k

hiK] ! h[0—K]
_LLI. e
T o0 o1 o2 k 1111 K
o 1 K

1] I I = -h[—kl . ‘T T T ) hi2-K]
2 -1 0 k ORI K
1 hi3—K]

Bl

hin—k], n>3

: 11

n-2 n-1 n K

o9

()




DT LTI Systems: Convolution Sum

= Example 2.20:

+o0
ylnl = Y alklA[n - k]
k=—o0
2 x[K]
. ¢0.51 B
0 1 k
. ho—K|
-2 —T1 I M k
2 (K]
. =0.5' ‘ .
0 A k
1 hi1—K]
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2 (k]
05
e —@ ! *—o—o
0 1 k
1T I I hi2—K]
N o 1 2 k
5 x[K]
0.5
e 2 T @ & 9
0 1 k
Al e
O k
? x[K]
0.5
Py o ' *—8 @
n 4 le
h[n—k], n>3
* 5 - n-2n-1 n k
# X[K]
0.5
. . ' 2 @ @
0 1 k
] I 11 h[n-K], n<0

DT LTI Systems: Convolution Sum
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+o0
"Example 2.3:  y[nl= > z[k]lhln — k]
x[K] = a*u[K] k=—o0
0 @ k
z[n] =a"u[n], O0<a<il

hin] = u[n] l
0

h[n] = u[n] ’

n

for n <0, =z[k] h[n—k] =0

= y[n] =0

Pl=k]

hl—k]
= L A & & 5

0
(b)

n <0

mm o4 h[—k + n]

n 0 k
®

- [ k] x[K] = o*ulk]

1]

k
(a)
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+o00
"Example 2.3.  y[nl= > z[k]lhln — k]
x[K] = a*ulk] k=—o0
0 . k

z[n] =a"u[n], O0<a<l

hin] = u[n] M=K
S 1111 111
LI n v oo .
/ = ulr
1[n] = uln] 0
hin—k] h[_k —|_ n]

n=0

for n > 0,

k

0, otherwise e
L“JJMM
n 1 — Oén—l—l
= ylnl = > ok ="
k=0

_ : :
1l -« n
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+o0
" Example 2.3: yln]l = > z[k]h[n — k]
*[K] = o ulk] ——o0
0 ”‘k — o1
® for all n, y[n] = (%) u[n]
—
hin] = ufn]
__________ I ,
1] b n a —_— —
(b) 8
n+1 ?
n] = (1= uln) 1—5
(5 n—0 ylol=>"8=1
1 - L
8
e 1-(5H2 15
1 ( — 1] = 8 =
[ n=1 yli] 17 8

llml” ERNHEL
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k XK
= Example 2.4 zl¥] hl”

\ I ’ h’[n _ k] hin ;|
il n<-—1
z[n]=1,0<n<4 e k
‘ hin) hin—k) O S n S 4
hn] = a”, 0<n<6 ] oy 5<n<6
ne” " ) :
h[—k]
hin=k]
h i 7<n<10
—?—6—5—[.—]3]—'}—11 I-s- —of-o-mom—o ¥ o k
@ n_ste)
ki ] 11<n
w " ‘
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x[k]
hl” forn<0, z[k]hfn—k]=0 = y[n]=0

0o 4 K
{a)
n—k 0<k<n
hin—k} for 0<n<4, z[k] hn—kl={ % ’ P
e or0<n<4, zlk] hin—k] { 0, otherwise
[”Tm |
n 0 k n . . n+1
o o) = y[n] = Z an—k = 1—a™"
hin—K] k=0 1-a
O=n=4
||||‘“ n—k 0< k<4
t 0 n k fi < < 6. z[k —k] — « 3 =N ="
i i or 5<n<6, z[k] h[n—k] { 0. R HERIES
hin—k]
4<n=6 4 n—4 _ n+1
X (8% (8%
= y[.”_] — Z an-—.(. __ -
— l1—«
/0 n Kk k=0
n-6 {d)
hin=k]
e n—k
6<n=10 8] & ('”-_6) <;\<4
fi <n< , zlk —k] = k T,
' “I[I or 7<n <10, z[k] h[n—k] { 0. SE el
ot n k
n-6
(e) 4 L a’I’L—4 _ Oé7
i = y[n] = ok = —
n>10 R':§—6 1 a
g o n's P . for 11 < n, = y[n] =0
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zln] — [N vln]

5 zn]=1,0<n<4 hln]
,11![” hln] =a", 0<n<6
(0, n= U
1—q"t1
I\”” oo
¢ "11]4 JDA._ n—4 n+1
0 8 n y[n]=< %, K< gy < §
n—4__ 7
L 11 <n
DT LTI Systems: Convolution Sum iyl
= Example 2.5:  z[n] = 2"u[—n] z[n] —>-—> y[n]
11 (TS
z[n] ;2] XK = 2%0[K
5l
o« t 1 *-————&
-2 -1 0 k 0 0
1 forn >0, ylnl= > z[klhln—kl= ) 2k
hin—k 11| ] I [ hin-K] h=e h=e
>—o—2» X /1N 1
n k = — = =2
1 ; EO (2) 1-(1/2)
‘ ‘ | hin—K]
n_‘_‘_._._._K._ n n
forn <0, ylnl= > zlklhln—kl= > ok
k=—o0 k=—o0
yln] :
yi _ S &y
11314
A
—3 —2:—1.10, 1 2 .9 n

0" & ) - amr

m=0
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+o0

= For an LTI system, yln] = > z[klh[n — K]
k=—00

= The convolution of finite-duration discrete-time signals
may be expressed as the product of a matrix and a vector.

+o0
y[0l = > z[k]h[0 - k] = - - -+z[-1]h[1]+2[0]A[0]+=[1] h[-1]+=z[2] A[-2]+- - -
k=—o0
+x[M — 1]h[—(M — 1)] + 2[M]h[-M] + - --
+z[L — 1]h[—(L — 1)] + z[L]h[-L] + - -
+oco
y(11 = > z[k]a[l — k] = - -+2z[-1]A[2]+=[0]A[1]4+z[1]A[0]+z[2]A[- 1]+ - -
k=—0c0
+o0
y[21= > z[k]h[2 - K] = - - -+2[-1]h[3]+z[0]~[2]+z[1]A[1]+=[2] R[0]+- - -
k=—o00
400
ylL+M—-2]= > z[k]h[L+ M —2— k]
k=—o00

= . -da[-1]h[L + M — 1]42[0]h[L + M — 2]4-z[1]h[L + M — 3]+=z[2]h[L + M — 4]+ - -
+2[L — 2]h[M]+=[L — 1]A[M — 1]+z[L]h[M — 2]+ --

DT LTI Systems: Matrix Representation of Convolution Sum o2
ylo] | T
y[1] ylnl] = ) z[k]lh[n — k]
y[2] k=—c0
| ylL+M—2]
h[0] 0 - 0
k(1]  R[O] 0 0
h [:2] h [:1] h [:0] 0 = g Jj{ o%
_ h[ﬂ-ls— 1] h[EO] 0 g o2]
0 0 hM-1] ... ... Rh[1]  R[O] a
0 0 R[M—1] ... h[2]  A[1] | =4 |
0 e .. 0 RM-1]
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= Discrete-Time Linear Time-Invariant Systems

* The convolution sum

yln]

> zlklh[n

k=—cc

yln] z[n] = h[n]

= Continuous-Time Linear Time-Invariant Systems

* The convolution integral

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions

CT LTI Systems: Convolution Integral

= Representation of CT Signals by Impulsgs:

IA (L) s
1
1 A 0<t< A
I
0 A t 0, otherwise
1] St — D)

g a t

H SA(t—2A)
a A t

EH SA(L—kA)

A
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» Representation of CT Signals by Impulses:

z(t) R +oo
TN 2 z2() = Y @(kA)SA(t—kA)A
| i el B k=—00
X(-28),0t + 28)4 +OO
. ﬂ’ e = Jim k_z (kD) A(E — kA)A
—— 00
x(- A —|—Oo
—  2(t) =f 2(7)5(t — 7)dr
[+ — 00
1 , the sifting property of CT impulse
H“” xz(t) = an integral of weighted,
B TR PN shifted impulses
. . eng-Li Lian © 20
CT LTI Systems: Convolution Integral fklyligtond
= Graphical interpretation:
z(7) z(T)
ot —T) ! 5(t — 1)
A 1
ma
|
t-4A t T t .
(b) xz(1)o(t — 1)
2(1)OA(t = T)~, =z(®)s(t—71)  2(t)
N
x(ma)+ %
ma l
t— A t T (c) t u
- A ]
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= CT Impulse Response & Convolution Integral: I

Feng-Li Lian © 2015
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= CT Impulse Response & Convolution Integral: I

z(0A) Sa(t) — | Lineansysem| — ion (1) 2(0A) :
r(1A) 6a(t — 1A) —|linearsystem|— hia (1)  z(1A)

r(20) 0a(t—20) — [HGHSRER| — hoa() @A)

2(kD) a(t — kA) — LinearSystem|— hypa(t) — z(kA) I

+o0 +o0 -
() = Y z(kA)YSA(t—kA)A = Gt) = D z(kA) hpa(t) A

k=—00 k=—o0 L
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x(0)hot)A
X(0) = i =
X yit)
04a t t =
(b)
0 t

x(a)hsMA ©

[T

x(4) |::>
|

A t t

© £ o
=
)
X{kA)hya A 5 - . .
- /\/“ ’

kA t t
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= CT Unit Impulse Response & Convolution Integral:

+o0
gty = > z(kA) hpa(t) A
k=—00
~+o0 -
y(6) = Jim kzoo z(kA) hpa(t) A
+o00
y= [ o) he() ar

o) = /_ T ()5t — P)dr = y(t) = / T (e (D) dr

o0 — 00
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= If the linear system (L) is also time-invariant (TI)
° Then, CL’(t) _}-—> y(t)
hr(t) = ho(t —7) = h(t — 7) h(t)

= Hence, for an LTI system,

u(t) =/_+Oox(7)lz(t—7')d7' =[_-I;:Oh(7')a:(t—1')dr

oo

* Known as the convolution of x(t) & h(t)

» Referred as the convolution integral
or the superposition integral

= Symbolically, y(t) = z(t) * h(t) = h(t) *x xz(t)

CT LTI Systems: Convolution Integral Feng-LiLian © 2015
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= Example 2.6; ¥(*) = /::Oﬁ’("')h(f - 7)dr

fort <0, z(r)h(t—7)=0
h(t) = u(t) t
- y(t):/ 0dr =0
- —00
—aT
b oy € , 0<7<t
L( ’T) for t > O: -T:(T) h(t T) { 0, otherwise
t
> = y(t) = /0 e dr
z(t) = e u(t)
1 t
a>0 = ——e T
a 0
> 1
—— 1 _ e—at
h(t — 1) ! )
t<O0
v = 11— &y
] S
t>0
R 0 t
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CT LTI Systems: Convolution Integral z(T)

= Example 2.7: v() = /::Oﬁ’("')h(t"‘")d" L

(=1 0<t<T
=1 0, otherwise R h(t —7) L0
_Jt o<t<2r h(7) Fb ‘ —— .
h(t)_{ 0, otherwise >
h(=7) 0<t<T
. O:‘ t<0 T T T T T
%tz, 0<t<T T <t < 2T
y(t) =4 Tt— %Tz, T <t< 2T —+— —+— >
L2+ 14312, 27 <t < 3T 2T <t < 3T
O, 3T <t —— ‘ —— >
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= Example 2.8: 2(8) = e2ul—t)
h(t) = u(t — 3)
h(—7)
h(t —71)
t—3
fort—3<0, y()= / e>Tdr = %QQ(t—3) )
— 0
o 1 :
fort—3 >0, y(t)Zf e“Tdr —5 0 3
—00




. Feng-Li Lian © 2015
Convolution Sum and Integral NTOEE.SS2.LT1.41

= Signal and System:

+oo +oo
yln] = >  zlklh[n—k] = > x[n— k]h[K] = z[n] * hn]

k=—00 k=—o00

y(t) = [_:O 2(F)h(t — T)dr = /+°° h(r)a(t — 7)dr = z(t) * h(t)

w(t) —¥ — y(t)

vty = 10— &g

2
] hn]
]
0.5 I' I I
' n 0 1 2 n -

. Feng-Li Lian © 2015
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= Discrete-Time Linear Time-Invariant Systems

e The convolution sum vl = 3 olbhln -kl yin] = aln] k(o]
= Continuous-Time Linear Time-Invariant Systems
» The convolution integral v = [T aon i o) =) < b

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions
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= Convolution Sum & Integral of LTI Systems:

00
y[ln] = Z xz[k]h[n — k] = z[k] *x h[n]

k=—o0

+o0
S0 = f__ (DAt —T)r = a(t) *h(t)

Feng-Li Lian © 2015

Properties of LTI Systems NTUEE-SS2-LT1-a4
_ y[ln] = =z[k] x h[n]
= Properties of LTI Systems y(t) = z(t) * h(t)
axb = bxa
1. Commutative property a+b = b+4a
2. Distributive property ax(bte) = axbtaxe
ax(bxec) = (axb)xc
3. Associative property — — axbxe
4. With or without memory 1] _)-_> y[n]
5. Invertibility
6. Causality
7. Stability Valn] — Vyln] hln] =7

8. Unit step response




Properties of LTI Systems axb = bxd iyl

= Commutative Property: n—k=r
+o00 —00

zln] xhn] = Y z[klhln—k] = Y z[n—rlalr]
k=—c0 r=-00
+o0
= )  hlrlzln—1] = h[n] * z[n]
x(t)*h(t)=/+OO£E(T)h(t—T)dT t—T =0
= —dr = do

=f;: z(t — o)h(o)(—do) =/_:°a:(t—a)h(o)da

+o0
= / h(o)z(t — o)do = hilt)=+zll)
—C0
Properties of LTI Systems ja X (b+¢) = axb+axd FNe%-éiE fgfﬁﬁ
+o0
= Distributive Property: w[n] * hn] = kzz_m e[k]h[n — k]

e xh(t) = [ a(n(t - Ty
olnl (haln] + holn] ) = aln] <haln] +aln] <haln

£ (t) * (hl(o + hgm) = 2(t) %h1 () +2(t) *ho(t)

:-_T
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+oo

= Distributive Property: alnl xhinl = Y. a[klhln — k]

k=—00

x(t) * h(t) = [_—:o x(T)h(t — 7)dT

(210 + w2ln] ) +hln] = 21 (0] x hln] +wo[n] < hln]

(21(8) + 22(8) ) ¥h(t) = 21 () +h(B) +2(8) £h(t)

z1[n] z1[n] -
}-~y[n1 i
—

xo[n] 2o [n]

Properties of LTI Systems g e 2

h['n,] e

= E :
xample 2.10 [T

x[n] = (§> uln] + 2" u[—n]

33333333

yln] = z[n] * hn]

— (xl[n] + len]) « h[n] ZL mﬂl l
= z1[n] * h[n] + zo[n] * h[n] =44 {HE

|||||||
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Properties of LTI Systems
+o0
= Associative Property: el hfn] = 3 wlkhln = K]

k=—00

x(t) = h(t) = [_—:O x(T)h(t — 7)dr

a[n] * (b[n] * c[n]) = (a[n] * b[n]) * c[n]

a(t) + (b(t) ; c(t)) — (a(t) } b(t)) e

win]

> a[n] > yin) c[n]=— a[n] * b[n] F——-

c[n]——-|b[n]

(a) (c)

Y

b[n]f—— yn

c[n]]—a- b[n] * (1.-[TL] > y[n] c[n]_.-—;- a.['n,]

(b} (@
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Properties of LTI Systems

a[n] x (b[n] * c[n]) = (a[n] * b[n]) * c[n]

= (1[71] o (C[n’] ® b[n]) z[n] * hin] = jzoo z[k]h[n — k]
Yoo k=—o0
= a[n] * ( > clk] b[n — kz])
+o00 k=m0 +o00
= Z a[m] ( Z c[k] b[n — m — k])
m=—o0 k=—0c0

oo o0
= > 2 a[m]clk]bln—m—k

m=—ook=—o0o

o0 o0

= > c[k] >  a[m]bln—k—m]

+oo
= c[n] * ( > a[m] b[n—m]) = c[n] * (a[n] * b[n])
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= Systems with or without memory

= Memoryless systems

* Output depends only on the input at that same time

y[n] = (2z[n] — z[n]?)?

y(t) = Rz(t) (resistor)

= Systems with memory

n

v

S
rd

—il—

Y

A\ 4
v

'_y[??..] - Z T[lu] (accumulator)

k=—o0

y[n] = z[n — 1] (delay)

v == [ a(r)ar

Properties of LTI Systems

= Memoryless:

Feng-Li Lian © 2015
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+o0
sln]xhin] = Y alklhln — K]

k=—00

 ADT LTI system is memorylessif  h[n] = 0 for n % 0

—Hl-

e The impulse response:

 From the convolution sum:

yln] = z[n] * h[n]

o Similarly, for CT LTI system:

| | | | | | | | | >

h[n] = Ké[n], K = h|[0]

= Kz[n]

y(t) = z(t) x h(t) = Ka(t)
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| In Section 1.6.2: Basic System Properties NTUEE.SS2.171.53 -

= |[nvertibility & Inverse Systems I

= Invertible systems
* Distinct inputs lead to distinct outputs L

y[nl | Inverse

) yi)
%[n] == System > system >

w(t) = Zy(t) == w(f = x(t

——> w[n] = x[n) X(t) =—>=| y{t) = 2x{t)

(a) L) B

y[n]

n
Xj=—== yl= X x[K
k= -

w(n] = y[n] = y[n —1] p=———=win] = x[n] -

{c)

y(t) = z(¢)? is not invertible

Feng-Li Lian © 2015
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+oo B
= |nvertibility: w0 s h()) = [ (Dt r)ar |

o(t) — [N — v») — SO — w(t ;

y(t) = x(t) xh1(t)  w(t) = y(t) = ho(t) _

= w(t) = x2(t) * h1(t) * ho(t) -

#(t) =21 )% 8(2) -

Properties of LTI Systems

= ho(t) * hq(t) = 6(2) [
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Properties of LTI Systems
z(t) = h(t) = /+Oo z(r)h(t — 7)dT

= Example 2.11: Pure time shift —oo
e delay if to >0

¢ y(t) = z(t — to) e advance iftg<O

= h1(t) =6(t—tg) = z(t)*6(t —tg) = z(t —tp)
e w(t) = x(t) = y(t +to)

= ha(t) =0(t+to) = y(t)=*d(t+to) =y(t+to)

= hi(t) * hg(t) = 6(t — to) x O(t —|—t0) =0(1)
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Properties of LTI Systems
+o0

= Example 2.12 ol + hlnl = 3 alkIhln A
(] — [ — o1) — [N — 1)
hi[n] = uln]
e n
= ylnl= > zkluln—k] = > [k
k=—o0  —

= a running-sum operation

e Its inverse is a first difference operation:

w[n] = y[n] —yln — 1] = hz[n] = d[n] - d[n — 1]

= h1i[n] * ha[n] = u[n] — u[n — 1] = 6[n]
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+oo
] Causa“ty z[n] * h[n] = Z z[k]h[n — k]

k=—0n0

Properties of LTI Systems

+oo
« The output of a causal system o(®) #h(t) = [ " a(r)h( —r)dr
depends only on
the present and past values of the input to the system

» Specifically, y[n] must not depend on x[k], for k > n

+o0
yln] = > z[k]lh[n — K] hln—k]=0, fork>n
k=—00
h[m] = 0O, form=n—-k<O0
L ! o h[n] = 0, for n < 0O
* [t implies that the system is initially rest I I I ] | [ I I
e ! 4 586 7 n

e« ACT LTI system is causal if h(t) = 0, fort <O

Feng-Li Lian © 2015
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Properties of LTI Systems

= Convolution Sum & Integral
—+oo

yln] = > z[k] hgln] y(t) = /_OO (1) hr(t) dr
k=—o0 e
+o0 o0
= > z[k] hln—k] = ]_OO (1) h(t—7) dr
k=—o0
= Y olk hln— k) = /t x(r) h(t—T) dr
k=—o00 o0

[
(]
8
£
|
z,
2
2.

I

0
[x sl diled C=do)
= Y. him] z[n—m] = /;o 2t — o) Bad dr

= io: hlk] x[n — k]

k=0

/O T h(r) a(t—1) dr
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= Stability
= Stable systems

« Small inputs lead to responses that do not diverge

» Every bounded input excites a bounded output
— Bounded-input bounded-output stable (BIBO stable)
— For all |x(t)| < a, then |y(t)| < b, for all t

x(t)

« Balance in a bank account? y[n] = 1.01y[n — 1] + z[n]

Feng-Li Lian © 2015
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+oo
= Stability: yln] = z[n] xhin] = Y 2[klh[n - K]

k=—00

Properties of LTI Systems

e A system is stable
if every bounded input produces a bounded output

x[n] —>-—> y[n]

+o0
’:r:[*n,]‘ B for all n ‘y[n]| = Y hlklz[n — k]
oo k=—o0
= y[p] < > h[k] z[n— k]
k=—c0
“+co
= y[n] < ( > hlk] )
k=—o0
“+ o0
i ‘h[k]| < o0 then, y[n] is bounded
k=—o00

absolutely summable
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+o0
= Stablllty x(t) * h(t) = f_m z(r)h(t — 7)dT
e For CT LTI stable system:

‘:r:(t)l < B forallt ‘y(t)| = [+Oo h(t)z(t — 7)dr
—00

= ’y(t)‘ < /_—:O‘h('r)Ha:(t —T)‘d’?'

= |y < ( f_+: ]h[(f)]dr)

+ 00
if / " ()T < oo then, y(t) is bounded
T absolutely integrable

. Feng-Li Lian © 2015
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= Example 2.13: Pure time shift

o y[n] = z[n — ng] & h[n] = §[n — ng]

o y(t) =z(t —to) & h(t) =4(t—to)

+o0 +co
= ) |h[n]‘ = > ‘5[?1 — no]‘ =1 absolutely summable
n=-—oo n=-—o00

+oo +o0
= / ’h('r)‘ = / ’5(7 — tO)’dT = 1 absolutely integrable

= A (CT or DT) pure time shift is stable
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= Example 2.13: Accumulator

n

o y[n] = Z x[k] & h[n] = u[n]

k=—c

t
o yli) = f_ Oox(’r)d,r & h(t) = u(t)

= Z |h[n]‘ = |u[n]| =0 NOT absolutely summable
o

n=-00
o0 00

= f |h,('r)‘ :fo |u('r)‘d’r = 00 NOT absolutely integrable
—00

= A accumulator or integrator is NOT stable

: Feng-Li Lian © 2015
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= Unit Impulse and Step Responses: 7 = d[nl+hln]
* For an LTI system, its unit impulse response is:

=
S,
1

— h[n] o(t) —

* Its unit step response is:

u[n] — -—> s[n] u(t) —

= s[n] = u[n] * h[n]

= s(t) = u(t) * h(t)

“+oo —+co
= Y u[n — k]h[K] =f_oo n(t — 7)h(7)dr
k=—00 ¢
i Ik = /_Oo h(7)dr
k=—00 ds(t)
— hln] = sn] — s[n — 1] = W)=,
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= Discrete-Time Linear Time-Invariant Systems
+oo
° The Convolu‘uon sum yln] = k:Z_: z[k]h[n — k] yln] = =z[n]*hn]

Continuous-Time Linear Time-Invariant Systems
e The convolution integral ;- [T a(ontt = ryr (1) = a(t) «h(t)

= Properties of Linear Time-Invariant Systems
1. C_om_mut_ative property z(t) % h(t) = h(t) x z(t)
:23 E\Issstggl;%\\//ee FF)):'(())F[;eeI;'tt})// x(t)* (hl(t) -+ h.g(t)) = x(t)xhi(t)+z(t) xho(t)
4. With (?I’_V_\/ithOUt memory a(t) * (b(t) * (:(t)) — (rr(f) * b(t)) * c(t)
5. Invertibility
6. Causa]ity h[n] =0 for n # 0 h(t) =0, fort <0
7. Stabilit o
8. Unit Stgp response ho(t) * hi(t) = 6(t) it _/_i [h(T)|dT <

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions il = (5wl
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= Singularity Functions
¢ CT unit impulse function is one of singularity functions

0(t) = uo(t) u(t) = u_1(t)

/j §(r)dr = u(t)

t
%5@) — uq(t) /_oo u(7T)dr = u_o(t)
t T

5716(75) = uy(t) /_too x (/_TOO u(cr)dcr) cedT = u_g(t)
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= Singularity Functions z(t) = x(t) = 0(1)
o(t) = 6(t) =o(t)

ra(t) = 6a(t) * 5a(t)

Bult) Byft) ralt)

-
L =t
[SYT

lim 5a(t) = 8(1) = lim ra(t) = 5(t)
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= Example 2.16 diy(t) F2 () = 2(t)
t with initial-rest condition
z(t) = oa(t)

x(t) = ra(t)
z(t) = 0a(t) xra(t)

z(t) =ra(t) «ra(t)

1 1

0.5 | 05

Resx(t)‘;= on(t) 2l F"x(t)‘:? ra(t) ‘ x(t) = o(t)

A=0.0025

0.5
0.5

1

x(t) (=e) o(t)

0 1 0

Dx(t) = (54;('5,) * *PA(L)Q a(t) = ?4%1(5)7* ra(t)
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= Example 2.16 %y(t) + 20 y(t) = 2(t)
with initial-rest condition
z(t) = oa(t)

x(t) = ra(t)
z(t) = 0a(t) xra(t)
] z(t) =ra(t) *ra(t)

: Pm:t xc(?t) = »rA('{;) ilf(t) = 4(1)

wit h(t) = e 200 u(t)

0 ( u : i ey
g (t) = oa(t) * fr‘A(f»)Fmt x“(t) =ra(t) xra(t)

0 i\

‘ l,(;) = 4(t)
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= Defining the Unit Impulse through Convolution:

e Define: x(t) = x(t) = 6(t)

o Let x(t) =1,
1=a(t) =2(t) x6(t) = () * z(t)

oo

= /_0:0 S(r)e(t — m)dr = f 005(T)d7

e SO that the unit impulse has unit area
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= Defining the Unit Impulse through Convolution:

e Alternatively, consdier an arbitrary signal ¢(t),

e Define: g(0) = /O:O g(r)o(7)dr

e Define z(t — 1) = g(7)

o(t) = 9(0) = [ g(r)o(r)dr

— /_0:0 2(t — )5 (7)dr = a(t) % 5(¢)

s =a® i) = g = [ gD(r)dr

[ hint: g(—t)=g(—t)*5(t)=/°;Q(T_t)5(,,)d,r]
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= Defining the Unit Impulse through Convolution:

e Consider the signal f(t)d(t)

[ 9@1(@(rdr = g(0)(0)

e On the other hand, consider the signal f(0)d(t)

| 9(D)1(©)s(r)dr = 9(0)£(0)

e [ herefore,

F@)o(t) = f(0)6(¢)
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= Unit Doublets of Derivative Operation.

e A system: Output is the derivative of input

y(1) = () 2(t) — S y(t)

= The unit impulse response of the system

is the derivative of the unit impulse,

which is called the unit doublet w1 (%)

e That is, from «(t) = z(¢) x 6(¢), we have

%x(t) = o(t) % uq (1)

Feng-Li Lian © 2015
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= Unit Doublets of Derivative Operation:.

e Similarly, z(t) — — — y(1)
J2

dt_zx(t) = x(t) * uos(t)

e But,

d? d /d

Sa(t) = 2 (Za®) = (5 £ ur(®) x ()
e [ herefore,

us(t) = u1(t) x uy(t)

e In general,
ur(t), k> 0, the kth derivative of d(t)

wp(t) = uq(t) * - xuq(t)
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= Unit Doublets of Integration Operation:

e A system: Output is the integral of input

G = /_‘tm i 2(t) — S y(t)

e [ herefore,

u(t) =/_too S(7)dr

e Hence, we have

o(1) % u(t) = /_toocc(’r)dT
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= Unit Doublets of Integration Operation:

e Similarly, z(t) — — — y(t)

() = u(t) % u(t) = /t

. u(T)dr

e [ hat is,

u_o(t) =t u(t) the unit ramp function
u_z (t)

Slope = 1
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= Unit Doublets of Integration Operation:

e NMoreover,

x(t) xu_o(t) = x(t) * u(t) x u(t)

— (/_tooa:(a)da) x u(t)
= /_too (/_TOO :c(cr)dcr) dr

e In general,

T = Ak Y = /_too u_(po1y(T)dr

k—1
u_p(t) = —ul(t)
k() (k—1)!
Singularity Functions ol
= |n Summary
5(t) = uo(t) — 1. "I
u(t) = u_1(t) : _
up(t)
k> 0, Impulse response of a cascade of k differentiators
k < 0. Impulse response of a cascade of |k| integrators

u(t) xuyp(t) = 6(¢t) or, u_1(t) *u1(t) = up(t)

= ug(t) * ur(t) = w4, (t)
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= Discrete-Time Linear Time-Invariant Systems

« The convolution sum vin) = 2. #lihln—H yiel = zhlhl
Continuous-Time Linear Time-Invariant Systems

d The COﬂVOlUtIOn |ntegra| y(t) = f_t:c;r.(T}h-(ﬁ — 7)dT y(t) = x(t) * h(t)

Properties of Linear Time-Invariant Systems

| |
1. Commutative property z(t) * h(t) = h(t) * z(t)
2. Distributive property 2(t) * (nl(:) i h,g(n)) = a(t) xhy (1) 4 2(t) *ho(t)
3. Associative property
4. With or without memory a(t) * (b(t) % c(t)) = (rr(f) * b(t)) * c(t)
5. Invertibility ht) = O f 0 B
6. Causality () =0 for ++ h(t)=0, fort<O
8. Unit step response 2(8) * h (1) (®) ' -/—x [pr]dr <

Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

Singularity Functions

ug(t) * ur(t) = upq,(¢)
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= Linear Constant-Coefficient Differential Equations
e e.X., RC circuit

_V'::vv 1
Input signal: vs(t) : l Output signal: v.(t)
vg I_l C_]._:r,_.
dvc(t) 1 1
= Vell) =
@ T re"W T Re

(1) ﬂ-ﬁyu) N %y(t)+ay(t) = BalD)

* Provide an implicit specification of the system
* You have learned how to solve the equation in Diff Egn

vs(t)
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= Linear Constant-Coefficient Differential Equations
e For a general CT LTI system, with N-th order,

an av-1 d

an— Y () tan-1— 5y (t)+-+ai—y(t)+aoy(t)
dM’ M-1 d

= bMdt—Mﬂi(t)-f-bM—ldtM_lw(t)-f" : °+bla$(t)+bofb’(t)

= D ary(t) = ) bp——x(t)
dtk =t atk

k=0
= /I(f') =1 5(:(1;) = =5 y(t) —
+o0 x(t) = = y(t) =
y(t) = [ a(n)h(t - r)dr
— 00
Causal LTI Systems by Difference & Differential Equations Feng-LiLian © 2015
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» Linear Constant-Coefficient Difference Equations
* For ageneral DT LTI system, with N-th order,

z[n] —>-—> y[n]

agy[n] + aryln — 1] 4+ - + any_1y[n — N 4+ 1] + any[n — N]

= box[n] + brz[n — 1] + - + bys_q1x[n — M + 1] + bpz[n — M]
N M

= Zaky[n—k:] = Zbkx[n—k]
k=0 k=0

= h[n] =7 z[n] = = y[n] =

too = = )=
yin) = 3 wlklhln — k)

k=—00
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= Recursive Equation:

agy[n] + a1yln — 1] + -+ + an_1y[n — N + 1] + any[n — N]

= box[n] + brxz[n — 1] 4+ -+ 4+ bpr—1x[n — M + 1] + bpysx[n — M]

N

M
Yo apyln —kl = Y by x[n — k]
k=0 k=0

1 M N
= y[n] = — { Z b x[n — k] — Z ap yln — k]}

a0 | =0 k=1

A} = = yln] =

Causal LTI Systems by Difference & Differential Equations FengLen o2
| | d[n] — — h[n]

= For example, Example 2.15 z[n] — — y[n]

yln] = syln =1l ==l v 0 forn< -1

z[ln] = K 6[n]

[ ylol =z[0]+3y[-1] = K
y[1] = «[1] + 3y(0] = K
= y[2] = z[2] + Sy[1] = K (%)2
|yl =zl +5ln-1] = K ()

> yll= K (5) ulal

*—o

= h[n] = (%)’n u[n]

= an Infinite Impulse Response (IIR) system
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N M
= Nonrecursive Equation: Y apyln—kl = Y by, z[n — ]
« When N =0, =0 k=0

M bk “+cc
= y[n] = Z x[n — k] yinl= 3 hlklzln — k]
k=—00

0, otherwise

= a Finite Impulse Response (FIR) system

|‘|“|‘ FIR IR

*—e
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= Block Diagram Representations:

ol Xao(t)
l an adder /L
X4 :@ > (] + Xolr] X4t ->(+) > x,(t) + Xt
(a) (a)
multiplication
by a coefficient
a
x[n) = ax[n) x(t) g ax(t)
(b) )
a unit delay/
differentiator
X[n] =——3| D fe— x[n—1] x(t) > D > d:iﬂ

(c) (c)
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= Block Diagram Representations:

y[n] + ay[n — 1] = bz[n] %3}(’3) + ay(t) = bx(t)
yln] = —ayln — 1] + baln] y(®) = =2 2() + 2a(t)
a dt a

>

=)
%U—
&

v

y[n] X(t) ff—»-@ I, > y(t)

A Y A
D D
Ca ~1/a dy(t)
< y[n—1] < dt
D« 1 D < s

Feng-Li Lian © 2015
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= Block Diagram Representations:

Zy(6) = ba(t) - ay(t)

=>y(t)=/t

— 00

[bx('r) — a'y(’r)] dr

= (0 =y(to) + [ [ba(r) — ay(r)]dr

: b
Xt j: x{r)dr X(t) f > y(t)
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= Block Diagram Representations:

2

d d 1 1
dt—zy(t) + 3ay(t) +2y(t) = x(t)  yln] + Z:u[n — 1] — gy[n — 2] = z[n]

x(t) Y e(t)

o=
=

> y(t}

()=
(a)
x[n] >(+) > y[n]
A 2_1
C*D"_"l' < f{n]
A Y
—=
% <—| e[n]
—1 (@
= Example 9.30 (pp.711) D <= s D <+— = = Example 10.30 (pp.786)
Chapter 2: Linear Time-Invariant Systems iyt
= Discrete-Time Linear Time-Invariant Systems . = %z s
« The convolution sum il = el b
= Continuous-Time Linear Time-Invariant Systems )= [** ¢ - nar
» The convolution integral y(t) = a(t) + h(t)
= Properties of Linear Time-Invariant Systems
1. Commutative property 2(t) * h(t) = h(t) * z(t)
2. Distributive property
3. Associative property x(t) * (h.l(t) + hg(t)) =a(t)xh1(t)+x(t)xho(t)
4. With or without memory a(t) (b(t) % c(t)) = (”(r) * b(t)) * c(t)
5. Invertibility
6. Causality e _ B
7. Stability hin] =0 forn# 0 h(t)=0, fort<O0
8. Unit step response ho(t) * hq(t) = &(t) if /Jﬂ |n(r)dr < oo
= Causal Linear Time-Invariant Systems Kl = (l)” e
2

Described by Differential & Difference Equations
u Singularity Functions up(t) * ur(t) = wpyr ()




| Flowchart
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