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Signals and Systems

Chapter SS-1
Signals and Systems
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Figures and images used in these lecture notes are adopted from
“Signals & Systems” by Alan V. Oppenheim and Alan S. Willsky, 1997
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= Introduction

= Continuous-Time & Discrete-Time Signals

= Transformations of the Independent Variable
= Exponential & Sinusoidal Signals

= The Unit Impulse & Unit Step Functions

= Continuous-Time & Discrete-Time Systems
= Basic System Properties
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Signals & Systems

= Signals & Systems:

= |s about using mathematical techniques
to help describe and analyze systems
which process signals

 Signals are variables that carry information

» Systems process input signals to produce output signals

I Input Output I
Signal Signal
ﬁ ﬁ
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Signals & Systems: Signals

= Discrete-Time Signals:

= The weekly Dow-Jones stock market index
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Signals & Systems: Signals

= Discrete-Time Signals:

= A monochromatic picture
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Signals & Systems: Signals

= Continuous-Time Signals:

= Source voltage & capacity voltage

in a simple RC circuit
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Signals & Systems: Signals

= Graphical Representations of Signals:

= Continuous-time signals x(t) or x.(t)

x(t)

0 t

= Discrete-time signals x[n] or x4[n]

x[n]

x[0]
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Signals & Systems: Signals

= Energy & Power of a resistor: ~WW

= |nstantaneous power E C==

p(t) = v(D)iC8) = 7v3(0)

= Total energy over a finite time interval

to o tp 1 ’,
f BByt — /tl —v?(t)at

t1
= Average power over a finite time interval

| t2 t2 1
f p(t)dt = / — 02 (t)dt
to — 81 Jij to —t1Jt1 R
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= Signal Energy & Power:

= Total energy over a finite time interval

A [t : :
E =/ lz(t)|°dt  continuous-time
t1 0 t
x[n]
n2
A p) s .
E = Y |z[n]| discrete-time 0
n=—ni

x[=1]] x[1]

T
1—1 01 2

= Time-averaged power over a finite time interval

) g
& .

@ —e
~ gy

~ =
o

o —-e

1 to
p= / lz(t)|?dt  continuous-time
tr —t1 ./t
N 1 L . :
P = S |z[n]|? discrete-time

g —ng -+ 1n=n1
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= Sighal Energy & Power:

= Total energy over an infinite time interval

T +o0
Foo 2 lim \a:(t)|2dt=f z(t)|2dt
T—ooJ-T —00
Feo = lim |z[n][|* = |z [n]|
N_)mnz—N n=——oQ

= Time-averaged power over an infinite time interval

A _ 1 T
= im — [ |z(t)|?dt

P
o T—o00 2T J—T

+N

lim ——— z[n]|?
Aim 2N_|_1n:Z_N|J:[n]|
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Signals & Systems: Signals

I = im T T 2
= Three Classes of Signals: B T'mff'jf*)l dt
b = 4, QT,/_;JT(”'Q“

= Finite total energy & zero average power

. FEo
< Fop<oo = P = Ilim —=0
O_ Qc<OC 00 T—>002T

= Finite average power & infinite total energy

= Infinite average power & infinite total energy

Po=00 & Fyp =

Feng-Li Lian © 2015

Outline NTUEE-SS1-SS-12

= Introduction Al e AN

. alluui'

= Continuous-Time & Discrete-Time Signals

* Transformations of the Independent Variable
— Time Shift
— Time Reversal
— Time Scaling
— Periodic Signals
— Even & Odd Signals

= Exponential & Sinusoidal Signals

= The Unit Impulse & Unit Step Functions

= Continuous-Time & Discrete-Time Systems
= Basic System Properties




Signals & Systems: Transformation of the Independent Variable

= Time Shift:
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no, to > 0: delay
no, to < 0: advance

z[n] z(t)
‘"Iﬂm Hmlhl atl” |
: i
z[n — no] z(t —to)
l---nﬂnwhr.w_.mn-; :L t
?’:O >0 to <O
z[n — 8] z(t + 5)
Signals & Systems: Transformation FNeTnS_ELé.Léasnli 2011;3
» Time Reversal:
zln] z(t)
w_ll N\
Wl R
z[—n] xz(—t)

|

I
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» Time Scaling:

z(t)
t — 2t z(2t)
t —t/2 z(t/2)

AN
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X (t)—=>x(-t+1) N

(t,.);t)
1
: N, t
0 1 >

t—t41 1

y(t) = z(t+1)

=1 0 1 2

t — —t 1

2(t) = y(-t) = z(—t+1)

1




Signals & Systems: Transformation

X (t)—=>x(-t+1) N
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1
I
LN
1 t

t—t+1

1 ]

y(t) = z(t+1)

1

~1 0 1 2
t— —t

z(t) = y(—1) = z(—t+1)

1

t — —t

——

y@) =z(—t) |

t—t+1
z(t) = y(t+1) 1
=z(—(t+1)) = z(-t-1)

Signals & Systems: Transformation

ax (t) = x(3/2t+1)
11'/‘1(75)&)
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o~

t—t+1

1 ]

y(t) = z(t+1)

1

—1 0 1 2

3
g |

2() = y(Gt) = e(5t+1)

t —

—-2/3 0 2/3

t—t+1

2(t) = y(t+1) = z2(3t+3)

N

|
—1 -1/3 0 1/3




Signals & Systems: Transformation

=X (t)—>x(at-b)

— la] < 1:
— la] > 1.
— a <Q0:
— b >0:
— b <0:

linearly stretched
linearly compressed
time reversal
delayed time shift
advanced time shift
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= Problems:
e P1.21forCT
e P1.22 for DT

Signals & Systems: Transformation

» CT & DT Periodic Signals:

x(t)
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/\ /\ ﬁ\ /\ /\ 11”1 ]l”l[....

2(t) = z(t + T)

z[n] = z[n + N]

N =3

for 7" > 0 and all values of ¢

for N > 0 and all values of n
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= Periodic Signals:

z(t) =z(t+T) for T >0 and all values of ¢
z[n] = z[n+ N] for N > 0 and all values of n

A periodic signal is unchanged by a time shift of T or N
* They are also periodic with period

- 2T, 3T, AT,

—~ 2N, 3N, 4N,

* T or N is called the fundamental period
denoted as T, or N,
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= Periodic signal ? x(t) =z(t+T) Vt, T>0

cos(t), ift<O

z(t) =

sin(t), ift>0

WY
R AVAVAATAVAYS

= Problems:
e P1.25for CT
e P1.26 for DT
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= Even & odd signals:

A signal is even if z(—t) = z(t) or z[-n] = =x[n]

A signal is odd if x(—t) = —z(t) or z[—n] = —x[n]
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» Even-odd decomposition of a signal:

* Any signal can be broken into a sum of
one even signal and one odd signal

& {a:(t)} =

o(-) + () |

N| =

o) + (-] =

N | =

{x(—t) — &l ]

N~

{:c(t) _ x(—t)] = -

N | =

Od {:r:(t)} =

= z(t)

£ {a:(t)} + Od {:r:(t)}
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» Even-odd decomposition of a DT signal:

z[n] - z[—n]

L :
1 o= 11
Od{x[n]} T2 {m[n] - x[—n]] ii i 5%” Lo Problems:

3 . P1.23forCT
e P1.24 for DT
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» Unigueness of even-odd decomposition:.

Assume that z(t) = Ev1(t) + Od; (t)
and z(t) = Eva(t) + Od»(t)

So, Ev1(t) + Od1(t) = Eva(t) + Odo(t)

and Evq(—t) + Ody(—t) = Eva(—t) + Ods(—t)

Ev1(—t) = Ev1 () Ody(~t) = —Ody (t)
Because {svi(—t) = gup(t) 2 { Oda(—t) = —Od (1

Then, Evq(t) — Od1(t) = Eva(t) — Odo(t)

= 2Ev1(t) = 2Evo(t) or, Ev1(t) = Eva(t)

= 20d1(t) = 20d>(t) or, Od1(t) = Od>(t)
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z(t)

alll A

= Continuous-Time & Discrete-Time Signals
* Transformations of the Independent Variable

— Time Shift z[n — no] x(t —to)  x(—t) =
z[—n] x(—t) z(—t) = —z(t), z[-n] = —z[n]

— Time Reversal 2[an] 2(at)
— Time Scaling () = (¢ + T)
— Periodic Signals  z[n] = z[n 4 N]
— Even & Odd Signals

= Exponential & Sinusoidal Signals

z(t),z[-n] = z[n]

Ev {.r[n]} = % {.r[n] + .'r'[—n]]

U(!{J:[n]} =

= The Unit Impulse & Unit Step Functions
= Continuous-Time & Discrete-Time Systems

= Basic System Properties

% [::.‘[n] - .1.‘[—1:]_!

Signals & Systems: Exponential & Sinusoidal Signals

= Magnitude & Phase Representation:

m j=v-1
t (o, w)
rsinfd -4 o+ jw =
r
0 L
—Re = o0+ jw
r COS 0

Euler’s relation:

eJ? = cosf + jsin®
= o+ jw =-r<COS€+jSin9)

= (rcos@) + j(rsin®)

Feng-Li Lian © 2015
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r =102 + w?

—
tan(0) =
’rej@
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» CT Complex Exponential Signals:

z(t) = Ce®

* where C & a are, in general, complex numbers

a=o -+ jw

& =1e| e
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» Real exponential signals:

* If C & a are real z(t) = Ce

()

x(t)

b}




Signals & Systems: Exponential & Sinusoidal Signals linipali b

. o i — s
= Periodic complex exponential signals:® = €°s¢ tJsin?

« If a is purely imaginary G G W

z(t) = /™o

* It is periodic

—Because let 7, = 2"
lwol
—Then | on
e/woTo = ¢/"%wo = cos( ) +jsin( ) =
—Hence
Jwo(t+To) — ,jwot Jwolo — ,jwot
z(t+ ) ==z(t)
Signals & Systems: Exponential & Sinusoidal Signals R llan Q20
= Periodic sinusoidal signals:
wo = 27 fo
21
x(t) = A cos(wgt + ¢) Ty = =—
wo
1
To = —
X(t) = Acos (wgt + b) fO

fo:(1/sec= Hz)

al S0 a—
Ao ¢7 To - (sec)
\ wq : (rad/sec)




Signals & Systems: Exponential & Sinusoidal Signals

» Period & Frequency:

_271'

wo

1o
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zr1(t) = cos(wyt)
AN
zo(t) = CC()C}S( wo t)

v
NAAAN D
araViraravaAn

[\ [
VARV,

(b)

Signals & Systems: Exponential & Sinusoidal Signals

= Euler’s relation:

e/’ = cos® + jsing

eI (=9 = cos(—0) + jsin(—0)

= Acos(wot+¢)

cos(f) — jsin(H)
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cos(f) = Re{e(jg)}
sin(0) = Im{e(jg)}
(40) —(40)
= cos(f) = € te
2
(19) — e~ (i)
= sin(f) = ¢ ?
2)

A iotuwet) L A —i(e+uot)
2 2

B a4
e IP g—Jwot
2

A

i J¢ Jwol |
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Im
= Total energy & average power: R (o, w)
5 sin wot ’
19 | 44 -
Eperiod = / elwot| dt
0 i §
wot
0 —Re
coswqt
To
= 1-dt = 1p
0
P = 1E‘ iod = 1
period — TO period —
Eoo = o0
s A O, 1.
Px = Iim lf Jwot| dt = 1 = Problem:
=tesl T + P13
Signals & Systems: Exponential & Sinusoidal Signals e oo

= Harmonically related periodic exponentials

ejO'th? el 1'wot} eer'wotj BJSwot?

ej(—l)wot} ej(_z)wot’ ej(—?))’wot’
dult) = gd®v0", k=0,+1,+2, ...

e For k =0, ¢,(t) is constant

e For k # 0, ¢5.(t) is periodic with

fundamental frequency |k|wg and

fundamental period %
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» General complex exponential signals:

Ce = (|C|e/?)(elTHIwolty o+jw = rel’
= (|C| &) (€'t eTwol ) e/’ = cosf + jsing
= |C| et e (wot+0)

= |Cle"™ cos(wgt+0) + j|Cle™ sin(wot+6)

X0 -
.- *)

(b)

. . . . . . Feng-Li Lian © 2015
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= General complex exponential signals:
Im

2(t) = ap(t) + (1)

Im
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* DT complex exponential signal or sequence:

z(t) = Ce™ z[n] = Ce™

= C(eb)n with a = e?

z[n] = Ca™

* where C & a are, in general, complex numbers

Feng-Li Lian © 2015
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» Real exponential signals:

« If C & a are real z[n] = Ca™
-1 <a<O
a>1 ”
[TTTYT!f:o----
““1111““““"
O<ax<l

a< —1

i

HlHlnnuglmm,,,,,,.. LT
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» DT Complex Exponential & Sinusoidal Signals

« If b is purely imaginary (or |a| = 1) el? = cos® + jsino
vln] = 70" z[n] = cos (Q—Wn)
= cos(wgn) + jsin(wgn) H ‘

x[n] = cos (43fﬂn)

P
10 s 7 ,I
]HJI [“H”l llH]' n | ll””“““m“ |
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= Euler’s relation:

eJW0" = coswgn + j sinwon

= And,

A i e A
Acos(won + ¢) = 5 el eJwon 4 5 e

_Jd) e_j“‘on’




Feng-Li Lian © 2015

Signals & Systems: Exponential & Sinusoidal Signals NTUEE.SS1.55.43

» General complex exponential signals:

Ca™ = (|C]e’?)((Jale?™0)™)

= |C||a|™ cos(won+0) —+ j|C|la|™ sin(wgon+6)

la| > 1 la| < 1
.i....nmm':luul‘f'wf J'lml””‘“*“*
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= Periodicity properties of DT complex exponentials:
eJ2™ = cos 2mn + jsin 27n

eJwon

ej(’lbo-l—?ﬂ')‘n eJ2mm jJjwon — pjwon

» The signal with frequency w, is identical to
the signals with frequencies wo % 2, wg % 4w, wo + 6,

* Only need to consider a frequency interval of length 2n
—Usuallyuse 0 <wg<2m or —m < wg < T,

* The low frequencies are located at wg =0, +2m, ---
The high frequencies are located at  ,; — 4, 437,

O =1 and M = (M) = (_1)"
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= CT exponential signals

— — 1 2
1 1 1
0 0 0
1 -1 -1
cos(0*pi*t) cos(1/8*pi*t) cos(1/4*pi*t)
-10 0 10 -10 0 3 10 -10 0 1 210
— 4 — —
1 1 1
0 0 0
1 -1 a1
cos(1/2*pi*t) cos(1*pi*t) cos(3/2*pi*t)
-10 0 10 -10 0 10 -10 0 10
wo=Yn  wo=1r  wo=1tr
1 1 1
0 0 0
1 -1 a1
cos(7/4*pi*t) cos(15/8*pi*t) cos(2*pi*t)
-10 0 10 -10 0 10 -10 0 10

t t t
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= CT exponential signals

_ 16 — 17 18
cos(wpt) WO = g7 —wWo = g T ~WQ = g
1 1 1
0 0 0
1 -1 -1
cos(2*pi*t) cos(17/8*pi*t) C0s(9/4*pi*t)
-10 0 5 10 -10 0 2410 -10 0 2810
1 1 1
0 0 0
1 -1 -1
cos(5/2*pi*t) cos(3*pi*t) cos(7/2*pi*t)
-10 0 10 -10 0 10 -10 0 210
1
wo=Pr  wo=3r  wo=Pr
1 1 1
0| 0 | 0 H
-1 -1 | -1
cos(15/4*pi*t) cos(31/8*pi*t) cos(4*pi*t)

-10 0 10 -10 0 10 -10 0 10
t t t
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= CT & DT exponential signals [cos(wgt) cos(won)
15— WO — Om——— 15 wo = %W*—*
1 1 1 1
0.5 0.5 0.5 0.5 [ { [ ( [ (
0 0 0 Ogelorelereloelereiers oole
-1-513 COS (’UJ 0 t) 1'; COS (wo n ) -1-; cos(L/2*pi) ) 1-; cos(1/2*pi*n)
~ 10 0 10 ) 10 0 10 T 10 0 10 ' s -10 0 10
1.5‘—;11)0 = %ﬂ' ! 1.5 ‘ wo = g’ﬂ' !
1 1} | 1 1
" S o [T
SRRV L
1513 cos(1/8*pi*t) _12 cos(1/8*pi*n) _1?; cos(1*pi*t) 1; . cos(1*pi*n) '
-10 0 10 -10 0 10 -10 0 10 1 2—10 0 10
1.5‘—;’11}0 == %ﬂ' . 15 : wo = ?ﬂ- !
1 1 1 1
05 05 " 05 0.5 [ ( [ ( [ ( [
0 0 0 Ogeloreiersioeleciorelecle
1&13 cos(1/4*pi*t) —12 cos(1/4*pi*n) —12 cos(3/2*pi*t) 1; cos(3/2*pi*n)
-10 0 10 -10 0 10 -10 0 10 -10 0 10
t n t n
Signals & Systems: Exponential & Sinusoidal Signals PN Q20
= CT & DT exponential signals (os(wat)  _Icos(won)
15— 14 15 wo = 7T
1 wo = 8 ﬂ-. 1 1,8
: I LA L
ST S
* cos(7/4*pi*t) * cos(7/4*pi*n) * cos(17/8*pi*t) * cos(17/8*pi*n)
50 0 10 50 0 10 BTy 0 10 AT 0 10
1.5 ' wo = %’}T . 1.5 : wo = %87'[' .
1 14 1 1
: LA L I < 1T
of T TF] - ST
1 -1 -1 -1
45 = cos(;S/B*pi*t)lo 15 = co:;(;S/B"pi*nl)0 A5 n cos(:/zl*pi*t)10 15 2—6) cos(ci-:/4*pi"n)lo
15 : wo — %671' _ L5 : wo = @W !
1 1 1 1
0 0 0 O¢reloelesloelooloole .
—1_£13 cos(2*pi*t) 1_t13 cos(2*pi*n) —1_; cos(5/2*pitt) —l_; cos(5/2*pi*n)
T 10 0 10 10 0 10 10 0 10 ~ 10 0 10

t n

t

n
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CT & DT exponential S|gnals -
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Per|od|C|ty properties of DT exponential S|qnals

ﬂo f— Oﬂ‘ﬁi Sﬂo pr— %ﬂ'ﬁi 5*ﬁw0 — %ﬂ_ﬁi

MO 4, 4 < 6% ]

aim_ | T | TLTT
T s MHH

L

L

L

L

L

L

L

L

L

L

L

L

L

L
e O

o = 01 O

BLo
Gl e

L

L

L

L

L

L

L

L

L

.,‘
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Per|od|C|tv6oropert|es of DT exponential S|qnals

W = g B wg = @77?7 L5——wo = %871'?

Signals & Systems: Exponential & Sinusoidal Signals

RimiinE N
st VLW i
T i
TIILT] S T
T ?“m i
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= Periodicity properties of DT exponential signals

= Periodicity of N >0 = Problem:

- P1.35

elton eJwo(nt+N) — jwon gjwoN — gjwon o  gjwoN — 1
w m
= That is wolN = 2mm  or 0T
’ 27 N

= Hence, €/%0" is periodic if Té”—g is a rational number

[n] cos(QW) [n] cos<4'2ﬂ) 1

rnj — n rnj — n k) :COS(—TL)
12 31 [n] =

]”‘1 l[“ Hh I” { IIIHIIH]“ lhw ”I: 1! ”““h,‘”llmH““““,,Il
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= Periodicity properties of DT exponential signals

2T
#(l) = £0s t T =127
"'.l”‘l.l th Hl (12 )
”l ” x[n] = cos (?n) N =127
4 .27 31
x(t) = cos t Tr'=—7
bl | I 1]’1] i 550 ’
“ H ’ ” Jg[n] = COS (4:;)?71- n) N - 37:?
| ”‘ z(t) = cos (%t) T = 1277
“”“““l1 | x[n] = cos (én) N = 1277
Signals & Systems: Exponential & Sinusoidal Signals e oo

= Harmonically related periodic exponentials

. S 27
¢pln] = e?Fwodn = k(I | =0 41,42, ...

qbk—l—N [n] = ej(k*‘f\'r)(zwﬂ)n

— KEFIn GNEIR — g [n]

* Only N distinct periodic exponentials in the set

2 .y 2T
doln] =1, ¢1[n) =T, ¢o[n] = ST,

N —1Y2%
oy ON_1n] = SN DN

pnin] = TN = 2™ = 1 = go[n], ; np1ln] = d1lnl, ...
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= Comparison of CT & DT signals:
TABLE 1.1 Comparison of the signals e/! and e/«”,
CT  eJwo DT el o

Distinct signals for distinct values of @,  Identical signals for values of wq
separated by multiples of 27

Periodic for any choice of w Periodic only if @q = 2mm/N for some integers N = 0 and m.
Fundamental frequency wq Fundamental frequency”™ wy/m
Fundamental period Fundamental period”

wy = 0: undefined wy = 0: un_dcﬁncd

wy ¥ 0: 2% woy # 0:m 1: ]

rrrr

“Assumes that m and N do not have any factors in common.

DT 1, ) gCxFn) o J(IN-LFn
i lwnt i 2wnt 3wt
CT 1, el ~ot, el <%0t el =10t ,

_ _ _ = Problem:
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= Introduction il N

= Continuous-Time & Discrete-Time Signals
= Transformations of the Independent Variable

— Time Shift z[n — nol z(t — tg) z(—t) = z(t),z[-n]l= =z[n]
_ Time Reversal “\ ™ =(~1) Btd = ~g(1) ] ==zlo]
] . z[an] x(at) Ev {.r[n]} — % {.r[n] + ,T'[—Il]]

— Time Scaling 2(t) = 2(t + T) L
— Periodic Signals  z[n] = z[n + N] Od{atnl} = [zln] - {-nl]
— Even & Odd Signals dp(t) = ¥ k= 0,£1,...

épln] = efFwon g =0,.. . N—1

= Exponential & Sinusoidal Signals

= The Unit Impulse & Unit Step Functions

= Continuous-Time & Discrete-Time Systems
= Basic System Properties
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= DT Unit Impulse & Unit Step Sequences

= Unit impulse (or unit sample)

. . 8[n)
3 n = 1
5[”]_{0, n# 0 e
10, n# ‘]
e
= Unit step
uln]
[0 n<e SO 1151111
=TT, 5820
RN 11111
e 1={ 9 RS e L
Signals & Systems: Unit Impulse & Unit Step Functions rergllan Q20

» Relationship Between Impulse & Step

a[n|

= First difference -
o[n] = u[n] — u[n — 1] 1””]”]
= Running sum ;f”””'"
u[n] = zﬂ: o[m] . { 0, n<O
m=—o0 11, n>0

Interval of summation Interval of summation
—— _—
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Signals & Systems: Unit Impulse & Unit Step Functions

» Relationship Between Impulse & Step

= Alternatively,

0
u[n] = Z oln — k], with m=n—%
k=00

o0
or, wu[n] = Z o[n — k]
k=0
Interval of summation tervallof e et
8[m_k] : ___________ I'“"'"al-n—-k]———-—
M w
(a)
n<0 ° ® n>0
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Signals & Systems: Unit Impulse & Unit Step Functions

= Sample by Unit Impulse
= For x[n] = More generally,

z[n]dé[n] = 2[0]d[n] z[n]d[n — ng]l = xz[ngld[n — nol

x[n] x[n]

x[n]o[n] { z[5]6[n — 5]
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Signals & Systems: Unit Impulse & Unit Step Functions

= CT Unit Impulse & Unit Step Functions

= Unit step function

ult)

u(t) = { 0, t<0 1

1, t>0

= Unit impulse function

o(t) ()

Feng-Li Lian © 2015
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Signals & Systems: Unit Impulse & Unit Step Functions

= Relationship Between Impulse & Step

= Running integral

_{0, t<0

t
u(t =f 5()d
u(t) = | _o(r)dr 1, t>0

= First derivative

du(t)

o) =—

* But, u(t) is discontinuous at t = 0, hence, not differentiable
« Use approximation
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= Relationship Between Impulse & Step
= Use approximation

u(th Bult)

[

t g A t
x duA(t)
oaA(l) = ———
a(t) =
0(t) = lim Ia(t
(t) P A1)
B(t k3(t)
k‘
1
0 1 0 t
Signals & Systems: Unit Impulse & Unit Step Functions Feng-LiLian © 2015
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= Relationship Between Impulse & Step

u(t) =/_too 5(r)dr =/O:6(t—cr)(—do) :/OOO 5(t — o) (do)

T=t—o0

e =/OO°5(75—T)(dT)

Interval of integration
&g Interval of integration
S
'
8(r)

: ]
t 0 T

(a)

Interval of integration

®) (b)
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= Sample by Unit Impulse Function

= For x(t)

x(t)6(t) = 2(0)6(¢)

= More generally,

z(t)o(t —to) = x2(to)d(t — to)

/5.\(‘)
o |
0 A t
(a) ()
Signals & Systems: Unit Impulse & Unit Step Functions rergllan Q200
= Example 1.7:
5(t) = du(t)
St
x(t) t ~
u(t) =/ o(7)dr
— 00

(@

o(t) = fot i(r)dr

——|nterval of integration

ST P

b -+ 1 c
1 4 t ® t 1 4 T &
—2 2|
.3 —3»—
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= Exponential, Sinusoidal, Impulse, Step functions

time frequency

v
v

v
v

el = coswqt + j sin wot

v
v

: Feng-Li Lian © 2015
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= Summation or Integration of Three Functions

1 ) = [ ) A ) d

= [ e ) nC ) d

fl I = > dl ] Al ]

I
M
=,
=
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= Introduction lls, o AN

. a|u[ui'

= Continuous-Time & Discrete-Time Signals
* Transformations of the Independent Variable

— Time Shift xz[n — ng) x(t — tg) z(—t) = z(t),z[-n] = =z[n]
. z[—n] z(—t) z(—t) = —z(t),z[-n] = —=z[n]
— Time Reversal 2lan] 2(at) { : ]} 1{ " ]]
a a Evizxn]y = = |z[n r[—n
— Time Scaling 2(t) = 2(t +T) 2 :
— Periodic Signals  z[n] = z[n + N] Od{slnl} =7 [oln] - si-nl
— Even & Odd Signals $r(t) = e{:*'**'o’,;; =0,%1,...
) ) ) ) ¢opn] =0k =0,...,N—1
= Exponential & Sinusoidal Signals 5[], ufn]

= The Unit Impulse & Unit Step Functions ~ °®“®”
= Continuous-Time & Discrete-Time Systems
= Basic System Properties

Feng-Li Lian © 2015
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» Physical Systems & Mathematical Descriptions

= Examples of physical systems are
signal processing, communications,
electromechanical motors, automotive vehicles,
chemical-processing plants

= A system can be viewed as a process
in which input signals are transformed by the system
or cause the system to respond in some way,
resulting in other signals or outputs

Discrete-time
system

Continuous-time

f— I
system y®) [}

e A LL|

(@ (b)
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= Simple examples of CT systems

= RC circuit

Input signal: vs(t) Output signal: ve(t)

, vs(t) — ve(t) , dve(t)
i(t) 7 i(t) 7t
doe(t) 1 1
= t) = t
ot RC’UC( ) Rcvs( )
d i Xt —— mnlér;;?:;'['ma - ylt)
YO 1 ay(r) = bat
z(t) — y(t)
Signals & Systems: CT & DT Systems ot aa st

= Simple examples of CT systems

= Automobile

Input signal: f(t)
-ﬂ_p\,l'

Output signal: v(t)

F(t) = pu(t) = mdii(;)
dzzl(tt) _ %[f(t) — pu(t)]
R IREOEEYC
dig) + ay(t) = b (t) AN

z(t) — y(t)
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= Simple examples of DT systems

= Balance in a bank account

y[n] = 1.01y[n — 1] + x[n]

or, y[n] — 1.01y[n — 1] = z[n]

= y[n] + ay[n — 1] = bz[n]

xn] Discrete-time

— ]

(b}

z[n] — yln]

Signals & Systems: CT & DT Systems Feng-Li Lian © 2015
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= Simple examples of DT systems

= Digital simulation of differential equation

dv(t) _v(nA)—v((n—-1)A) _ wv[n]—wv[n—1]
at A - A ’
t =nA
dv(t) | p 1
0+ Loy = 25
t m m
A
= v[n] — oA —:—npAv [n— 1] = X oA fln] N

(b}

= y[n] + ay[n — 1] = bx[n] z[n] — y[n]
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= Interconnections of Systems:
e Audio System:

Microphone
Treble Speaker
or Tape

+25 LI T T 1 LI 25 L | T L — T T T T7T
+20 |- B +20 [~ .
+15 |- Switch position 1 | +15
g +10 _///— = n‘g +10
§ < . 3 s
2 ol Switch position 2 - é 0
@
-4 5 -1 § -5 -
-10 | g -10 |
-18 T I 1 L1 T T T 15 [ R 1 L1 I T T T
20H: 30 40 60 100 200 400 600 TxHz 2 34 6810 20 20Hz30 40 60 100 200 400 800 1kHz 2 34 5810 20
Frequency Frequency
(a) (e
+25 LI B N B | T L T T T T T 11
+20 - Upper limit .
+15 - -3
@ +10 .
k-1
2 45 = -
[
a of ™ :
i Lower Emit
(4 5 -
10 b -
-15 L1 111 1 L 1 1 1 11 111
20Mz3040 60 100 200 400 600 Tkmz 2 34 6810 20
Frequency
(b)
Signals & Systems: CT & DT Systems o e 20
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= |[nterconnections of Systems

= Series or cascade interconnection of 2 systems

Input ==~ System 1 >| System 2 == Output

(@)

> e.x. radio receiver + amplifier

= Parallel interconnection of 2 systems

System 1
INput =g %— Qutput

»| System 2 —1

(b)

> e.x. audio system with several microphones or speakers
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= |[nterconnections of Systems

= Series-parallel interconnection

System 1 System 2
Input =——>—¢ %— System 4 | Qutput

»| System 3 —T

(c}

Y

= Feedback interconnection

Input ——={ + System 1 = Output

Systern 2 |-

> e.X. cruise control, electrical circuit

. o Feng-Li Lian © 2015
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= Introduction =ln] 0

= Continuous-Time & Discrete-Time Signals  llli, .« /N
= Transformations of the Independent Variable
— Time Shift z[n — no) z(t —to) z(—t) = z(t),z[-n] = z[n]
— Time Reversal z[—n] z(—t) z(—t) = —z(t), z[—n] = —z[n]
- Tim.e S.cali.ng z[an] z(at) Ev {r[n]} =1 [x[n] + _-r[_nﬂ
— Periodic Signals 2(t) = z(t + T) 21 :
— Even & Odd Signals z[n] = z[n + N] Od{r[n]} =3 [a:[n] - .r:[—n]_
= Exponential & Sinusoidal Signals o1, (t) = eii"“'ot,k =0.%1,...
. . . pr[n] = "0k =0,..,N -1
= The Unit Impulse & Unit Step Functions o e[ -
alnl, uln
= Continuous-Time & Discrete-Time Systems 5(t), u(t)

= Basic System Properties
— Systems with or without memory

— Invertibility & Inverse Systems Al ] OSCEEAMS Ly ) CoMtuOUS e
— Causality © @
— Stability

z(t) = y(t
— Time Invariance z[n] — yln] (t) y(1)

Linearity
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= Systems with or without memory

= Memoryless systems
* Output depends only on the input at that same time

y[n] = (2z[n] — z[n]?)?

\ /2

y(t) = Rz(t) (resistor) -

= Systems with memory

A\ 4
v

n

y[n] = Z x[k]  (accumulator)
k=—o00
1 rt
y[n] = z[n — 1] (delay) y(t) = Ef_oom(T)d’T
Signals & Systems: Basic System Properties Feng-LiLian © 2015
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= Invertibility & Inverse Systems

= Invertible systems
* Distinct inputs lead to distinct outputs

t
M| Imverse | wiol = x( ) =] 0 = 2x) =2 wit = 2yt - wit) = xtt

X[n] ==~ System

(a)

K[N] m— y[n] =k }}_1 x[K]

win] = ylr] - yln = 1] f—=wn] = x[n]

(c)

y(t) = z(¢)? is not invertible
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= Causality

= Causal systems

Feng-Li Lian © 2015
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* Output depends only on input at present time & in the past

v

. g—
() O

-y
* Non-causal systems

y[n] = z[n] — z[n + 1]
y(t) =z(t+ 1)

—ill—

\ 4

doe(t) , 11
= @ TR = ga%®
> 2O 4 24y = 2ier)

dt m m

y(t) = z(t) cos(t + 1) 777

Signals & Systems: Basic System Properties

= Stability
= Stable systems

Feng-Li Lian © 2015
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« Small inputs lead to responses that do not diverge

» Every bounded input excites a bounded output
— Bounded-input bounded-output stable (BIBO stable)
— For all |x(t)| < a, then |y(t)| < b, for all t

e Balance in a bank account?

%(t)

(b)

y[n] = 1.01y[n — 1] + x[n]
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» Example 1.13: Stability

lz(t)| < a

S1: yt) =tz()

Sy y(t) = e

Feng-Li Lian © 2015
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= Time Invariance

= Time-invariant systems
* Behavior & characteristics of system are fixed over time

_A'A?"' d“{_}c( t) 1 1
v ﬂ c==v —-=3 Ve f —_— t
# @ T Rrov) = gavs®)
i 1
o o o PO Py = Lia
— dt m m

A time shift in the input signal results in
an identical time shift in the output signal

z[n] = y[ln] <= z[n —ng]l — y[n — nol

—il—

A\ 4

v
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= Time Invariance

= Example of time-invariant system (Example 1.14)
y(t) = sin [x(?)]
21 (1) y1(t) = sin[z1(?)]

xo(t) = z1(t — to) yo(t) = sin [z2(t)] = sin [z1(t — to)]

y1(t —to) = sin [z1(t —to)]

y2(t) = y1(t — to)

Feng-Li Lian © 2015
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= Time Invariance

= Example of time-varying system (Example 1.16)

y(t) = z(2t)
X4(t) y4(t) y4(t=2)
1 1 1
-2 2 t -1 1 t 1 3 t

(a) (b) (e)

Xa(t) = x4(t—2) Yalt)
1 1
0 4 t 0 2 t
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= |inearity

= Linear systems

* If an input consists of the weighted sum of several signals,
then the output is the superposition of the responses of
the system to each of those signals

z1[n] = y1[n]

za[n] — ya[n]

IF (1) z1[n] + z2[n] — yiln] +y2[n] (additivity)
(2) a z1[n] — ayi1[n] (scaling or homogeneity)

a. any complex constant

THEN, the system is linear

. . . : Feng-Li Lian © 2015
Signals & Systems: Basic System Properties NTUEE-SS1-SS.88

= |inearity

= Linear systems

* In general, a,b: any complex constants
axi[n] + bzo[n] — ayi[n] + byz[n] for DT

axy1(t) + bza(t) — ay1(t) + by2(t)  for CT

* OR,
z[n] = apzpn] = a1z1[n] + asza[n] + ...
k
— ylnl = ) apyrln] = ary1ln] + azyaln] + ...
k

This is known as the superposition property
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= |inearity

= Example 1.17: S: y(t) = tz(t)

x1(t) = y1(t) = tx1(2)

xo(t) = yo(t) = twa(t)

z3(t) = aw1(t) + bao(t)

—  y3(t) = tz3(t)
= t(ax1(t) + bzo(t)) = atx1(t) + btao(t)

= ay1(t) + by2(t)

Feng-Li Lian © 2015
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= |inearity

" Example 1.18:  S: y(t) = (x(1))?
z1(t) — y1(t) = (21(8))?
ma(t) —  y2(t) = (w2(t))?
x3(t) = ax1(t) + bxo(t)
— y3(t) = (@3(1)?® = (az1(t) + baa(t))?
= a®(x1(t))? + b*(22(1)? + 2abx1 (22 (t)

= a2y1 (t) + b%y2(t) + 2abzq (t)za(t)
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= |inearity

= Example 1.20: S : y[n] = 2z[n] 4+ 3
z1[n] —  wy1ln] =2z41[n] + 3
z2[n] —  ya[n] =2z2[n] + 3
z3[n] = az1[n] + baz[n]
—  y3[n] = 2x3[n] +3
= 2(az1[n] + bx2[n]) + 3
— a(221[n] + 3) + b(22o[n] + 3) + 3 — 30 — 3b

= ay1[n] + by2[n] + 3(1 —a —b)

Feng-Li Lian © 2015
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= |inearity

= Example 1.20: S: y[n] =2z[n] + 3
z1[n] — wyi1ln] =2z1[n] + 3
zo[n] —  yo[n] = 2z3[n] + 3

= However,

y1[n] —yo[n] = (2361[71] ) 3) — (2582[?@] + 3)

=2 a1[n] - 25[n)

It is a incrementally linear system
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= Introduction =ln) =(t)
= Continuous-Time & Discrete-Time Signals _---m]]lmﬂlh,,w,ﬂm--- [N
= Transformations of the Independent Variable
— Time Shift z[n — ngl z(t — tg) z(—t) = z(t),z[-n] = =z[n]
— Time Reversal z[—n] z(—t) x(—t) = —x(t), x[—n] = —=[n]
— Time Scaling z[an] z(at) &;{I[n]} = [T[n] + 'r‘[—n]]
— Periodic Signals 2(t) = z(t + T) 21 .
— Even & Odd Signals z[n] = z[n + N] Od{rln]} =5 [f[nl - -1‘[—”1]
= Exponential & Sinusoidal Signals $r(t) = e?i"“'of,k =0,+1,..,
. . . ¢p[n] =" k=0,...,N—-1
= The Unit Impulse & Unit Step Functions o .
oln],uln
= Continuous-Time & Discrete-Time Systems 5(t), u(t)

= Basic System Properties
— Systems with or without memory

— Invertibility & Inverse Systems e ol e e )
— Causality ® @
— Stability

x(t) — y(t
— Time Invariance z[n] — yn] () y(t)
— Linearity

Feng-Li Lian © 2015
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Signals & Systems (Chap 1) LTI & Convolution  (Chap 2)
/( Bounded/Convergent \\
Periodic Aperiodic
F S —-CT — CT  (Chap4)
e FT
(Chap 3) — DT  (Chap5)

_/

Unbounded/Non-convergent

LT —CT (Chap9)
\ 7T — DT  (Chap 10) /
Time-Frequency (Chap 6) Communication  (Chap 8)

CT-DT (Chap 7) Control (Chap 11)
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= Problem 1.26 (Page 61)

x[n] = cos (g n2)

L=725;
n=-L:L;

N AN AN AR ANARAN
oo | $ 17101177 1]

axis([-L L -1.5 1.5])

Feng-Li Lian © 2015
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= Problem 1.27 (Page 62)
(a) y(t) =x2(t —2)+=x(2—-t) Time-Invariant?

z1(t) — y1(¢) y1(t) = 21(t —2) +z1(2 - t)
2(t) —  yo(t) yo(t) = zo(t — 2) + 22(2 — )

zo(t) = z1(t — to)

= yo(t) = z2(t — 2) + z2(2 — t)

:xl((t_to)_z) = yo(t) le(t—Q—tO)

+21(2 - (t - to)) Ha(E =gl

=z1(t —tg —2) =x1(t —tg — 2)

+21(2 — t+tg)) +x1(2 — t—to)
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= Problem 1.27 (Page 62)
(o) y(t) =z(t —2)4x2(2—-t) Time-Invariant?

21 () = 5(t) y1(t) =6(t—2) + (2 1)

zo(t) = §(t — 3) y(t)=8t—-2-3)+d6(2—-t-3)

=6(t—5)+6(—1—1)

= y1(t—3)=8(t—-3—-2)+ 82— (t—3))

=6(t—5)+d(5—-1t)




