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 Basic stability definitions

* Lyapunov’s stability theorems
* Variable gradient method

» Region of attraction

¢ Instability

The Invariance Principle (4.2, L10)
* LaSalle’s theorem

Linear Systems and Linearization (4.3, L11)
= Comparison Functions (4.4, L12)

Non-autonomous Systems (4.5, L13)

Linear Time-Varying Systems & Linearization (4.6, L14)
Converse Theorems (4.7, L15)

Boundedness & Ultimate Boundedness (4.8, L16)
Input-to-State Stability (4.9, L17)
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e Consider the nonautonomous system:

= f(t,z) (4.15)

where f:[0,00] x D — R"

is piecewise continuous in t and
locally Lipschitz in =z on [0, o0] x D,
and D C R™ is a domain

that contains the origin z = 0.

o If f(t,0) = 0,Vt > 0,
the origin is an E.P. for (4.15) att=20
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e An equilibrium point at the origin could be
a translation of a nonzero E.P.
OR,

a translation of a nonzero sol. of the syst.

e TO see the latter point,
suppose y(7) is a solution of the system

dy

= q(7,y)

defined for all 7 > a.
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e The change of variables
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e S0, we can determine the stability behavior
of the solution y(7) of the original system
by examining the stability behavior
of the origin

(as an E.P. for the transformed system).

e Notice that IF y(7) is not constant,
the transformed system will be
nonautonomous

even when the original system is

antonomous, that is, even when g(7,v) = g(v).
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e Studying the stability behavior of solutions

in the sense of Lyapunov can be done
only in the context of
studying the stability behavior of

the equilibria of nonautonomous systems.

e T he notions of stability and
asymptotic stability of
E.P. of nonautonomous systems
are basically the same as those
introduced in Definition 4.1

for autonomous systems.
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e \While the sol. of an autonomous system
depends only on (t — tg),
the sol. of a nonautonomous system

may depend on both ¢ and tp.

e SO, in general,
the stability behavior of E.P. will

depend on tg.
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e The origin x = 0 is a stable E.P. for (4.15)

if, for each € > 0, and any t5 >0

there is § = 6(e,tg) > 0 such that

z(to)|| < d = [lz(t)|| <e, Vt>tg

e T he existence of § for every ig
does not necessarily guarantee that
there is one constant ¢,
dependent only on ¢,
that would work for all tg,

as illustrated by the next example.
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e T he linear first-order system

z = (6tsint — 2t)x

has the solution

t
z(t) = xz(tp)exp [/{ (6TsinT — 27)dr

= x(tg) exp l6 sint — 6tcost — t2 — 6sintg + 6ty COSto + to2
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e Hence,

c(to), Vt=>tg

2O < |2(to)

e For any € > O,
the choice § = ¢/c(tg) shows that

the origin is stable.
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Example 4.17: Stability Case

e Suppose ty takes on the successive values
to = 2nm, forn=20,1,2,..., and
x(t) is evaluated m seconds later

in each case.

e T hen,

x(to+7) = z(tg)exp [(4n+ 1)(6 — ™)«
which implies that, for x(tp) # O,

z(to + m)

z(to)
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e T hus, given € > 0,
there is no ¢ independent of tg
that would satisfy the stability requirement

uniformly in tg.

Example 4.18: Asymp. Stability Case g an e 200

e T he linear first-order system

. T
r = -
1+t
has the solution
t —1 g
t) = to) €X
2(t) = a(to) exp([ ;—dn)
14 tg
= t
z(to) T+
e Since |z(t)| < |z(tg)], Vt > to,

the origin is clearly stable.
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e Actually, given any € > 0,

we can choose ¢ independent of {g.

e [t is also clear that

x(t) =0 ast— o

Consequently, assording to Definition 4.1,

the origin is asymptotically stable.

Example 4.18: Asymp. Stability Case N0 © 209

e But, the convergence of x(t) to the origin

is not uniform wrt the initial time tg.

e It is equivalent to saying that,
given any € > 0, there's T =T(e,tg) > 0

such that |z(t)| < e, for all t > tg+ T.

e Alghough this is ture for every ig,
the constant T' cannot be chosen

independent of tg.
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e The equilibrium point x = 0 of (4.15) is

e stable if, for each ¢ > 0,
there is § = §(e,tg) > O
such that ||z(tg)|| < d = ||z(®)]]| < &,

Vt>to>0 (4.16)

e uniformly stable (US) if, for each ¢ > 0,

there is § = §(¢) > 0, independent of tg,
such that (4.16) is satisfied.

e unstable if it is not stable.
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e asymptotically stable (AS)

if it is stable and there is ¢ = ¢(tg) > 0
such that z(t) — 0 as t — oo,

for all ||z(tg)|| < c.

e uniformly asymptotically stable (UAS)

if it is US and there is ¢ > 0, indep. of tg,
such that for all ||z(tg)|| < ¢,
x(t) — 0 as t — oo, uniformly in tg;

i.e., for each n >0, thereis T =T(n) >0

such that |[z(?)[| <n, Vt > to+T(n), V|[z(to)|| <c
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e globally uniformly asymptotically stable (GUAS)

if it is US,

d(e) can be chosen to satisfy
lim:—o000(e) = oo, and,

for each pair of positive numbers n & c,

there is T'=T(n,c) > 0 such that

(Il <m, Vt=>to+T(n,c), V|z(o)ll <c
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e The E.P. x = 0 of (4.15) is

e uniformly stable (US)

IFF there exist a class K function o« and
a positive constant c,

independent of tp, such that

iz 1020, VGl <e k@I < a(lltol) (4.19)
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e uniformly asymptotically stable (UAS)

IFF there exist a class £L function g and
a positive constant ¢,

independent of tg, such that

Vt >t >0, Vz(o)ll<e [lz@®)] <8 (Hﬂ?(to)Hat—to) (4.20)

e globally uniformly asymptotically stable (G UAS)

IFF inequality (4.20) is satisfied

for any initial state z(tp).
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e The E.P. x =0 of (4.15) is

e exponentially stable (ES)

if there exist positive constants ¢, k, & A

such that

=@ < Kk |lz@to)]] e A Vla(t)]| < e

e globally exponentially stable (GES)

if the above inequality is satisfied

for any initial state z(¢g).
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e Let z =0 be an E.P. for (4.15) and

D C R"™ be a domain containing z = 0.

e Let V:[0,00] x D— R be

a continuously differentiable func such that
Wi(z) < V(t,z) < Wo(x)

oV
ot

oV
-I-a—f(t,m)go, vt >0 and Vx € D
i

where Wy (z) and Wy(xz) are continuous P.D. func on D.

e Then, x = 0 is uniformly stable.
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Theorem 4.8: U.S.: Proof
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Theorem 4.9: U.A.S. & G.U.A.S. Feng-LiLian © 2005
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e Suppose the assumptions of Theorem 4.8

are satisfied with strengthened inequality:
ov oV
— + —f(t,x) < W
o T oSt ) < ~Ws(@)

Vit > 0 and Vx € D,

where W3(z): a cont. P.D. func. on D

e Then, =0 1Is

uniformly asymptotically stable.
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e Moreover, if r and ¢ are chosen such that

By = {H:CH < ?"} CD&c< minHmH:T Wi(z),
then every trajectory starting

in {x € By | Wo(z) < c} satisfies

lz@®I < B(lz()ll,t —to), Vt>1tg >0

for some class KL function 3.

e Finally,
if D = R"™ and Wy (z) is radially unbounded,
then x =0 is

globally uniformly asymptotically stable.
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Theorem 4.9: U.A.S. & G.U.A.S.: Proof
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PD, ND & US, UAS, GUAS
e A function V(t,z) is said to be

e positive semidefinite
if V(t,z) >0,

e positive definite
if V(t,z) > Wi(z)
for some positive definite function Wy (z),

e radially unbounded
if Wi(x) is so,

e decrescent
if V(t,z) < Wso(z).

e neqative definite (semidefinite)
if =V (t,z) is positive definite (semidefinite).

positive semidefinite

if V(¢t,z) >0,

positive definite
it V(t,z) > Wi(x)

for some positive definite

radially unbounded

if W1i(x) is so,
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A function V (¢, z) is said to be

positive semidefinite if V(t,z) >0

positive definite if V(t,z) > Wi(x)

for some PD function Wy ()

radially unbounded if Wi(z) is so

decrescent if V(t,z) < Wo(x)

if —V(t,z) is PD
(PSD)

negative definite

(semidefinite)
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Thms 4.8 and 4.9 say that the origin is

uniformly stable

if there is a continuously differentiable,
PD, decresscent function V (¢, x),
whose derivative along the trajectories

of the system is NSD

uniformly asymptototically stable

if the derivative is ND

globally uniformly asymptotically stable

if the conditions for UAS hold globally

with a radially unbounded V (¢, z)
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e Let z =0 be an E.P. for (4.15) and

D C R"™ be a domain containing z = 0.
e Let V:[0,00] x D — R be

a continuously differentiable function s.t.

ki||lz||*" < V(t,z) < kol|z||? (4.25)

oV
ot
vVt >0 and Vx € D,

oV
+ 5 f(t,2) < —ks|lz]|" (4.26)
T

where k1, ko, k3, and a are 4+ constants.
e Then, x =0 is exponentially stable.
e If the assumptions hold globally,

then x = 0 is qglobally exponentially stable.
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Example 4.19: G.U.A.S.

e Consider the scalar system

&= —[1+ g(®)]z>

where ¢(t) is continuous and

g(t) > 0 for all t > 0.
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e Consider the system

r1 = —x1 —g(t)zo
Tp = T1— XD

where ¢g(t) is cont. diff. and satisfies

0<g(t) <kandg(t) <g(t), vt >0
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Example 4.20: G.E.S.
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e T he linear time-varying system
= A(t)z

has an E.P. at z = 0.

Let A(t) be continuous for all ¢t > 0.
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e Suppose there is a
cont. diff., sym., bdd, PD matrix P(t);

that is,
0<c1l <P(t)<eol, VE>0
which satisfies the matrix diff. eqn (4.28)

—P(t) = P(t)A(t) + AT (t) P(t) + Q(¢)

where Q(t) is cont., sym., and PD;
that is,

Q(t) >c3l >0, V>0
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Example 4.21: G.E.S. of LTV System
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