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(Ultimate) Boundedness (4.8)

Ch4.8-3
e Lyapunov analysis can be used to show
the boundedness of the solution
of the state equation,
even when there is no E.P. at the origin.
e For example: consider the scalar eqn.: o If f(t,0) =0,Vt > 0,
= —z4+ssint, z(tg) =a, a>8>0 the origin is an E.P.
' for z = f(t,z) att =20
which has no E.P.s and
whose solution is given by
t
z(t) = e (t-t0)g 4 5/ e () sin rdr
o
e The solution satisfies the bound
t
lz(t)| < e (tto)g 4 5/ e~ (=T gr
o
= e (t-t0)g 4 o[1 — e_(t_tO)]
= 5§+ (a—8)e (o)
< a, Vt>tg
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(Ultimate) Boundedness Ch4.8-4

e Which shows that
the solution is bouded for all t > tg,
uniformly in tg, that is,
with a bound independent of tg.

e While this bound is valid for all ¢t > tg,
it becomes a conservative estimate
of the solution as time progresses,
because it does not take into consideration
the exponentially decaying term.

e If we pick any number b
such that § < b < qa,
it can be easily seen that
a—206

(O < b Ve to+In(—

)
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(Ultimate) Boundedness

e The bound b,
which again is independent of tq,
gives a better estimate of the sol.
after a transient period has passes.

e In this case, the sol. is said to be
uniformly ultimately bounded and
b is called the ultimate bound.

Ch4.8-5
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via Lyapunov Analysis

e Showing that the sol. of x = —x + dsint
has the uniform boundedness and
ultimate boundedness properties
can be done via Lyapunov analysis
w /0 using the explicit sol. of the state eqn.

e Starting with V(z) = 22/2,
we calculate the derivative of V
along the traj. of the system, to obtain

V = zzx
_ 2 ;
= —z“ -+ zdsint

< —z? 4 5|z

e The RHS is not N.D.

because, near the origin,

§|z| dominates —z2.

Ch4.8-6
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via Lyapunov Analysis Ch4.8-7
e However, outside the set {|z| < d},
i.e., {|z| > 6}, V is negative. Vo< —z? 45|z

e Choose ¢ > §2/2.

e Since V is negative on the boundary V = ¢,
sols. starting in the set {V(z) < ¢}
will remain therein for all future time.

e Hence, the sol. are uniformly bounded.

e Moreover, if we pick any number ¢
such that (§2/2) <e < ¢,
then V will be negative in {e <V < ¢},
which shows that, in this set,
V' will decrease monotonically
until the sol. enters the set {V < e}.
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via Lyapunov Analysis Ch4.8-8
e Form the time on,
the sol. cannot leave the set {V < ¢}
because V is negative
on the boundary V =e.

e Thus, we can conclude that
the sol. is uniformly ultimately bounded
. . _ .2
with the ultimate bound |z| < v/2e. V(z) = z°/2 < e
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Definitions of UB, GUB, UUB, GUUB

e Consider the following system:
z= f(t,z) (4.32)

where f:[0,00) x D — R"

is piecewise continuous in t and
locally Lipschitz in  on [0,00) X D,
and D C R" is a domain

containing the origin.

Ch4.8-9
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Definitions of UB, GUB, UUB, GUUB

e Definition 4.6:
The solutions of z = f(¢,x) are

e uniformly bounded
if there exists a positive constant ¢,
independent of tg > 0, and
for every a € (0,c¢),
there is 8 = B(a) > 0,
independent of tg, such that

lz(to)ll < a=[lz()]| < B, Vt=to (4.33)

e globally uniformly bounded
if (4.33) holds for arbitrarily large a.

Ch4.8-10
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Definitions of UB, GUB, UUB, GUUB Ch4.8-11

e uniformly ultimately bounded
with ultimate bound b
if there exist positive constants b and ¢,
independent of tg > O,
and for every a € (0,c¢),
there is T = T(a,b) > 0,
independent of tg, such that

|lz(to)l] < a=[[z()[| < b, Vt=>to+T (4.34)

e globally uniformly ultimately bounded
if (4.34) holds for arbitrarily large a.

e For autonomous systems,
we may drop the word “uniformly”
since the solution depends only on t — tg.
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Lyapunov Analysis - 1 Ch4.8-12
e Consider a cont. diff., P.D. fun. V(z) and

suppose that {V(z) < ¢} is compact,

for some ¢ > 0.

o Llet A={e<V(z) <c}
for some positive constant € < c.

e Suppose the derivative of V
along the traj. of z = f(t,x) satisfies

V(t,z) < —Wz(x), Yz € A\, Vt > tg (4.35)

where W3(x) is a cont. P.D. function.

e Inequality (4.35) implies that
Qe ={V(z) <c} and Q. ={V(z) <€}
are positively invariant
since on the boundaries 02 and 0€2,
the derivative V is negative.
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Lyapunov Analysis - 2 Ch4.8-13
e Since V is negative in A,

a trajectory starting in A must

move in a direction of decreasing V (z(t)).

e In fact, while in A, Wi(z) <V(t,z) <Wo(z), (4.22)
V satisfies (4.22), (4.24) of Thm 4.9.
ov oV
— + —f(t,z) < -W3(z), (4.24)
ot oz
e T herefore, the trajectory behaves
as if the origin was U.A.S.
and satisfies an inequality of the form

2| < B(z(to)ll, t - to)

for some class KL function 3.

e V(x(t)) will continue decreasing
until the traj. enters Q¢ in finite time
and stays therein for all future time.
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Lyapunov Analysis - 3 Ch4.8-14
e The fact that

the trajectory enters Q¢ in finite time

can be shown as follows:

e Because W3(z) is continuous
and A is compact,
let Kk = mingcp W3(z) > 0.

e It is positive since W3(x) is P.D.

e Hence, W3(xz) > k, Vz € A (4.36)
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Lyapunov Analysis - 4 Ch4.8-15

e Inequalities (4.35) and (4.36) imply that V(t,z) < —Ws(z), (4.35)

V(t,x) < —k, Yz € A, Vt > tg Ws(z) >k, (4.36)

e T herefore,

V() < V(x(to)) — k(t — to) AN={esV(@) <c}

< c—k(t—tg)

which shows that V(z(t)) reduces to ¢
within the time interval [tg,tqg + (c —€)/k].

e In many problems, V < —W3 is obtained by
using norm inequalities.

e In such cases, it is more likely that

we arrive at (4.37)
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Lyapunov Analysis - 5 Ch4.8-16
e If r is sufficiently larger than pu,

we can choose ¢ and €

such that A is nonempty and

contained in {u < ||z|| < r}.

e In particular, let a1 and as
be class K functions such that

ar(flz]]) < V(z) < ax(lz|]) (4.38)

Wi(z) <V (t,z) <Wa(z), (4.22)
e From the left inequality of (4.38), 1(z) (t,2) 2(2) (

we have v oV
+—f(t,z) < -Wz(z), (4.24)

_ ot ox
V(z) <c=ar(|z]]) <ece 2] < agt(e)

N={e<V(z) <<}
e Therefore, taking ¢ = a1(r)
ensures that Q. C B,.
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Lyapunov Analysis - 6

From the right inequality of (4.38),
we have

lzll < p = V(z) < a2(p)

Consequently, taking € = ax(u)
ensures that By, C €2..

To obtain € < ¢,
we must have u < agl(al(r)).

All trajectories starting in Q2. enter Q¢
within a finite time T

To calculate the ultimate bound on z(t),
we use the left inequality of (4.38) to write

V() <e= ay(la]]) <e e lla]] < apt(e)

Ch4.8-17

ar(||z]])) £ V(z) < ax([lz[]) (4.38)
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Lyapunov Analysis - 7
Recalling that € = a>(u),
we see that

z € Qe = |lz]] < ayt(an(n))

Hence, the ultimate bound can be taken as
b=aj (az(p).

The ideas just presented

for a cont. diff. functon V(z)

can be extended to V (¢, z),

as long as V (t, z) satisfies inequality (4.38),
which leads to the Lyapunov-like theorem
for showing uniform boundedness

and ultimate boundedness.

Ch4.8-18

a1 (||z[]) £ V(z) < ax(|lz[]) (4.38)
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Theorem 4.18: G.U.U.B. Ch4.8-19
e Theorem 4.18:
e Let D C R™ be a domain

that contains the origin and

V:[0,00) X D —

be a cont. diff. func. such that

ar(|[z|]) <V (t,z) < ax(||z]]) (4.39)
9+ 9L f(t,x) < —Wa(x), V|jz]| > p > 0 (4.40)

VYt >0 and Vz € D,
where a1 and ap are class K functions
and W3(z) is a cont. P.D. functon.

e Take r > 0 such that B C D and
suppose that u < agl(al(r)) (4.41)
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Theorem 4.18: G.U.U.B. Ch4.8-20
e Then, there exists a class KL function

and for every initial state z(tg),

satisfying [|z(to)|| < a5 (a1 (r)),

there is T > 0 (dependent on z(tg) and u)

such that the soluton of z = f(¢, x) satisfies

|lz(®)]| < B(||z(to)|l,t —to), Vo <t <to+ T (4.42)

|lz(t)]| < ayt(aa(w)), Vt > to+ T (4.43)

e Hence, z(t) is U.B. (4.42) & U.U.B. (4.43).

e Moreover, if D = R™ and
a1 belongs to class Ko,
then (4.42) and (4.43) hold
for any initial state z(tp),
with no restriction on how large p is. e Proof: See Appendix C. 9.
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Theorem 4.18: G.U.U.B.

e Inequalities (4.42) and (4.43) show that
z(t) is uniformly bounded
for all t > tg and
uniformly ultimately bounded
with the ultimate bound OéIl(OQ(,u)).

e The ultimate bound is
a class K function of p;
hence, the smaller the value of u,
the smaller the ultimate bound.

e As u — 0,
the ultimate bound approaches zero.

e The main application of Thm 4.18 arises
in studying the stability of perturbed syst.

Ch4.8-21
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Example 4.24

e Example 4.24:

e Consider a mass-spring system
with a hardening spring,
linear viscous damping,
and a periodic external force
can be represented
by the Duffings equation

my + cy + ky + ka2y3 = Acoswt

e Taking z1 = y,xp =y and
assuming certain numerical values
for the various constants,
the system is represented by the state model

1 = xo
Ty = —(1+:p%)x1—x2—}—MCOSwt

where M > 0 is proportional to
the amplitude of the periodic external force.

Ch4.8-22
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Example 4.24 Ch4.8-23

e When M =0,
the system has an E.P. at the origin.

e It is shown in Example 4.6 that
the origin is G.A.S and
a Lyapunov function can be taken as

T l l Tq 3
V) = oT| 3 2 |a+2 [ (y+yay
L2+ 0
(1 17 1
= 2T % 2 az:—l—ar:%—l——scéll

|5 1] 2

(3 17 1
= :L'T_i %a:—l—ia:il
A T 1 4
= z Pr+ —zj

2
3 1

= Em%—i—w%—l—mlmg—i—iw?

e When M > 0, we apply Thm 4.18
with V(z) as a candidate func.
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Example 4.24 Ch4.8-24
* V(z) is P.D. and R.U.; a1(lf2l)) < V(t,2) < ax(lle|l) (4.39)

hence, by Lemma 4.3,
there exist class K« functions a1 and as

that satisfy (4.39) globally.

V||z|| = 1> 0 (4.40)

e The derivative of V along the traj. Viz) = §x% +x% NI llel
of the system is given by 2 2

V = 3zyd1+2x0dp+ a1z + 2y o+ 227 @

= —27 — 23 — 27+ (1 + 2x0) M coswt

< Izl - 2t + M V5 ||z]l2 =
o —(1—I—x%)x1—x2—|—MCOSwt

where we wrote (z1 + 2z5) as ylx
and used the inequality y7z < ||z||2||y||>.
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Example 4.24 Ch4.8-25
e To satisfy (4.40),

we want to use part of —||z||3

to dominate M+/5||z||, for large ||z||.

e Toward that end,
we rewrite the foregoing inequality as

V< =1 - 0)llall3 - 21 - 0llzll5 + MV5||zl|2

where 0 < 6 < 1, —0||z|[3 + MV5|lzl]2 < 0O
2
MV5||zll> < 6llz|5
e Then, M+/5
. M~/5 9 < lzll2
V< —(1-0)|||[3 - 21, V|z|l2 >
which shows that
inequality (4.40) is satisfied globally
with u = M+/5/0.
e We conclude that the solutions are
globally uniformly ultimately bounded.
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Example 4.24 Ch4.8-26

e Suppose we want to go the extra step of
calculating the ultimate bound.

e First to find the functions a1 and as.
. . T 1 4
e From the inequalities V(z) = z'Px+ 5:1:1

V(z) > 2T Pz > Apin(P)| |23

V(z) <2TPz+ §||2(13 < Amax(P)l[2]13 + 5|2]I3

e We see that o1 and ap can be taken as

ay(r) = Amin(P)rza

an(r) = /\mm(P)r?Jr;r“
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Example 4.24 Ch4.8-27

e Thus, the ultimate bound is given by

b = aj (a2(n)

)\ma:c(P)HQ + N4/2
Amin(P)
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