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Comparison Functions (4.4)

e From autononous to nonautonomous

e The sol of the nonautonomous syst
= f(t,x),
starting at z(tg) = zo,
depends on both ¢t and tg.

e Should refine the definitions
to let stability hold
uniformly in the initial time tg.

e Hence, we need some special comparison
functions.

Ch4.4-3
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Class K & KL Functions
e Definition 4.2 (Class K):

e A continuous function
a:[0,a) — [0,00)
is said to belong to class K
if it is strictly increasing and a(0) = 0.

e It is said to belong to class K«

if a =oc and a(r) — oc as r — oc.

Ch4.4-4
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Class K & KL Functions Ch4.4-5
e Definition 4.3 (Class KL):

e A continuous function
B :[0,a) x [0,00) — [0,00)
is said to belong to class KL
if, for each fixed s,
the mapping 3(r,s) belongs to class K
w.r.t. r and,
for each fixed r,
the mapping B(r,s) is decreasing w.r.t. s
and gB(r,s) — 0 as s — oo.
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Example 4.16 Ch4.4-6

e Example 4.16:

e a(r) = tan—1(r) is strictly increasing
since o/(r) =1/(1 +7r2) > 0.
It belongs to class £,
but not class KL

since limy 00 a(r) = /2 < oo.

o ar) =r°
for any positive real number ¢,
is strictly increasing
since o/(r) = erc~1 > 0.
Moreover, limy— a(r) = oo;
thus, it belongs to class K.
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Example 4.16 Ch4.4-7
e o(r) = min{r, 7'2}

is continuous, strictly increasing,

and limy o a(r) = oc.

Hence, it belongs to class K.

e Notice that a(r) is
not continuously differentiable at » = 1.
Continuous differentiability is not required
for a class K function.
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Example 4.16 Ch4.4-8
e 3(r,s) =r/(ksr + 1),
for any positive real number k,
is strictly increasing in r
since
0 1
8_ 1 _,
or  (ksr+1)2
and strictly decreasing in s

0

since
o2
L
0s (ksr+ 1)2
Moreover, 3(r,s) — 0 as s — oc.
Therefore, it belongs to class KL.

e B(r,s) =r%"%,
for any positive real number ¢,
belongs to class L.
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Lemma 4.2

Ch4.4-9
e Lemma 4.2:
e Let o7 and ap be class K functions
on [0,a),
a3 and ag be class Kso functions
and 3 be a class KL function.
e Denote the inverse of a; by ai_l.
e Then,
- o;[l is defined on [0,a1(a)) and
belongs to class K.
- o;gl is defined on [0,00) and
belongs to class K.
— a1 o ap belongs to class K.
— a3 0 ag belongs to class K.
— o(r,s) = a1(B(az(r), s))
belongs to class KL.
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Lemma 4.3 Ch4.4-10

e Lemma 4.3:
e Let V:D— R be
a continuous P.D. function

defined on a domain D C R"

that contains the origin.

e Let B, C D for some r > 0.

e Then, there exist class K functions a1, a»,
defined on [0, r], such that

ar(||zl]) < V(@) < ax(lz]l)

for all x € By.
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Lemma 4.3

Ch4.4-11

e If D=R",

a1, ap will be defined on [0,00) and

the foregoing inequality will hold Yz € R™.
e Moreover, if V(z) is radially unbounded,

then a1, as can be chosen

to belong to class K.
o If V(z) = 2 Pz,

/\min(P)llfﬁH% < z! Py < /\max(P)”:I:H%
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Lemma 4.4 Ch4.4-12

e Lemma 4.4:
e Consider the scalar autonomous D.E.

y=—a(y), y(to) =yvo

where af(-) is a local Lipschitz class K func
defined on [0,a).

e For all 0 < yg < qa,
this equation has a unique solution y(t)
defined for all t > tg.

¢ Moreover,

y(t) = o(yo,t — to)

where ¢ is a class KL function
defined on [0,a) x [0,00).
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Lemma 4.4

e Examples:
o If y= —ky, k> 0, then

y(t) = yoexp[—k(t — to)]

o(r,s) = rexp(—ks)

o If y = —ky?, k> 0, then

Yo
kyo(t —to) + 1

y(t) =

r

o(rs) =1

Ch4.4-13
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Comparison Funs & Lyapunov Analysis

e For the proof of Thm 4.1:
¢ Want to choose 3,4
such that Bs C Q3 C By.

e For a P.D. function V(z), it satisfies
ar([|z|[) < V(xz) < ax(]|z]])

we can choose 3 < ai(r) and § < a-gl(ﬁ).

e This is so because
V(z) < 8= or(lfal]) < ar(r) iff ||z|| < r

and ||z|]| <6 = V(z) < ax(d) < 8.

e For V(z) is N.D.,
x(t) - 0 as t — oc.

Ch4.4-14
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Comparison Funs & Lyapunov Analysis Ch4.4-15

e Using Lemma 4.3 we see that
there is a class K function as
such that V(z) < —az(||z|]).

e Hence, V satisifies the diff. inequality

V< —cx3(c.t51(V))

e Comparison lemma (Lma 3.4) shows that
V(z(t)) is bounded by the solution of

g = —az(ay(y)), y(0) =V (x(0))
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Comparison Funs & Lyapunov Analysis Ch4.4-16

e Lemma 4.2 shows that
a3 0051 is a class K function.

e Lemma 4.4 shows that
the solution is y(t) = B(y(0),t),
where 3 is a class KL function.

e Consequently, V(z(t)) satisfies

V(z(t)) < B(V(2(0)),1),

which shows that V(xz(t)) — 0 as t — oc.
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Comparison Funs & Lyapunov Analysis Ch4.4-17

Estimates of x(t)
V(x(t)) < V(x(0)) implies

ar ([[z(®)[) < V(2(?)) < V(x(0)) < ax([lz(0)[])

Hence, [|z(t)]] < a7 t(aa(||z(0)]]),
where a; ' oas is a class K function.

Similarly, V(z(t)) < 8(V(«2(0)),t) implies

ap ([[=()]]) < V(x(t)) < B(V(2(0)),1)
< Ba(l[z(0)[), )

Therefore, [|z(t)|| < a7t (B(az(]|z(0)|]),t)),
where QIl(ﬁ((_}:Q(T),t)) is a class KL func.
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