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Space Ch2A-3
¢ n-dimensional Euclidean Space, R™:
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Vector Norm - 1 Ch2A-4

e Vector Norm:
- x is a vector
- Norm ||z|| is a real-valued function:
— ||=|| = O for all x € R",
with ||z|| = 0 iff z = 0.
= [l +yll < [zl + [lyll.
for all xz,y € R™.
= llazl| = |a] ||z,
for all « € R and = € R".

e p-norm:
lzllp = (1P + - + |2aP) /P
l1<p<o
l2lloo = max|a;]

e 1-, 2-, oo-norms are the three commonly
used norms.
2-norm is also called the Euclidean norm.
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Vector Norm - 2

Ch2A-5
e All p-norms are equivalent in the sense that
l'51“-'3':”(1 < ||7||3’ < (52”'7:“(1
| -|la @and || - ||3 are two different p-norms
and ¢q and c¢p are positive constants.
e For 1-, 2-, co-norms,
the inequalities take the form:
llzll2 < [lz|l1 < Vnllz]]2
[1z|loo < [lz|l2 < Vnll2]|oo
[z][oo < [l2fl1 < nflzfleo
e The Holder inequality:
1 1
T _
2" y| < [lzllp [lyllp, —+—-=1
2|
for all z € R"™,y € R™.
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Matrix Norm - 1 Ch2A-6

e An m x n matrix A of real elements defines
a linear mapping y = Az from R"™ into R™.

e The induced p-norm of A is defined by:

|| Az||p
[[Allp = sup=——7—= [Az|]p
x#0 ||z|[p l][p=1
e Forp=1,2 0c:
T
[All1 = max Y |agl
Joi=1
1/2
||A||2 - P\max(ATA)}
n
|Alloo = miax 2 lagj]
j=1

where Amax(ATA) is the maximum eigen-
value of ATA.
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Matrix Norm - 2 Ch2A-7

e Some useful properties
FallAlloo < [1All2 < v/ml|Alloo
=4l < 114112 < vallAllL

1A[l2 < /11All1 [[Aloo

IABIlp < [|Allp |IBllp
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Sequence Convergence - 1 Ch2A-8

e A sequence of vectors zq, z1, ..., j, ... in R™,
denoted by {z;}, is said to converge to a
limit vector z if ||z;, — z|| — 0 as k — oc.

e Or, given any € > 0, there is an integer N
such that ||z, — z|| < ¢,Vk > N

e A vector z is an accumulation point
of a sequence {x;}
if there is a subsequence of {z;}
that converges to x

e A bounded sequence {z;} in R"
has at least one accumulation point in R™,
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Sequence Convergence - 2

e An increasing (monotonically increasing or
nondecreasing) sequence of real numbers
{re}t:

it 7 < rpg

e A strictly increasing sequence {r}:
if T < Tk41

e Decreasing (monotonically decreasing or non-
increasing) & strictly decreasing

e An increasing sequence of real numbers
that is bounded from above
converges to a real number.

e An decreasing sequence of real numbers
that is bounded from below
converges to a real number.

Ch2A-9
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Set-1

e A set SC R" is said to be open,
if, for every vector x € S,
one can find an e-neighborhood of z=
N(z.e)={z€ R"| ||z — || < e}
such that N(z.e) C S.

e A set S is closed
iff its complement in R"™ is open.

e A set S is bounded
if thereisr >0
such that ||z|| < r for all z € S.

e A set S is compact
if it is closed and bounded.

e A point p is a boundary point of a set S
if every neighborhood of p contains at least
one point of S and one point not belonging
to S.

Ch2A-10
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Set-2
e The set of all boundary points of S,
denoted by 9.5, is called the boundary of S.
e A closed set contains all its boundary points.
e The interior of a set S is S — d8§.

e An open set is equal to its interior.

e The closure of a set S, denoted by S, is
the union of S and its boundary.

e A closed set is equal to its closure.

e A open set S is connected
if every pair of points in S can be joined by
an arc lying in S.

Ch2A-11
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Set-3

e A set S is called region
if it is the union of an open connected set
with some, none, or all of its boundary
points.

e If none of the boundary points are included,
the region is called an open region or do-
main.

e A set S is convex
if for every z,y € S and
every real number 8, 0 <0 < 1,
the point 0z + (1 —0)y € S.

elfze XCR"andyeY C R™,
we say that (x,y) belongs to the product
set X xY C R" x R™.

Ch2A-12
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Continuous Functions - 1

e f:5] — Sy is that

a function f maps a set S7 into a set Ss.

A function f: R" — R™ is said
to be continuous at a point =
if f(xr) — f(x) whenever z; — x.

Equivalently, f is continuous at a =
if, given € > 0, thereis 6 >0
such that ||z —y|| < d = ||f(z) — f(y)|| <e.

A function f is continuous on a set S
if it is continuous at every point of S.

f is uniformly continuous on S

if, given ¢ > 0, thereis § >0
(dependent only on €) such that
the inequality holds for all =,y € S.
That is, the same constant § works
for all points in the set.

Ch2A-13
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Continuous Functions - 2

If f is uniformly continuous on a set S,
then it is continuous on S.

The opposite statement is not true

in general.

However, if S is a compact set,
then continuity and uniform continuity on
S are equivalent.

The function

(a1f1 +az2f2)() = a1 f1(-) + azf2(-)

is continuous

for any two scalars a7 and a and

any two continuous functions f1 and fo.

1,952,583 are any sets and
f1:51 — Sz and fy: S — S3 are functions,
then the function foo f1: 51 — S3

is called the composition of f{ and f» and

defined by (f20 f1)(:) = f2(f1(-)).

Ch2A-14
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Continuous Functions - 3

e The composition of two continuous func-
tions is continuous.

e IfSCR"and f:S— R™,
then the set of f(z),z € S,
is called the image of S under f
and is denoted by f(S).

e If f is a continuous function
defined on a compact set S,
then f(S) is compact;
hence, continuous functions on compact
sets are bounded.

e If f is real valued, thatis, f:S — R,
then there are points p and ¢
in the compact set §
such that

f(x) < f(p) and f(z) = f(q), Yz € S.

Ch2A-15
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Continuous Functions - 4

e If f is a continuous function
defined on a connected set S,
then f(S) is connected.

e A function f defined on a set S
is said to be one to one on S
if whenever z,y € S, and x # vy,

then f(z) # f(y).

eIf f: S — R™is
a continuous, one-to-one function
on a compact set S C R",
then f has a continuous inverse f~1
on f(S).

e The composition of f and f‘l is identity,
that is, f~1(f(z)) = z.

Ch2A-16
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Continuous Functions - 5 Ch2A-17

e A function f: R — R" is said to be
piecewise continuous on an interval J C R
if for every bounded subinterval Jg C J,

f is continuous for all z € Jy,
except possibly at a finite number of points
where f may have discontinuities.

e At each point of discontinuity zg,
the right-side limit lim;,_.q f(zg + k) and
the left-side limit limy,_.,q f(zg — h) exist;
that is, the function has a finite jump
at zq.
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Differentiable Functions - 1 Ch2A-18

e A function f: R — R is said
to be differentiable at

if the limit f/(z) = limy,_.o f x+h.h—f(:t=)

exists.

e The limit f/(x) is called
the derivative of f at z.

e A function f: R™ — R™ is said
to be continuously differentiable at xzq
if the partial derivatives E)_f?-_/c'):x:j exist and
are continuous at zg
forl1<i<m.,1<j<n.

e A function f is continuously differentiable
on aset S
if it is continuously differentiable
at every point of S.
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Differentiable Functions - 2

Ch2A-19
e For a continuous differentiable function
f:R"— R,
o Af _ 18 )
define (—3{ = [m’f]a{—l]
5p1T
e And, the gradient vector as Vf(z) = [%ﬂ .
e For a continuously differentiable function
f : R'J".i.- — RT’H
. . 91 . af;
the Jacobian matrix [%] is | - ﬁi
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Differentiable Functions - 3 Ch2A-20

e Suppose S C R" is open,
f maps S into R™,
f is continuously differentiable at zg € S,

g maps an open set containing f(S) into

RF, and
g is continuously differentiable at f(zq)

e Then the mapping of h of S into RF,
defined by h(z) = g(f(x)),
is continuously differentiable at zg and
its Jacobian matrix is given by
h

the chain rule o
o

of

=99 ,
=g df‘f:f(:z:o) 0z [p=zq
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